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Abstract 
 

In this paper, depending on max-min composition, and continuing the work in 
[10], we study the Ergodicity of a particular class of finite fuzzy Markov 
chains where the last row of the fuzzy transition matrices consists of arbitrary 
values (between zero and 1) while the other rows’ entries are one in one place 
and zero elsewhere. Under certain conditions, we show that a fuzzy Markov 
chain in this class is Ergodic. We do the same when the last row is replaced by 
any row.  
 
Keywords: A Fuzzy Set, A Fuzzy Relation, Max-Min Composition, Fuzzy 
transition matrix, Ergodic Fuzzy Markov Chain. 

 
 
Introduction 
Fuzzy set theory is a branch that deals precisely with imprecision and ambiguity, and 
first introduced by Lotfi Zadeh in his well-known paper entitled "Fuzzy Sets" in 
1965[16].  
 Fuzzy Markov chains have been discussed in the literature and many authors 
published articles in this area [1-5], [7-9], [13], and [15]. In [11] and [12] Sanchez 
first introduced the concept of greatest eigen fuzzy set. In [1] and [2] Avrachenkov 
and Sanchez used the concept of greatest eigen fuzzy set to find the stationary 
solution of fuzzy Markov chains. In [5] Garcia (et al.) have performed a simulation 
study on fuzzy Markov chains from which they have shown that most of fuzzy 
Markov chains are not Ergodic. In [13] Sujatha (et al.) studied the limit behavior of 
cyclic non-homogeneous fuzzy Markov chains. 
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 In [10], we considered finite fuzzy Markov chains where the first row of the 
transition matrices consists of arbitrary values (between zero and 1) while the other 
rows’ entries are one in one place and zero elsewhere. For such a class of fuzzy 
Markov chains, we first studied the limit behavior of 2 ൈ 2 and 3 ൈ 3 cases and 
investigated conditions that guarantee ergodicity. After that for n ൈ n, with n ൒ 4 
case, we stated and proved a theorem about the ergodicity of such fuzzy Markov 
chains. In this paper we replace the first row by the last row and an arbitrary row 
respectively. We state and prove propositions related with ergodicity of such fuzzy 
Markov chains. 
 
 
Fuzzy Markov Chains [1] and [2] 
Let S ൌ ሼ1, … , nሽ be a finite state space. 
 
Definition 1: A (finite) fuzzy set or a fuzzy distribution, on S, is defined by a 
mapping x from S to ሾ0,1ሿ, represented by a vector x ൌ ሺxଵ, … , x୬ሻ, with x୧ denoting 
xሺiሻ, 0 ൑ x୧ ൑ 1, i א S. The set of all fuzzy sets on S is denoted by ࣠ሺSሻ. 
 
Definition 2: A fuzzy relation P is defined as a fuzzy set on the Cartesian product 
S ൈ S. P is represented by a matrix ൛p୧୨ൟ୧,୨ୀଵ

୬
, with p୧୨ denoting Pሺi, jሻ, 0 ൑ p୧୨ ൑

1, i, j א S. 
 
Definition 3: At each time instant t, t ൌ 0,1, …, the state of the system is described by 
the fuzzy set ( or distribution ) xሺ୲ሻ א ࣠ሺSሻ. The transition law of the fuzzy Markov 
chain given by the fuzzy relation P as follows, at time instant t, t ൌ 1,2, … 

x୨
ሺ୲ାଵሻ ൌ max

୧אୗ
ቄx୧

ሺ୲ሻ ר p୧୨ቅ , j א S. 
 
 We refer to xሺ଴ሻ as the initial fuzzy set (or the initial distribution). 
 It is natural to define the powers of the fuzzy transition matrix. Namely, 

p୧୨
ሺ୲ሻ ൌ max

୩אୗ
ቄp୧୩ ר p୩୨

ሺ୲ିଵሻቅ , p୧୨
ሺଵሻ ൌ p୧୨ , p୧୨

ሺ଴ሻ ൌ δ୧୨,  
 
where δ୧୨ is a Kronecker delta.  
 Note that the fuzzy state x୩

ሺ୲ሻ at time instant t, t ൌ 1,2, … can be calculated by the 
formula  

x୩
ሺ୲ሻ ൌ max

୪אୗ
ቄx୪

ሺ଴ሻ ר p୪୩
ሺ୲ሻቅ , k ൌ 1, … , n. 

 
Theorem 4([6] and [14]): The powers of the fuzzy transition matrix ൛p୧୨ൟ୧,୨ୀଵ

୬
either 

converge to idempotent ቄp୧୨
ሺதሻቅ

୧,୨ୀଵ

୬
, where τ is a finite number, or oscillate with a finite 

period υ starting from some finite power.  
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Definition 5: Let the powers of fuzzy transition matrix converge in τ steps to a non 
periodic solution, then the associated fuzzy Markov chain is called nonperiodic (or 
aperiodic) and Pכ ൌ Pத is called a limiting fuzzy transition matrix.  
 
Definition 6: The fuzzy Markov chain is called ergodic if it is aperiodic and the 
limiting transition matrix has identical rows.  
 
 
A Quick Review 
As we mentioned in [10], theorem 4 above is general and does not give us information 
which fuzzy Markov chains are ergodic . Also, J. C. F. Garcia et al. have performed a 
simulation study on fuzzy Markov chains from which they have shown that most of 
fuzzy Markov chains are not ergodic [5]. Besides, in [1] Avrachenkov and Sanchez 
introduced an open problem about the general conditions that guarantee the ergodicity 
of fuzzy Markov chains. These results motivates to study the ergodicity of fuzzy 
Markov chains.  
 Let Pഥ ൌ ൣpത୧୨൧ be an n ൈ n fuzzy transition matrix. Suppose that pത୧୨ ൌ 0 or 1 for 
i א ሼ1, … , nሽ െ ሼkሽ, j ൌ 1, … , n and in each of these rows –all rows except the k୲୦ 
one– exactly one entry is 1, where 1 ൑ k ൑ n . In [10] we studied the ergodicity of 
such fuzzy Markov chains when k ൌ 1. In this paper we study the ergodicity when 
k ൌ n and when k is arbitrary, respectively.  
 
 
૛ ൈ ૛ and ૜ ൈ ૜ Cases 
We consider k ൌ 2 and k ൌ 3 for 2 ൈ 2 and 3 ൈ 3 fuzzy Markov chains respectively, 
from which, the following are ergodic: 

1. Pഥ ൌ ൤ 0 1
pതଶଵ pതଶଶ

൨ with 0 ൑ pതଶଵ ൑ pതଶଶ ൑ 1.  

2. Pഥ ൌ ൥
0 0 1
0 0 1

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଵ ൑ pതଷଶ ൑ pതଷଷ ൑ 1. 

3. Pഥ ൌ ൥
0 0 1
0 0 1

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଶ ൑ pതଷଵ ൑ pതଷଷ ൑ 1. 

4. Pഥ ൌ ൥
0 1 0
0 0 1

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଵ ൑ pതଷଶ ൑ pതଷଷ ൑ 1. 

5. Pഥ ൌ ൥
0 1 0
0 0 1

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଶ ൑ pതଷଵ ൑ pതଷଷ ൑ 1. 
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6. Pഥ ൌ ൥
0 0 1
1 0 0

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଵ ൑ pതଷଶ ൑ pതଷଷ ൑ 1. 

7. Pഥ ൌ ൥
0 0 1
1 0 0

pതଷଵ pതଷଶ pതଷଷ

൩ with 0 ൑ pതଷଶ ൑ pതଷଵ ൑ pതଷଷ ൑ 1. 

 
 We conclude from cases 2-7 above that in addition to pത୧୨ ൌ 0 or 1 for i ൌ 1,2 , j ൌ
1,2,3 and in each of the first and second rows exactly one entry is 1 the following 
conditions were satisfied: 

1. pതଷଷ is the maximum among the entries in the last row. 
2. pത୧୧ ് 1 for i ൌ 1,2.  
3. If pത୧୨ ൌ 1then pത୨୧ ൌ 0 for i ് j, i ൌ 1,2 , j ൌ 1,2,3. 

 
 Next we similarly consider k ൌ 2 for 3 ൈ 3 fuzzy transition matrices from which 
we have the following are ergodic: 

1. Pഥ ൌ ൥
0 1 0

pതଶଵ pതଶଶ pതଶଷ
0 1 0

൩ with 0 ൑ pതଶଵ ൑ pതଶଷ ൑ pതଶଶ ൑ 1. 

2. Pഥ ൌ ൥
0 1 0

pതଶଵ pതଶଶ pതଶଷ
0 1 0

൩ with 0 ൑ pതଶଷ ൑ pതଶଵ ൑ pതଶଶ ൑ 1. 

3. Pഥ ൌ ൥
0 0 1

pതଶଵ pതଶଶ pതଶଷ
0 1 0

൩ with 0 ൑ pതଶଵ ൑ pതଶଷ ൑ pതଶଶ ൑ 1. 

4. Pഥ ൌ ൥
0 0 1

pതଶଵ pതଶଶ pതଶଷ
0 1 0

൩ with 0 ൑ pതଶଷ ൑ pതଶଵ ൑ pതଶଶ ൑ 1. 

5. Pഥ ൌ ൥
0 1 0

pതଶଵ pതଶଶ pതଶଷ
1 0 0

൩ with 0 ൑ pതଶଵ ൑ pതଶଷ ൑ pതଶଶ ൑ 1. 

6. Pഥ ൌ ൥
0 1 0

pതଶଵ pതଶଶ pതଶଷ
1 0 0

൩ with 0 ൑ pതଶଷ ൑ pതଶଵ ൑ pതଶଶ ൑ 1. 

 
 We conclude from above that in addition to pത୧୨ ൌ 0 or 1 for i ൌ 1,3 , j ൌ 1,2,3, 
and in each of the first and third rows exactly one entry is 1 the following conditions 
were satisfied: 

1. pതଶଶ is the maximum among the entries in the second row. 
2. pത୧୧ ് 1 for i ൌ 1,3.  
3. If pത୧୨ ൌ 1then pത୨୧ ൌ 0 for i ് j, i ൌ 1,3 , j ൌ 1,2,3 . 
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The general Case 
Proposition 1: For n ൒ 4 let Pഥ ൌ ൣpത୧୨൧ be an n ൈ n fuzzy transition matrix, such that 
pത୧୨ ൌ 0 or 1 for i ൌ 1, … n െ 1, j ൌ 1, … , n and in each row except possibly the last 
one, exactly one entry is 1. Assuming the following conditions hold:  

1. pത୬୬ is the maximum among the entries in the last row. 
2. pത୧୧ ് 1 for i ൌ 1, … , n െ 1.  
3. If pത୧୨ ൌ 1then pത୨୧ ൌ 0 for i ് j, i ൌ 1, … , n െ 1, j ൌ 1, … , n. 
4. pത୧భ୬ ൌ pത୧మ୬ ൌ ڮ ൌ pത୧ౡ୬ ൌ 1 where k א ሼn െ 3, n െ 2, n െ 1ሽ and 

iଵ, iଶ, … , i୩ א ሼ1,2, … , n െ 1ሽ. 
 
Then, by max-min composition Pഥ is ergodic. 
Proof. If k ൌ n െ 3 then pത୧భ୬ ൌ pത୧మ୬ ൌ ڮ ൌ pത୧౤షయ୬ ൌ 1, iଵ, iଶ, … , i୬ିଷ א
ሼ1,2, … , n െ 1ሽ, and pത୧౤షభ୨భ ൌ pത୧౤షమ୨మ ൌ 1 for i୬ିଵ, i୬ିଶ א ሼ1,2, … , n െ 1ሽ െ
ሼiଵ, iଶ, … , i୬ିଷሽ for jଵ, jଶ א ሼ1,2, … , n െ 1ሽ. 
 Either i୬ିଵ ൏ i୬ିଶ or i୬ିଵ ൐ i୬ିଶ we may assume that i୬ିଵ ൏ i୬ିଶ. 
 
Case 1: If jଵ ൌ jଶ then 
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 Therefore, Tഥ satisfies the conditions of Theorem 1[10] and there is k א Գ such that 
Tഥ୫ ൌ Tഥ୏, for m ൌ k, k ൅ 1, k ൅ 2, … , where the rows are identical in Tഥ୏. Therefore, 
Tഥ୫ ൌ Tഥ୏ ฺ ሺE୬PഥE୬ሻ୫ ൌ Tഥ୏ 

   
 
 E୬PഥI୬Pഥ ڮ ڮ I୬PഥE୬ ൌ Tഥ୏ ฺ E୬Pഥ୫E୬ ൌ Tഥ୏ ฺ Pഥ୫ ൌ E୬Tഥ୏E୬ , m ൌ k, k ൅ 1,  . ڮ
Since E୬ is a permutation matrix we conclude that the rows are identical in E୬Tഥ୏E୬. 
Hence, Pഥ is ergodic. 
 
Case 2: jଵ ് jଶthen either jଵ ൏ jଶ or jଵ ൐ jଶ we may assume that jଵ ൏ jଶ.  
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 We use the same E୬ as in Case 1and consider the composition Tഥ ൌ E୬PഥE୬ 

  
 

  
 
 Therefore Tഥ satisfies the conditions of Theorem 1 [10] and as in case 1 above we 
conclude that Pഥ is ergodic. 
 Similar argument applies for k ൌ n െ 2 and k ൌ n െ 1. 
 
Proposition 2: For n ൒ 4 let Pഥ ൌ ൣpത୧୨൧ be an n ൈ n fuzzy transition matrix such that, 
pത୧୨ ൌ 0 or 1 for i א ሼ1, … , nሽ െ ሼkሽ, j ൌ 1, … , n, where 1 ൏ ݇ ൏ ݊, and in each row 
except possibly the k୲୦ one, exactly one entry is 1.Assuming the following conditions 
hold: 
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1. pത୩୩ is the maximum among the entries in the k୲୦ row. 
2. pത୧୧ ് 1 for , i א ሼ1, … , nሽ െ ሼkሽ.  
3. If pത୧୨ ൌ 1then pത୨୧ ൌ 0 for i ് j, i א ሼ1, … , nሽ െ ሼkሽ, j ൌ 1, … , n. 
4. pത୧భ୩ ൌ pത୧మ୩ ൌ ڮ ൌ pത୧ౢ୩ ൌ 1 where l א ሼn െ 3, n െ 2, n െ 1ሽ and iଵ, iଶ, … , i୪ א

ሼ1, … , nሽ െ ሼkሽ. 
 
 Then, by max-min composition Pഥ is ergodic. 
 
Proof. If l ൌ n െ 3 then pത୧భ୩ ൌ pത୧మ୩ ൌ ڮ ൌ pത୧౤షయ୩ ൌ 1, iଵ, iଶ, … , i୬ିଷ א ሼ1, … , nሽ െ
ሼkሽ, and pത୧౤షభ୨భ ൌ pത୧౤షమ୨మ ൌ 1 for i୬ିଵ, i୬ିଶ א ሼ1, … , nሽ െ ሼiଵ, iଶ, … , i୬ିଷ, kሽ for 
jଵ, jଶ א ሼ1, … , nሽ െ ሼkሽ. Either i୬ିଵ ൏ i୬ିଶ or i୬ିଵ ൐ i୬ିଶ we may assume that 
i୬ିଵ ൏ i୬ିଶ. 
 
Case 1: If jଵ ൌ jଶ then 

  
 

 
 
then E୬ is an n ൈ n permutation matrix and E୬E୬ ൌ I୬ . Consider the composition 
Tഥ ൌ E୬PഥE୬. 
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 Therefore Tഥ satisfies the conditions of Theorem 1 [10] and as in Case 1 of 
proposition 1 above we conclude that Pഥ is ergodic. 
 
Case 2: jଵ ് jଶthen either jଵ ൏ jଶ or jଵ ൐ jଶ we may assume that jଵ ൏ jଶ. 
We use the same E୬ as in Case 1 and consider the composition Tഥ ൌ E୬PഥE୬ 
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 Therefore Tഥ satisfies the conditions of Theorem 1 [10] and as in Case 1 of 
proposition 1 above we conclude that Pഥ is ergodic. 
 Similar argument applies for l ൌ n െ 2 and l ൌ n െ 1. 
 We may prove proposition 2 using another permutation matrix E୬ as follows: 
 If l ൌ n െ 3 then pത୧భ୩ ൌ pത୧మ୩ ൌ ڮ ൌ pത୧౤షయ୩ ൌ 1, iଵ, iଶ, … , i୬ିଷ א ሼ1, … , nሽ െ ሼkሽ, 
and pത୧౤షభ୨భ ൌ pത୧౤షమ୨మ ൌ 1 for i୬ିଵ, i୬ିଶ א ሼ1, … , nሽ െ ሼiଵ, iଶ, … , i୬ିଷ, kሽ for jଵ, jଶ א
ሼ1, … , nሽ െ ሼkሽ. Either i୬ିଵ ൏ i୬ିଶ or i୬ିଵ ൐ i୬ିଶ we may assume that i୬ିଵ ൏ i୬ିଶ. 
 
Case 1: If jଵ ൌ jଶ then 
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  Let  

  
 

E୬then E୬ is an n ൈ n permutation matrix and E୬E୬ ൌ I୬ . Consider the 
composition Tഥ ൌ E୬PഥE୬.  

  
 

  
 
 Therefore Tഥ satisfies the conditions of Theorem 1 [10] and as in Case 1 of 
proposition 1 above we conclude that Pഥ is ergodic. 
 
Case 2: jଵ ് jଶthen either jଵ ൏ jଶ or jଵ ൐ jଶ we may assume that jଵ ൏ jଶ. 
 We use the same E୬ as in case 1 and consider the composition Tഥ ൌ E୬PഥE୬. 
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 Therefore Tഥ satisfies the conditions of Theorem 1 [10] and as in Case 1 of 
proposition 1 above we conclude that Pഥ is ergodic.  
 Similar argument applies for l ൌ n െ 2 and l ൌ n െ 1. 
 
 
Conclusion  
In this paper we continued studying the ergodocity of a particular class of finite fuzzy 
Markov chains. As we mentioned in [10] we do believe that the introduced conditions 
can be reduced. 
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