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Abstract

Let I'(R) be the zero divisor graph for a commutative ring with identity.
The k-domination number and the 2-packing number of I'(R), where R is an
Artinian ring, are computed. k-dominating sets and 2-packing sets for the
zero divisor graph of the ring of Gaussian integers modulo n, I'(Z,[i]), are
constructed. The center, the median, the core, as well as the automorphism
group of I'(Z,[i]) are determined. Perfect zero divisor graphs I'(R) are
investigated.
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1. INTRODUCTION

The zero divisor graph of a commutative ring R was first introduced by Beck [11]
whose primary interest was coloring a graph with vertex set R, and two vertices
are adjacent if their product is zero. Anderson and Livingston [8] restricted the
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vertex set to Z*(R), the set of nonzero zero divisors of R, this graph is denoted
by I'(R). Since then, I'(R), as well as other types of graphs associated with rings,
have been extensively studied by many authors. For a survey of zero divisor
graphs, the reader may refer to [5]. Abu Osba et al. [2] introduced the zero divisor
graph for the ring of Gaussian integers modulo n, in which the number of vertices,
the diameter, and the girth are found, as well as a complete characterization of
the n for which I'(Z,,[i]) is Eulerian or planar. Further properties of I'(Z,[i]) are
investigated in [3]. The complement of I'(Z,[i]) is studied in [1]. On the other
hand, Nazzal and Ghanem investigated the line graph of I'(Z,[i]) and I'(Z,[i]),
extensively in [25] and [18] respectively. A formula for the degree of each vertex
in I'(Z,,[d]) is given in [18].

The set of Gaussian integers, denoted by, Z[i], is defined by Z[i| = {a + bi :
a,b € Z and i = v/—1}. Clearly, Z[i] is a ring under the usual complex operations.
A Gaussian prime integer is a unit multiple of one of the following: 1+, or a prime
integer ¢ in Z which is congruent to 3 (mod 4), or a+bi, a — bi, where a®> +b*> = p
and p is a prime integer in Z which is congruent to 1 (mod 4). Throughout this
paper, p and p; denote prime integers which are congruent to 1 modulo 4, while ¢
and ¢; denote prime integers which are congruent to 3 modulo 4. Let (n) be the
principal ideal generated by n in Z[i], where n is a natural number greater than
1, and let Z,, = {0,1,2,3,4,...,n — 1} be the ring of integers modulo n. The
factor ring Z[i]/(n) is isomorphic to Z,[i] = {a+bi : a,b € Z,}. Obviously, Z,][i]
with addition and multiplication modulo 7 is a ring. This ring is called the ring
of Gaussian integers modulo n. The zero divisor graph of a commutative ring
R, denoted by I'(R), is the graph whose vertex set is the set of all nonzero zero
divisors of R, denoted by Z*(R), and edge set E(I'(R)) = {xy : z,y € Z*(R) and
xy = 0}. To avoid triviality throughout this paper, Z,[i] will be different from
Zsi] or Zg[i], since I'(Z3[i]) is K; and I'(Z41]) is Ko.

For a connected graph G, the distance d(u,v) between two vertices u and v is
the minimum of the lengths of all u— v paths of G. The eccentricity of a vertex v
in G is the maximum distance from v to any vertex in G. The radius of G, rad(G),
is the minimum eccentricity among the vertices of G. The open neighborhood of
a vertex x in G is the set N(z) = {y : zy € E(G)} while the closed neighborhood
of a vertex = in G is the set N[z] = N(z) U {z}. The minimum degree of G
denoted by 6(G) is defined by min{deg(z) : z € V(G)}.

In this article, we present our work as follows: in Section two, a complete
characterization for the center, the median, and the core of I'(Z,[i]) is given.
In Section three, the k-domination and 2-packing numbers for I'(R), where R
is a commutative Artinian ring with unity, are determined. In particular, k-
dominating sets and 2-packing sets for I'(Z,[i]) are constructed. In section four,
the automorphism group of I'(Z,[i]) is studied. Finally, in Section five, perfect
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zero divisor graphs are investigated. In particular perfect I'(Z,) and perfect
I'(Z,[i]) are studied.

2. THE CENTER, THE MEDIAN AND THE CORE OF I'(Z,[i])

The center of G is the set of all vertices of G with minimum eccentricity. For
any vertex z of a connected graph G, the status of z, denoted by s(z), is the
sum of the distances from x to the other vertices of G. The set of vertices with
minimal status is called the median of the graph. The center of I'(Z,[i]) when
n is a power of a prime is studied in [25], where it was shown that the center of
I'(Zam[i]) consists of one vertex, namely {(1+4)2™!} and the center of I'(Zm[i])
is the set {ag™ ' +bg™ li:a,b € U(Z,)} — {0}. Note that Zym[i] = Zym X Zym,
the center of I'(Zpm x Zym) is the set {(z,y) : 2,y € Z(Zpm)} —{(0,0)}. Here we
will find the center for the general case. Let n and m be positive integers. Let
R =Ry xRy x--- xRy x Fy x Fy x--- x Fy, where each R; is a commutative
Artinian local ring with unity that is not a field and each Fj is a field. For each
Jj=1,2,...,m, define the ideal I; = {0} x {0} x --- x F; x {0} x --- x {0}. Then
the center of I'(R) is the set C' = J(R) U (U;n:1 I;) —{(0,0,...,0)}, where J(R)
is the Jacobson radical of R, [26].

If M; is the maximal ideal of Rj, then J(R) = M; x My x --- x M,, x {0} x
{0} x---x{0}. Now, let us study the maximal ideals of the factors in the Artinian
decomposition of Zy[i] where n = 2™ []:_, pgj IT5- qjj H§:1 ¢; with s; > 2. The
maximal ideal in Zgm[i] is (1 4 ). For Zgm[i], the maximal ideal is (g), while
Zom i) = Zpm X Zym and the maximal ideal in Zym is (p). Thus each pgj in the
decomposition of n gives rise to two factors in the Artinian decomposition of Z,,[i].
If the Artinian decomposition of Z,[i] = Ry X Ry X -+ X Ry X F1 X Fy X +++ X Fy,
then Ry = Zym|i] if n is even. Otherwise, R; is either of the form Zgm[i] or Zpm
and F; = Zg[i] for some ¢. Thus if [ is the number of local rings in the Artinian
decomposition of Zy[i], then J(R) = {(21,22,...,2,0,0,...,0) : z; € Z(R;)}.
Thus, the following theorem is obtained.

Theorem 2.1. If the Artinian decomposition of Zy[i] = Ry X Ra X -+ X Ry X
F1 x Fy x --- X Fy, where n is divisible by at least two distinct primes, then
the center of I'(Zy[i]) is given by C = {(z1,22,...,2,0,...,0) : z; € Z(R;)}
U(U§:1 I;) —{(0,0,...,0)}, where I; = {0} x {0} x - -+ x Zg,[i] x {0} x --- x{0}.

If n =p or n = q1q9, then I'(Z,[i]) is complete bipartite and ecc(v) = 2 for each
vertex in I'(Zy[i]). Hence, the center of I'(Z,,[i]) is V(I'(Z,[i])); i.e., in this case,
V(I(Z,[i])) is self-centered.

The eccentricity of each vertex in I'(Z,[i]), when n is a power of a prime, is
determined in [25]. If n # q1¢2, and n is divisible by at least two distinct primes,
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then, diam(I'(Z,[i])) = 3, [3], this together with the above theorem give the
eccentricity of each vertex in I'(Z,[i]) when n is divisible by at least two distinct
primes.

Corollary 2.2. If n is divisible by at least two distinct primes, n # qi1q2 and
v € V(I(Zy[i])), then ecc(v) = 2, if v € C, otherwise ecc(v) = 3, where C is the
center of T'(Zyi]).

The cardinality of the center of I'(Z,[i]), when n is divisible by at least two
distinct primes, could easily be computed using appropriate formulas for the
cardinality of each Z(R;) given in [2].

Corollary 2.3. The cardinality of the center of T'(Zy[i]) is
(1) 1, if n =2,

(2) q2 - 1’ an = qm’

(3) p? 2+ 2pm =2 — L if =, m > 2.

(4)

) (ITs=y 1ZR)N+(Tozy 0) =1, if Znli] = Rix Ryx- - x Ryx Fyx Fyx- - x F,
where n is divisible by at least two distinct primes.

The relationship between the center and the median of I'(R) is investigated by
Redmond [26], who proved that if R is a finite commutative ring with unity that
is not an integral domain, then the median and the center of I'(R) are equal if
the radius of I'(R) is at most 1, and the median is a subset of the center if the
radius is 2. Now, we study the median of I'(Z,[i]).

Theorem 2.4.

(1) The median of T'(Zaml[i]) is {(1 + i)2™ "'} and the median of T(Zgmli]) is
{ag™ 1t + g™ i a,B € U(Zy)} — {0}, m > 2.

(2) The median of I'(Zyli]) is Z*(Zylt]).

B) ifn=qq2...q,t > 2 and q1 < q2 < -+ < @, then the median of T'(Zy]i])
is the set {(u,0,0,...,0):u € U(Zg]i])}.

(4) Let Zyfi] = Ry X Ry X +++ X Ry x Fy X Fy x +-- X Fy,l > 1, be the Ar-
tinian decomposition of Zp[i]. Let S = {s:1 < s <1,[Z*(Rs)| [, |Rj| =
max{|Z*(Ri)|TL; 2 |Bs] = 1 < j,k < B3} If Zyli] is not local, then the
median of T(Zy[i]) is given by {y : y = (yj)?;tl where if j € S, then
yj = uz,u € U(R;) and, ann(z) = Z(R;), otherwise, y; = 0}.

Proof. (1) If R is local, then I'(R) has a vertex or set of vertices each of which
is adjacent to all other vertices. Thus, in this case, the median is equal to the
center. So, the median of I'(Zgm[i]) is {(1+4)2™~ 1}, and the median of I'(Zm[i])
is {ag™ 1+ Bg™ it o, B € U(Zy)} — {(0)},m > 2, [25].
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(2) If Z,,[i] is not local, then from [3] the radius of I'(Z,[¢]) is 2. Note that if x
is in the center of I'(Z,[i]), then the eccentricity of x is 2. Hence, s(z) =deg(z) +
2(|Z*(R)|—deg(z) — 1), thus s(z) = 2|Z*(R)|—deg(x) — 2. Therefore, vertices
in the median of I'(Z,[i]) are precisely those vertices of the center of maximum
degree in I'(Z,[i]). Since I'(Zy[i]) is regular graph then the median of I'(Z,[i]))
is Z*(Zy[i)).

(3) The result holds by the argument in the proof of (2) and the fact that
vertices of maximum degree are vertices in the given set.

(4) Since Rj is local, it contains an element z, such that ann(z) = Z(R;).
Again, using similar argument to the proof of (2) and then finding vertices of
maximum degree in I'(Z,[i]), the result holds. ]

The chromatic number of a graph G, x(G), is the minimum number & such that
G can be colored using k different colors with no two adjacent vertices having the
same color. The clique number, w(G), of a graph G is the maximum order among
the complete subgraphs of G. A graph G is a core if any homomorphism from G
to itself is an automorphism. Also, a subgraph H of G is called a core of G if H
is a core itself, and there is a homomorphism from G to H. If R is a ring such
that its chromatic number and clique number coincide, i.e., x(I'(R)) = w(I'(R)).
Then, the core of I'(R) is the maximal clique in T'(R), [16]. On the other hand,
X(I(Zy]1])), and w(I'(Z,[i])), when n is a power of a prime are computed in, [3]
and [18] respectively. Furthermore, the maximal clique, when n is a power of a
prime, is determined in [18] comparing the results in the two papers, we see that,
X(L(Zy[i])), and w(I'(Z,[i])) are equal, and so we get,

Corollary 2.5. The core of T'(Zyli]) is the mazimal complete subgraph of

[(Z,[i]) induced by the following set,

(1)

S = U {02 + 2% : 0 € U(Zym—3), B € U(Zym-x)} — {0}, if m is even,
[ 1<k, j<m

m
2

and S U 2L%] if m is odd, where n =2" m > 2.
(2)
S = U {ag +Bd%i:a e U(Zgn-i), B € U(Zym-r)} — {0}, if m is even,

[B]1<k,j<m

and S'U qL%J if m is odd, where n = ¢, m > 2.

3)
S= U {054 0 € UZynos), B € U@ }-{(0,0)1,f m is even,

[F1<k,j<m
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and SU (pL%J,p[%) if m is odd, where n = p™,m > 2.

Since I'(Zy[i]) is a complete graph if and only if n = ¢?, [2], the following corollary
is obtained.

Corollary 2.6. I'(Z,[i]) is a core if and only if n = ¢>.

3.  MULTIPLE DOMINATION AND 2-PACKING OF I'(R)

The domination number of the zero divisor graph of a commutative Artinian ring,
with identity that is not a domain and with radius at most one is also one. While
if the radius is 2, then the domination number of I'(R) is equal to the number
of factors in the Artinian decomposition of R [16]. A subset S of the vertex set
V(G) of a graph G is a 2-packing if for each u,v € S, N[u] N N[v] = ¢. The
2-packing number, p(G), is the cardinality of a maximum packing. A subset D
of the vertex set V(G) of a graph G is a dominating set in G if each vertex of
G, not in D, is adjacent to at least one vertex of D. The minimum cardinality
of all dominating sets in G, v(G), is called the domination number of G. A set
D is a k-dominating set for a graph G, if each vertex in V(G)\D is dominated
by at least k vertices in D. The minimum cardinality of a k-dominating set is
denoted by 7x(G). A set D is a k-tuple dominating set for a graph G, if each
vertex in V' (G) is dominated by at least k vertices in D, the minimum cardinality
of a k-tuple dominating set is denoted by v« (G), [19].

The next theorem gives the k-domination number I'(R), where R is a com-
mutative Artinian ring with unity that is not a domain.

Theorem 3.1. Let R be a commutative Artinian ring with unity that is not a
domain, R =Ry X Ry X -+ X Ry X F1 X Fp X -+ X Fp,. Suppose that if n > 1, then
k < |center(I'(R;))|,5 = 1,...,n, and if m > 1, then k < |F}*|, j = 1,...,m.
Then the k-domination number is equal to k(m + n).

Proof. 1f R is local and k < | center(I'(R))|, then since each vertex in the center
of T'(R) dominates all other vertices, we have v, (I'(R)) = k. Now, if R is not
local, let R= Ry X Ry X -+ X Ry x Fi x Fp X --- X Fp,. Let Y = {yjt}le where
yjr = (0,0,...,0,24,0,...,0) such that zj; € center(I'(R;)) and j = 1,...,n
and Z, = {zst}le, where zg = (0,0,...,0,ug,0,...,0) such that us € Fs* and
s=1,...,m.

Let D = (U7, Y;) U (Ui, Z5). Clearly D is a k-dominating set of I'(R). So,
Ww(T(R)) < k(m + ).

Now, let ¢t; = (1,1,...,1,0,1,...,1) where 0 is in the ith position. Then
N(t;) ={(0,0,...,0,2;,0,...,0), where z; € R;*,ifi < land z; € F;* otherwise}.
Thus, any k-dominating set D of I'(R) must contain k vertices of N[t;] for each i.
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Note that N[t;] N N[t;] = ¢, for | # j. Thus, if D is a k-dominating set, then
|D| > k(m + n), hence equality holds. ]

Since each vertex in the suggested k-dominating set D is also k-dominated by D,
we have the following corollary

Corollary 3.2. Let R be a commutative Artinian ring with unity that is not
a domain, R = Ry X Ry X -+ X Ry X I} X Fy x --- X F,,. Suppose that if
n > 1, then k < [center(I'(Ry))|, j = 1,...,n, and if m > 1, then k < |F}*|,
j=1,....,m. Then vxx(I'(R)) = ky(I'(R)) which is k times the number of
factors in the Artinian decomposition of R.

Corollary 3.3. Let R be a commutative Artinian ring with unity that is not a
domain, then the 2-packing number p(I'(R)) = v(I'(R)).

Proof. If R is local, then I'(R) has a vertex which is adjacent to every other
vertex, so p(I'(R)) = 1. Now, assume R is not local, let R = R; X Ry X -+ X R, X
Fy x Fy x --- x F,,, where n 4+ m > 2 is the Artinian decomposition of R. Let
t;=(1,1,...,1,0,1,...,1) where 0 is in the i*" position. Since N[t;]N N[t;] = ¢,
for j # 1. Thus, the set T = {t; : i = 1,2,...,n + m} is a 2-packing set with
~v(I'(R)) vertices. On the other hand, for any graph G, p(G) < +(G), (Theorem
2.13, [19]) and so, equality holds. [

Next, we move to the multiple domination and 2-packing of I'(Z,[i]). The dom-
ination number of I'(Z,[i]), n = [[/L, 77?, where 7’s are Gaussian prime in-
tegers and r;s are positive integers, was determined in [25] to be the number
m of distinct prime factors of n, if n is odd and m — 1 if n is even. Be-
sides, it was shown that a minimum dominating set for I'(Z,[i]) is D = {P; =

7T;17T52...7T;j_1...7T;1m :j=1,2,...,m}. Note that for each j = 1,2,...,m, the
vertex 7; is only adjacent to Pj in D, and N(7;) = {u P : w € U(Z,,)} besides,
0(T(Zyli])) =deg(m,), for some r < m. On the other hand N[r;] N N[m] = ¢
for j # 1. Thus, v (I'(Zy[i]) > ky(I'(Zy[i])). Since the collection of k-unit mul-
tiples of each Pj, where j = 1,2,...,m, also k-dominates V(I'(Z,[i])), we have

Y (D(Zy[i])) < ky(T(Zy[i])). Thus the following theorem is obtained.

Theorem 3.4. Ifn=[[., 7T;j, where ;s are Gaussian prime integers and r';s
are positive integers, and k < 0(I'(Zy[i])), then

N oy km, if nis odd;
) (T Eali)) = kOl ={ e o0

(2) vk (T(Zali])) = (T (Zn[i])) = ky(T(Zn[i]))-

Graphs with equal 2-packing number and domination number are of special im-
portance, in the same spirit of the above theorem, the following result is obtained.
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Theorem 3.5. If G is a connected graph for which p(G) = v(G), then v (G) =
kv(G), where k < §(G).

The domination number of the complement of I'(R) where R = Ry x Ry and Ry
and Ry are commutative rings with unity is 2, [18]. The following theorem gives
the k-domination number of I'(R).

Theorem 3.6. Let R = Ry X Ry, where Ry and Ry are commutative rings with
unity such that |reg(R;)| > k, fori=1,2. Then vx(T'(R)) = ky(I'(R)) = 2k.

Proof. Let uj,ug,...,ux € reg(Ry) and v1,v9,...,vp € reg(Ry). The set S =
{(u,0),(0,v;) : i = 1,...,k} is a k-dominating set with 2k vertices. Suppose
that there is a k-dominating set B with less than 2k vertices, then there exists
u € reg(Ry) or v € reg(Ry) such that either (u,0) or (0,v) is dominated by less
than k vertices in B. Thus the result holds. [ |

The Cartesian product of two graphs G and H, GLH, is the graph whose vertex
set is V(G) x V(H) and two vertices in GLJH are adjacent if they are equal in
one coordinate and adjacent in the other coordinate [19]. A graph G is said to
satisfy Vizing’s conjecture if for any graph H, we have v(GOH) > ~(G)y(H). A
graph G, for which p(G) = v(G), satisfies Vizing’s conjecture, [20]. Another class
of graphs which satisfies Vizing’s conjecture are graphs with domination number
2, [17]. Thus the following corollary is obtained.

Corollary 3.7.

(1) If R is a commutative Artinian ring with unity that is not a domain, then
I'(R) satisfies Vizing’s conjecture.

(2) If R = Ry X Rg, where Ry and Rs are commutative rings with unity, then
I'(R) satisfies Vizing’s conjecture.

4. THE AUTOMORPHISM GROUP OF I'(Z,[i])

A graph automorphism f of a graph G is a bijection f : G — G which preserves
adjacency. The set Aut(G) of all graph automorphisms of G forms a group under
the usual composition of functions called the automorphism group of G.

We are going to determine the automorphism group for I'(Z,[i]), where n is a
power of a prime integer. We use the notation wr to denote the wreath product.

Theorem 4.1.

(1) Aut(T(Zom[i])) = [[325 " Spzm—s-1, m > 2.

(2) Aut(T(Zgpli]) = Sp2_y, and Aut(T(Zgm[i])) = T3 " Snyom >3
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where ny, = 2(q — 1)(¢*™~! — g™ tF=2) 1)2g2m—2k=2,

—(g—1)%¢q

(3)  Aut(I(Zp[i])) = Sp—1wrSe. And for m > 2, Aut(I'(Zym|i]))

>_A

—2 m—

= Knﬁ Sn,.. X (SnOk)wrSg} X [ SnjkwT52>] Ti—[ Snp 1

7 k=j+1 k=1

\
3
L
3

I
A

Proof. (1) From [3], we have I'(Zam|[i]) = I'(Zg2m). Thus the result holds by
Theorem 31 of [22].

(2) Since I'(Z2]i]) = K2_1, then Aut (I'(Z2[i])) = S;2_;. Now, we study the
case n = ¢™,m > 3. Let Ay; = {ag’ + Bg¥i:a € U(Zgm-3), 8 € U(Zgm—r),1 <
J,k < m}. Clearly, the sets Agj, not both k,j = m, partition V(I'(Zgn[i])).
Note that N(ag" + B¢°i) = Uk,jmemin(r,s) Apj. For k =1,...,m. Let Ny =
{aq" + Bq%i : a € U(Zgm—r), 8 € U(Zgm-s) and min(r, s) = k}, then two vertices
in I'(Zgn[i]) have the same neighborhood, and the same degree, if and only if
they belong to the same set Ni. Let ny = |Ng|, then easy calculations gives n; =
g~ 1) — ™ E2) — (g 122" %2 Thus, Aut (D(Zgn i) = [Ty Sny.

(3) T(Zy[i]) = Kp-1,p-1 and hence Aut(I'(Z,[i])) = Sp—1wrSs. Now, we
study the Automorphism group of I'(Zym x Zpm). Let Ay; = {(ap?, BP*) = «
U(Zym-3),8 € U(Zym-x),0 < j,k < m}. The sets Ay, not both k,j = m or 0,
partition V(I'(Zym X Zym)). Two vertices have the same neighborhood if and only
if they belong to the same set Ay;, and two vertices x and y have the same degree
if and only if x,y € Aj, U Ag;. Let ng; = |Ag;|, then ng; = (p — 1)2p2m—hk=i=2,
For each k = 1,...,m — 1, vertices in each Agy permute to give Sy, , and ver-
tices in each Ag,, permute to give S,, . Let G; be the graph induced by
(UP= Api) U (U Aog). The automorphism group of Gy is ([T1(" Sn,..) X
(T Sn,o)-  Another copy of G is 1nduced by (U Aem) U (U Aro)-
Therefore, Aut(2G1) =2 (TT7) Sn, o X [T02! Sgy) Wr So. For 1 < j <k <m—1,
the set Ay; induces a graph Wthh is 1somorph1(: to (Aji). If j <[], then Ay; is

~Y

an independent set, otherwise, (Ay;) is a Complete graph Thus, Aut(I'(Zym[i])) =

(TS S X TIPS Snoy) wr 2] 1757 TThS 1 (S wr S2)] < TT1 Sy
[ |

5. PERFECT ZERO DIVISOR GRAPHS

A graph G is perfect if the chromatic number of every induced subgraph H equals
the size of the largest clique of that subgraph, i.e., for every H C G, w(H) =
X(H), otherwise G is called an imperfect graph. In 1960, Berge [12] formulated
two conjectures about perfect graphs. The week perfect graph conjecture which
states that a graph is perfect if and only if its complement is perfect. This
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conjecture was proved in 1972 by Lovdsz, [23]. The second conjecture is the
strong perfect graph conjecture and states that a graph is perfect if and only
if it contains, as an induced subgraph, neither an odd cycle of length at least
five nor its complement, it was not until 2002 that this conjecture was settled by
Chudnovsky et al., [15].

In this section we investigate which zero divisor graphs are perfect. In partic-
ular, we study when the zero divisor graphs I'(Z,) and I'(Z,[i]) are perfect.

A graph G is called Py-free if it does not contain a P, as an induced subgraph.
And a graph is called slightly triangulated if it contains no induced odd cycle
of length at least five and every induced subgraph H contains a vertex whose
neighborhood in H does not contain a P;. A graph G is called a murky graph if
it contains no Cs, Ps or Ps as an induced subgraph.

The following theorem provides some tools for proving that a graph is perfect.

Theorem 5.1.

(1) If G is a Py-free graph, then G is perfect, [13].

(2) If G is slightly triangulated graph, then G is perfect, [24].
(3) If G is murky graph, then G is perfect, [21].

Theorem 5.2.

(1) If n=1t™, t is prime, then I'(Z,) is perfect.

(2) If n=2™, then I'(Z,[i]) is perfect.

(3) If n = q™, then I'(Z,[i]) is perfect.

Proof. (1) The graph I'(Zym) is py-free graph. To show this, let v1 — vy — v3 — vy
be an induced P; subgraph of I'(Zsm). Then v; = a;t™ where (aj,t) = 1 and
mj+m;i1 > m for j =1,2,3,4. Hence, m; < my gives m < mq+mg < mo+my
and m1 > my gives m1 + m3 > msg + my > m. Thus, vy and vy are adjacent or
v1 and v3 are adjacent, a contradiction.

(2) Since, I'(Zam [i]) = I'(Zo2m ), from part (1) the result holds.

(3) Let v € I'(Zgmli]). Then 0 # v = aq® + B¢, were o, 8 € U(Z,) and
N(v) = {cq"+dq% : r,s > m—min{a,b}}, [25]. Now assume that v; —vy —v3—vy
is an induced Py subgraph of I'(Zgm[i]). Then v; = a;jq% + B;¢%i, where «;, B; €
U(Zg). So, v1 and vz are adjacent or ve and vy are adjacent, a contradiction. So
I'(Zgm|i]) is Py free graph and hence it is perfect. |

Chiang-Hsieh et al., [14] proved that if (R, m) is local ring such that |R| = t",
where t is prime, and m"™~1 # 0 then I'(R) = T'(Z). So, I'(R) is a perfect graph.
This together with the above theorem gives the following corollary.

Corollary 5.3. If (R, m) is local ring such that |R| = t", where t is prime and
m"1 £ 0, then T'(R) is perfect.
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Theorem 5.4. Let R = Ry X Ry. Then
(1) If Ry and Ry are integral domains, then I'(R) is perfect.

(2) If Ry is an integral domain and Ry is non-integral domain such that for every
a,b € Z(Ry) where a,b need not be distinct, ab =0, then I'(R) is perfect.

(3) If Ry and Ry are non-integral domains such that for every a,b € Z(R;),
where a,b need not be distinct, ab =0, then T'(R) is perfect.

Proof. (1) Since I'(R) is acomplete bipartite graph it is perfect

(3) Assume that R; and R are non-integral domain such that for every
a,b € Z(R;), where a,b need not be distinct, ab = 0. Then I'(R) is a slightly
triangulated graph. To show this, note that any induced P, graph of I'(R) is one
of the following,

(a,v) = (b,0) — (0,¢) — (u,0) where a,b € Z*(Ry),c € Ro*

and u € U(Ry),v € U(R2),

(a,v) — (b,0) — (0,¢) — (u,d) where a,b € Z*(R1),c,d € Z*(Rz)

and u € U(Ry),v € U(R2),

(u,z) — (0,y) — (2,0) — (0,v) where z,y € Z*(R3),z € Ry*

and u € U(Ry),v € U(R2),
or

(u?x) - (an) - (Z?O) - (U],’U) where x,y € Z*(R2),Z,w € Z*(Rl)

and u € U(Ry),v € U(R2).

So, I'(R) has no induced cycle C,,, for n > 5. Also, for every (t,s) € V(I'(R)),
N((t,s)) does not contain a Py subgraph, since N((¢,s))N{(r,v) :r € Z(Ry),v €
U(R2)} = ¢ or N((t,9)) N{(u,r) : 7 € Z(Ra),u € U(R1)} = ¢. |

Corollary 5.5.

(1) For n = t7"t5", where ti,ts are primes and 1 < my,mg < 2, I'(Z,,) is
perfect.

(2) Forn=p orn=p? orn=2¢™ orn = q"¢y"?, where 1 < my,ma < 2,

[(Zy[i]) is perfect.
P'f’OOf. (2) Note that, me [’L] = me X me and qum [Z] = Z4 X qu [Z] |

Theorem 5.6. If R = Ry X Re X R3, where Ry, Ry and R3 are integral domains,
then T'(R) is a perfect graph.
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Proof. Assume that R = R; X Ry x Rg, where Ry, Ry and R3 are integral
domains. Then it easy to verify that any P; path of I'(R) is one of the following,

(QI,QQ?O) - (0,05b3) - (6150?0) - (05d25d3)5
(al,GQ,O) - (070763) - (070270) - (d1707d3)7

or

(aly Oa CL3)

(
where a;,b;,¢;,d; € Rf. So I'(R) has no induced cycle C,,,n > 5 and there is
no vertex v € I'(R) Such that N(v) contains a P;. Hence I'(R) is a slightly
triangulated graph and thus I'(R) is perfect. |

0 bQ,O) - (6150?0) - (Oad25d3)a

Corollary 5.7.
(1) For n = titats, where ty,to,ts are primes, I'(Zy,) is perfect.
(2) Forn = qp orn = qi1q2qs, I'(Z,]i]) is perfect.

If R is a product of four integral domains, then I'(R) is not a slightly triangulated
graph since N((0,0,0,1)) contains (1,1,0,0) —(0,0,1,0) — (1,0,0,0) — (0,1, 1,0)
as an induced subgraph. However, the next theorem shows that I'(R) is perfect.

Theorem 5.8. If R = H?:l R; where R; is an integral domain fori=1,2,3 and
4, then T'(R) is perfect.

Proof. Let a = (a;),b = (b;),c = (¢),d = (d;),e = (e;), f = (fi) € Z*(R).
Suppose that a —b— ¢ —d — e is an induced P5 subgraph of I'(R). Then a has at
least two non-zero components. So, we have the following two cases:

Case 1. a has exactly two non-zero components, say a; and as. Then b =
(0,0,b3,0) or b = (0,0,0,by) implies that ed # 0 since bd # 0 and be # 0, a
contradiction while b = (0,0, b3, by), gives ¢ = (¢1,0,0,0) or ¢ = (0,¢2,0,0). Let
¢ =(c1,0,0,0), then d = (0,d2,ds,0) and e = (e1,0,0,e4) or d = (0,dz,0,ds) and
e = (e1,0,e3,0).

Case 2. a has exactly three non-zero components, say aj,as and ag. Then
b=1(0,0,0,bs). Since bd # 0be, we have dy # 0 # e4. So, ed # 0, a contradiction.

Now, it is easy to verify that I'(R) has no C5 or Ps as an induced subgraph.
Moreover I'(R) has no induced FPs path. To show this let a —b—c—d —e— f be
an induced path of I'(R). Then we have three cases:

Case 1. a has exactly one non-zero component, say a;. Then by # 0. If b
has only two non zero components say b = (b1, b3,0,0), then ¢ = (0,co,c3,c4)
gives e = (0) since be = ec = 0 and ¢ = (0, ¢c2,¢3,0) or ¢ = (0,¢2,0,cq4) gives
d = (0,0,ds,ds) and f = (0), a contradiction.
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And if b has three non-zero components, say b = (b1, be, b3,0), then bd = 0 and
cd # 0 gives ¢4 # 0. But ec = eb = 0 implies that e = (0), a contradiction.

Case 2. a has exactly two non-zero components, say a; and as. Then ae =
be = ce = ac = 0 and ab # 0 # be, yields e = (0), a contradiction.

Case 3. a has exactly three non zero components, say ai,as and az. Then
ac =0 and ad = 0 implies that ¢ = (0,0,0,c4) and d = (0,0,0,d4). Since ed # 0
we have ec # 0, a contradiction. So, I'(R) is a murky graph and hence it is
perfect. [

Corollary 5.9.
(1) For n = titotsty, where ty,to,ts,ty are primes, I'(Z,) is perfect.
(2) Forn = qiqap or n = q1q2q3q4 or n. = p1pa, I'(Zy,i]) is perfect.

Theorem 5.10. If S is an integral domain ring and R = Zym x S, then I'(R) is
a perfect graph.

Proof. Let u,v € U(S) and w € U(Zpm). Then any induced Py path of I'(R)
has one of the following forms:
(ps’ 0) - (O,U) - (pt,o) — (plav) or (ps,u) - (pta 0) - (O’U) - (U], 0)
Any induced Py path of T'(R) has one of the following forms:
(O,U) - (ps’,v) - (pr,o) - (pl’o) or (ps,u) - (pt’v) - (pr’o) - (pl,o)
So there is no C5 or a Pg induced subgraph of I'(R) or I'(R). ]

Corollary 5.11.
1) For n = t1t5*, where t1,ty are primes, I'(Z,,) is perfect.
( 5 ; p P
2) Forn = qq)' orn=2"q, I'(Z,|t]) is perfect.
2

Theorem 5.12. If R = Ry X Ry X R3, where R; and Ry are non-integral domains,
then T'(R) is imperfect.

Proof. Let z,y € Z*(Ry) and a,b € Z*(R3) such that zy = 0 in R; and ab =0
in Ry. Then (1,0,0) — (0,a,1) — (z,¢,0) — (y,0,1) — (0,1,0) is an induced Cj
subgraph of T'(R). So I'(R) is imperfect. |

Theorem 5.13. If R = Ry X Ry and I'(R;) is an imperfect graph fori =1 or 2,
then I'(R) 1is imperfect.

Proof. Suppose that R = Ry X Ry and I'(Ry) is imperfect graph. Then I'(R;) or
I'(R;) has an induced odd cycle of length at least five. But v;—vo—v3—---—v,, is a
cycle of length n of I'(R;) (I'(Ry)) if and only if (vy,0)—(ve,0)—(v3,0)—- - -—(vp, 0)
is a cycle of length n of I'(R) (I'(R;)). So I'(R) is imperfect. |
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Alternative proofs of part (1) of Theorem 5.4 and Theorem 5.6 could be ob-
tained from Theorems 5.8 and 5.13 since H?:l R, = H§:1 R; x R4 and H?:l R; =
H?Zl R; X R3. We conclude that H?Zl R; and H?Zl R; are perfect graphs.

As a consequence of Theorem 5.12, 5.13 , we have the following.

Theorem 5.14. If R = [[!"{ R;,n > 5, then I'(R) is imperfect.

Proof. By induction,

(i)
(i)

For n =5, I'(R) is imperfect graph since R = (R; X Rg) X (R3 X R4) X Rs.
Assume that [[", R;,;m > 5 is imperfect graph. Then, H:f{l R, =
(T Ri) x Ry is imperfect. -

Corollary 5.15.

(1)
(2)

[1]

2]

For n =TI, t;"", where m > 5 , I'(Zy,) is imperfect.
For n = 28¢[" " where mqy > 2, n = p/"ph'? where my > 2, n =

q1" gy gy where mi,mo > 2, no= q¢1"qy g3 qy" where my > 2, n =

2k [T, g™ le‘:1 pr, no= 2k le‘:l P where | > 2, n = le‘:1 pri,l >3 or

i=

n=[[", t;", where m > 5, T'(Zy[i]) is imperfect.
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