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Abstract. In this paper we study the fractional Lagrangian of the two-electric pendulum. 
We obtained the fractional Euler-Lagrangian equation of the system and then we 
studied the obtained Euler-Lagrangian equation analytically, and numerically. The 
numerical method used here is based on Grünwald-Letnikov definition of left and right 
fractional derivatives.  
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1. INTRODUCTION 

As it is well known the Newtonian mechanics is mathematically fairly 
straightforward, and can be applied to a wide variety of classical problems. It is not 
a unique formulation of mechanics, however other formulations are possible such 
as the two common alternative formulations of classical mechanics: Lagrangian 
mechanics and Hamiltonian mechanics [1, 2]. It is important to note that all of 
these formulations of mechanics equivalent. In principle, any of them could be 
used to solve any problem in classical mechanics. Their importance is that to set up 
the equations of motion for certain physical systems is more convenient and useful 
than the use of Newtonian mechanics. Unlike Newtonian mechanics, neither 
Lagrangian nor Hamiltonian mechanics requires the concept of force; instead, these 
systems are expressed in terms of energy.  

Lagrangian and Hamiltonian mechanics were used to solve wide range of 
physical problems in classical mechanics. One of these mechanical physical 
systems is two electric pendulum [3]. 

Fractional calculus is a branch of calculus that deals with half-integer power 
derivatives and integrals. The mathematical tools from fractional calculus have 
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been used widely to study many phenomena in engineering, physics, as well as in 
other sciences [4–13]. The formulation of the fractional Euler-Lagrange problem 
has been recently drew the attention of many authors in their works [14–19]. 
Particularly, finding the numerical solutions of the equations involving the left and 
right derivatives is still an open problem in the field of the fractional dynamics [see 
for Ref. 19 and the references therein].  

Numerical analysis of fractional differential equations has been used by many 
authors to solve wide ranges of differential equations [20–25]. In his recent work, 
Podlubny [26, 27] shows how we can numerically investigate differential equations 
using the so-called matrix approach method. 

Having these things in mind, in this paper, we pay attention to study 
numerically the fractional Euler-Lagrange equation of a mechanical physical 
system called two electric pendulum. 

This work is organized as follows: 
In Sect. 2 we discussed briefly the basic definitions of the fractional 

derivatives. In Sect. 3 we study the fractional two electric pendulum model. In 
Sect. 4 numerical analysis of the obtained Euler-Lagrange equation of our model is 
carried out. Finally, we closed our paper with concluding remarks. 

2. BASIC DEFINITIONS 

In this section we discussed the definitions of the fractional derivatives (left 
and right Riemann-Liouville fractional derivatives). These definitions are used in 
the Hamiltonian formulation and the solution of examples leading to the equations 
of motion of the fractional order. The left Riemann-Liouville fractional integral 
(LRLFI) is defined as follows [8, 9]: 

 α α 11( ) ( τ) (τ)dτ
(α)

t

a t
a

I x t t x−= −
Γ ∫  (1) 

The right Riemann-Liouville fractional integral (RRLFI) has the form 

 α α 11( ) (τ ) (τ)dτ
(α)

b

t b
t

I x t t x−= −
Γ ∫ . (2) 

The left Riemann-Liouville fractional derivative (LRLFD) reads  

 α
α 1

(τ)1 d( ) dτ
( α) d ( τ)

n x

a x n
a

fD f x
n x x − +

 =  Γ − −  ∫ . (3) 

The right Riemann-Liouville fractional derivative (RRLFD) reads  
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 α
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= −
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Here α  is the order of the derivative such that 1 αn n− ≤ ≤  and is not equal to 
zero. If α  is an integer, these derivatives are defined in the usual sense, i.e., 

 α αd( ) ( ) ( )
da xD f x f x
x

=  

 α αd( ) ( ) ( )
dx bD f x f x
x

= − ; α 1, 2,...= . (5) 

3. THE MODEL 

The model of the two electric pendulum consists of two planar pendula, both 
of length l  and mass m  suspended a distance d apart on a horizontal line so that 
they swing in the same plane. The kinetic energy is given by: 

 2 2
1 2

1 ( )
2

T m q q= + , (6) 

where q1 and q2 denotes the corresponding coordinates. 
Potential energy is the sum of two terms; one gravitational, the other is an 

electrostatic, and they are written successively as: 

 2 2
1 2

1 ( )
2G

mgU q q
l

= + ,  (7) 

where g is the gravity constant. 

 
2

2 1
E

eU
d q q

=
+ −

, (8) 

where e is the electron charge. As a result, the entire Lagrangian function is: 

 
2

2 2 2 2
1 2 1 2

2 1

1 1( ) ( )
2 2

mg eL m q q q q
l d q q

= + − + −
+ −

.  (9) 

The fractional form of the above equation has the following form: 

 
2

α 2 α 2 2 2
1 2 1 2

2 1

1 1 1[ ] [ ] ( )
2 2 2

F
a t a t

mg eL m D q m D q q q
l d q q

= + − + −
+ −

.  (10) 

Now, to obtain Euler-Lagrange equations for the generalized coordinates 1 2( , )q q  
we use: 
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Thus, for 1iq q= , we get: 

 
2

α α
1 1 2
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1 0
( )t b a t

g eD D q q
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− − =
+ −

, (12a) 

while, for 2iq q= , we get: 
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2 2 2
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1 0
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. (12b) 

As α 1→ , we obtain the following two classical Euler-Lagrange equations 

 
2

1 1 2
2 1

0
( )

g eq q
l m d q q

+ + =
+ −

,  (13a) 
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0
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Our aim is to obtain a numerical solution for Eqs. (11a, and 11b) for arbitrary 
values of , , ,m l d  and for arbitrary boundary conditions for different values of α.  

4. NUMERICAL RESULTS OF FRACTIONAL LAGRANGIAN  
OF TWO-ELECTRIC PENDULUM 

For numerical solution of the linear fractional-order equations (12a) and 
(12b) we can use the decomposition to its canonical form with substitutions 1 1q x≡  
and 2 2q x≡ . We obtain the set of equation in the form: 

 

1 3
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 (14) 
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where we can set four initial conditions: 1 1 2 2(0) (0),  (0) (0)x q x q≡ ≡ and 

3 1 4 2(0) (0),  (0) (0)a t a tx D q x D q≡ ≡α α . Instead left and right side Riemann-Liouville 
fractional derivatives (3) and (4) in the set of equations (14) can be used the left 
and right Grünwald-Letnikov derivatives, which are equivalent to the Riemann-
Liouville fractional derivatives for a wide class of the functions [8]. The Grünwald-
Letnikov derivatives can be defined by using upper and lower triangular strip 
matrices (Podlubny’s matrix approach) or we can directly apply the formula 
derived from the Grünwald-Letnikov definitions, backward and forward, 
respectively, for discrete time step kh, k = 1, 2, 3, … Le us consider the second 
approach, which works very well for linear as well as for nonlinear fractional 
differential equations [28]. Time interval [a, b] is discretized by (N + 1) equal grid 
points, where ( ) /N b a h= − . Thus, we obtain the following formula for discrete 
equivalents of left and right fractional derivatives: 

 
0

,   0,..., ,
k

a t k i k i
i

D x h c x k N−
−

=

= =∑α α  (15a) 

 
0

,   , ..., 0,
N k

t b k i k i
i

D x h c x k N
−

−
+

=

= =∑α α  (15b) 

respectively, where ( )k kx x t≈  and kt kh= . The binomial coefficients ic ,  
i = 1, 2, 3,…, can be calculated according to relation 

 1
11i ic c

i −

+ = − 
 

α , (16) 

for 0 1c = . Then, general numerical solution of the fractional linear differential 
equation with left side derivative in the form 

 ( ) ( ( ), )a tD x t f x t t=α  (17) 

can be expressed for discrete time kt kh=  in the following form: 

 ( ) ( ( ), ) ( )
k

k k k i k i
i m

x t f x t t h c x t −
=

= −∑α , (18) 

where m = 0 if we do not use a short memory principle, otherwise it can be related 
to memory length. Similarly we can derive a solution for an equation with right 
side fractional derivative. 

Let us consider the different value of order α for simulation time 2 sec and 
time step h = 0.0005. The parameters set up are the following: m = 1 kg, l = 1 m, d = 1m. 
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Fig. 1 – Simulation results for various parameters and orders. 

In Fig. 1 are depicted the simulation results of equation (14) for parameters 
m=1kg, l=1m, d=1m, and various order α, where derivative interval is a=0 and 
b=2, initial conditions q1(0)=0.01, q2(0)=0.015, αth derivatives of q1(0) and q2(0) 
are zeros, for total simulation time 2 sec and computational time step h = 0.0005. 

5. CONCLUSIONS 

The fractional Euler-Lagrange equations have the particularity that they 
contain both the left and the right derivatives. These kind of equations started 
recently to be analyzed both from theoretical and numerically point of views. In 
this manuscript the numerical solutions of the fractional Euler-Lagrange equations 
corresponding to the fractional electric model are presented for various values of α. 
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