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By
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Supervisors Prof. Dr. Saed Mallak and Prof. Dr. Thabet Abdeljawad

Abstract

In this thesis we investigate the solutions of continuous and discrete fractional
economic models using the non-local discrete fractional differences and
derivatives involving Caputo, Caputo — Fabrizio in the sense of Caputo (CFC),
Caputo type Atangana — Baleanu (ABC) and ABC with generalized Mittag-
Leffler kernel.

These differences and derivatives and fractional factors enable us to solve
with equations more generally, as they go beyond dealing with integrals and
regular derivatives and enable us to deal with more complex equations and
tolerate wider mathematical explanations.

In the case of the economic models that we are dealing with, these differences

enable us to better understand the market body and the relationship between



supply and demand and their interactions with the price adjustment on the
assumption that the market is in equilibrium.

The main original part is to solve and investigate the economic models by
using the discrete counter part of the above, Caputo type for final operators in
the power low, exponantial nabla low, nabla Mittag-Leffler low and
generalized nabla Mittag-Leffler low and solve the models in the continuous
case analytically.

Our research is unique because we review the solutions of these models in the
discrete case, in addition to that we are the first to review Generalized ABC
with four parameters and the dependence of the rest of the differences on them
as special cases.

Finally, we interpret the results we obtain from the model and compare them

in more details with the different solutions we obtain.
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Chapter 1
Introduction

1.1. Motivation

The study of discrete fractional calculus has been initiated in nineteenth
century.

There has been no noticeable development except very soon, specifically in
the past ten years [26].

There has been an increasing interest in developing discrete fractional calculus
because its more general than different calculus and provide more efficient
numerical tools [30], as the discrete fractional calculus is now being studied to
solve equations and models that cannot be solved by regular methods and
because they deal with life applications directly [26, 33].

This interest in recent years has focused on the difficulty of solving equations
using calculus and partial integration as it has demonstrated a number of
unexpected difficulties and technical complications.

Mathematical economics is a theoretical and applied science and its purpose
mathematically is a formal description of things, processes, and phenomena

[26].



We present the model here by formulating economic concepts in the form of
an equation, working on solving it, and interpreting the results using
mathematical methods. Having an optimal solution and balance is the main

goal of using mathematics in economics.

A revolution occurred in the world of economics at the beginning of the
twentieth century, which led to the use of mathematics as a basic method for

describing economic phenomena and processes [24, 30].

The market consists of a large number of elements that we have formulated
with two models, and each economic model targets the maximum benefit for
buyers, the maximum profit for sellers, and the freedom of pricing restricted
according to an equilibrium model that has its own controls such as
commaodities, companies and individuals [11, 24, 30].

Economic theory provides the interactions between price, supply and demand,
the dependence of supply and demand on price and how to achieve a point of
equilibrium on the supply and demand curves so that the number of supply is
equal to the number of demand and the maximum profit of the seller is
achieved without regressions [11, 24].

In order to describe the economic process, differentiation and integration,

which are the most crucial tools for the construction of the economic



phenomena and modelling, have a great importance in economic theory [11,
24].

Since the behavior of the economy may rely on the past fluctuations in the
economy, the use of fractional differentiation and integration instead of the
integer order ones provide features of memory effect allowing the observation
of the history of the economy [30].

The modern stage of the mathematical economy occurs almost simultaneously
with the existing of the economic principles contains the expression of
economics in terms of the fractional operators, which can be called fractional
mathematical economics [38].

Owing to the fact that traditional derivative has some shortcomings causing
the deficiency of descriptions of economic concepts, to build an economic
model by means of non-local fractional operators, which don’t have any
restriction of small neighborhood of the point, which undoubtedly has much
more advantages when compared with the models composed by integer-order
derivative [11, 38].

Hence, the main original part of this thesis is to investigate the mentioned

reviewed economic model in the frame of discrete fractional calculus



depending on the discrete versions of fractional differential operators with
singular and nonsingular kernels.

To the best of our knowledge no one has previously done a study on these
economic models using the discrete fractional calculus operators, we have
confirmed this by using keywords for search engines such as: discrete,
economic models, solved economic models, solved models using discrete

partial and partial disjunction and integration.

1.2. Problem Statement

A competitive market is directly related to competitive equilibrium such
that the quantity of goods demanded by buyers equals to the quantity of goods
supplied by sellers[30, 38].

The quantity demanded and the quantity supplied can be represented by
demand function g, and supply function g, respectively, as follows:

qa(t) = dop — dyu(t)

qs(t) = —so + syu(t) 1)
Where u(t) the price of goods, d,, sy, d,, s; are positive constants which are
some operators affecting the quantity demand and quantity supplies.

For g4 (t) = q4(t), when the demanded quantity equals the supplied quantity,

do +So)

we obtain the equilibrium price U = (d »
1 1

4



In a certain cases, the price tends to stay stable and there is no shortage and
surplus in economics.
Let us consider the following price adjustment equation as we have it from
[30].
u'(t) = k(qa — qs) (2)

Where k > 0 is the speed of adjustment constant.
If we substitute g, and g, functions in Equation (1) into (2), then we will get

u'(t) + k(d, + sp)u(t) = k(dy + sp) (3)
Solving Equation (3) as a linear differential equation, one can readily obtain

the following solution

dy + s dy + s (4)
t — 0 _ —k(d1+51)t
w(®) d1+sl+(u() d1+51>e

Where u(0)is the price at the time t = 0.

In this solved equation we do not pay attention to the expectation of agents in
market. If we consider the expectations of agents, the demand and supply
functions involving additional factors d, and s, change or will change to the

following form



qa(t) =do— du(t) +du’(t)
qs(t) = —sp + su(t) — su'(t) ()
For the case g, (t) = q4(t) as we obtain,

d, + 54 dy + s (6)

u(t) =

“(F) — __
uw'(®) d, + s, d, + s,

And if we solve the Equation above as a linear one, we will have

dy + sg
d, + s,

() = — do + so) ditsy, (7)

+ <u(0) b et
We note that in the law of the market, if the price of a commodity rises, buyers
tend to buy a quantity of that commodity before its price increases further, and
as for sellers, they tend to provide a smaller quantity of the product in order to
achieve high gains in later times. The models we will study have the

condition g4 (t) = q.(t). However, when u’(t) = O forall t > 0, market is
in a changing economy which means dynamic equilibrium.

We have generalized the models above so that they can be solved using
discrete fractional differential derivatives, as these fractional derivatives have
fewer properties than the traditional properties, which makes them excellent in
describing anomalous phenomena. In this thesis we review the solution of

models using Caputo, Caputo—Fabrizio (CF) fractional derivative which is the

convolution of exponential function and the first order derivative [28] ,



Atangana—Baleanu (AB) fractional derivative containing the convolution of
Mittag-Leffler function and first order derivative, generalized Atangana—
Baleanu.

The use of the discrete fractional differences mention in the previous
paragraph and other differences that we did not mention is due to the need to
have rules for solving time-related equations, they started with Caputo-
Fabrizio fractional then were done with the Mittag-Leffler with one parameter
instead of the exponential, then the Mittag-Leffler with two parameters, and so
on [4].

Herein, we stress that when a constant coefficient linear differential equation
is handled by means of Caputo—Fabrizio in the sense of Caputo (CFC) or
Caputo type Atangana—Baleanu (ABC), we should put condition in order to
have a nontrivial or false solution [5]. But when we solve the problem by
using Caputo or generalized ABC, no need to put any condition.

At the end, we do some significant discussions by graphics and proposed
them. For more details about fractional operators see [7, 12-17, 23, 25, 31-33,

40, 41]. Also, for some related study on economic see [22, 26].



1.3. Objectives of the Thesis

We summarize our claims by:

e To solve and discuss the new economic models by investigating and
analyzing them by the means of non-local fractional operators involving
Caputo, Caputo—Fabrizio in the sense of Caputo (CFC), Caputo type
Atangana—Baleanu (ABC) and ABC with generalized Mittag-Leffler kernel
in the discrete and continuous case.

e To observe the controversial subjects in the market in more detailed
manner, by supporting the results with simulation analysis.

e The main original part is to solve and investegate the economic models by
using the discrete countar part of the above, Caputo type for final operators
in the power low, exponantial nabla low, nabla Mittag-Leffler low and

generalized nabla Mittag-Leffler low.



1.4. Research Questions

This thesis will answer two research questions.

1- How can we investigate the mentioned reviewed economic model in the
frame of discrete fractional calculus depending on the discrete versions of
fractional differential operators with singular and nonsingular kernels?

2- When can we reach a market equilibrium if we take into account the impact
of non-local operators?

The purpose of this thesis is to introduce the solutions for economic models by

means of Caputo, CF, AB and generalized AB including Mittag-Leffler function

with three parameters. In addition to getting the solutions of aforementioned
models having non-local properties. Fractional operators refer to those beyond
traditional differentiation and integration when applying to the economic models.

Thereby, these fractional operators improve the comprehension of supply and

demand and their interactions with price of commodity under the assumption that

market is in equilibrium [24, 30].

1.6. Literature Review

Atici and Sengl [21], discussed modeling with fractional difference
equations. They defined and developed some basics of discrete fractional

calculus such as Leibniz rule and summation by parts formula.



Atici, Marshall and Belcher [20], presented new approach for modeling with
discrete fractional equations. They defined and introduced a new class of
nonlinear discrete fractional equations to model tumor growth rates in mice.
Bas and Oarsman [23], introduced real world applications of fractional models
by Atangana-Baleanu fractional derivative. They defined some modeling
problems, Newton’s law of cooling, population growth, logistic equation,
blood alcohol model.

Bas, Acay and Ozarslan [22], considered fractional models with singular and
non-singular kernels for energy efficient buildings. They defined and analyzed
the fractional version of the heating and cooling model for buildings with
energy efficiency. They applied the Caputo fractional derivative, Caputo-
Fabrizio, and Atangana-Baleanu in the Caputo sense in the analysis and
investigation of the governing model.

Sene [36], addressed the Mittag-Leffler input stability of the fractional
differential equations with exogenous inputs.

Abdeljawad [4], discussed the fractional difference operators with discrete
generalized Mittag-Leffler kernels. He defined the fractional difference

operators with discrete generalized Mittag-Leffler kernels with three

10



parameter for both Riemann type (ABR) and Caputo type (ABC) cases, where
AB stands for Atangana-Baleanu [3].

Acay , Bas and Abdeljawad [11], the most recent work about the fractional
economic models based on market equilibrium in the frame of different type
kernels, investigated and analyzed certain problems in economics by means of
non-local fractional operators involving Caputo, Caputo—Fabrizio in the sense
of Caputo (CFC), Caputo type Atangana—Baleanu (ABC) and ABC with

generalized Mittag-Leffler kernel which they used and generalized.
1.7. Structure of the Thesis

The rest of the thesis is organized as follows:

Chapter 2, presents some of the definitions, lemmas and mathematical theory
of discrete fractional derivatives. Chapter 3, the continuous case and discussion
of the result obtain.

Chapter 4, In this section we present for the first time the solutions of the models
in the discrete fractional derivative Caputo, CFC, ABC and generalized ABC.

Chapter 5, the main results by graphs. Finally, the conclusion and comments.

11



Chapter 2

Mathematical Preliminaries and Fractional Calculus
Here we will present the Definitions, lemmas and remakes that we used in the
fourth and fifth chapters to find our solutions we obtain.
2.1. Fractional Differences
Definition 1 [3, 26]. (i) Let ¢ be a natural number, then the ¥ rising factorial of

m is written as

v—1
m"_’zl_[(m+i), m®=1meR
i=0 (8)
(if)For any real number the 2 rising function becomes
5 I'(m+0)
m’ = ————
r(m)
such that 09 = OmeR
(9)
In addition, we have
v(m¥) = ym¥ 1 (10)

Hence m? is increasing on N, ={0,1,2,3,4,..} for ¢ > 0.
Remark 1 [3]. The backward difference operator of a function ¢ on hZ is

given by

12



p) — o —h) (11)
h

Vip(u) =
For h = 1, we get the backward difference
Vo) = o) —pu—-1) (12)
The backward jumping operator is
ow(u)=u—nh (13)
Forae Randh >0,N,, ={a,a + h,a + 2h,..}
Definition 2[3, 37]. For arbitrary m, 8 € R and h >0, the Nabla h-fractional

function is defined by

m
mh = —m
r (E) (14)
For h = 1, we write mB = M.
r(m)

Definition 3[3]. The Mittag-Leffler function of one parameter has the

following form:

Eg(z) = ;m (z € C;Re(B) > 0). 5

And the one of two parameter a and [ becomes

Ego(z) = ;m (z, @ € C;Re(B) > 0). .

13



Where Eg 1 (z) = Eg(z) and E;(z) = e*.

Definition 4[1-3]. (Nabla Discrete Mittag-Leffler) For A€R, IA|<1

and q, B, T €C with Re() > 0, the Nabla discrete Mittag-Leffler is

[TBra—1

et z TG (17)
For a = 1, we have

7B
Ez(A,7) £ Egz(A,7) = zzrm "
Next we have the definition on hZ.
Definition 5 [3]. (Nabla h-Discrete Mittag-Leffler) For A€R, [ARf|<1
and q, B, T €C with Re() > 0, the nabla h-discrete Mittag-Leffler is
7, a1
nEga(A,7) = z AT m 9

For @« = 1, we have

B

hEﬁ(A T) = hE[)’ 1(A T) = z&rm

Remark 2 [3].
1. For h=1, we obtain the nabla discrete Mittag-Leffler function (ML) defined

in definition 3.

14



2. The smaller 0 < h < 1, the larger the interval of convergence to which A

belongs. For example, when h=1, to guarantee convergence when A = %

we must have 0 < f < % When h is small enough we can get convergence
for0 < g < 1.

For more properties of Mittag-Leffler read [8].

The Three parameter case of Mittag-Leffler:

Definition 6 [4]. For A€ R,h > 0 and S8, u,y,{ € C with Re(B) > 0, the

generalized Nabla h-discrete ML function is defined by

rﬁ+u 1

Vr
(M)— —,IAhBI<1
Yr=YXF+DXF+2) ... (Y +k—-1)

Definition 7 [3, 37]. (Nabla h-fractional sums): Let w(u) = u — h,h > 0 be
the backward jump operator. Then for a function ¢: N, , = {a,a + h,a +
2h,..} — R, the nabla left h- fractional sum of order § > 0 is given by

1 u o
(W 0) W = 55 j 0() (1 = ()’ Vps 1)

_[)) (p(lh) (u ar(lh)) h U € Ngynn (22)

||
:m[\¢1:ﬂ:

15



Definition 8 [3, 37].( Nabla h-Riemann-Liouville (RL) fractional difference)

Nabla h- (RL) fractional difference of order g > 0, starting from a has the

form
(Vho) @ = (1 "7 0) (23)
\%s 2 n-p-1
(VE0) = Tt g z o) (w=w(m), "k oy
U € Ngynpn

Definition 9 [4]. Assume j,v: N, — R, be discrete functions. Then the Nabla

discrete convolution of j with v is defined by

t

G*v)(@) = v(t —@(s) + a)j(s)
s:za4:-1 (25)

Definition 10 [3]. (Nabla discrete exponential kernel in hZ) the Nabla discrete

exponential kernel can be expressed as

t—w(s) t—w(s)

noa(t, @(s)) = (ﬁ) G (1_1ﬂ_fﬂh) " where ) = _T[;

. 1+h
Also, using As = ——, we have

t—a
hQ)ls(tJ a) = (1 - hS)T' (S Na,h
(26)

16



2.2. Caputo Fractional Difference

Definition 11 [3]. (The h- Caputo fractional difference) Let 8 > 0,

[ = [B] + 1, [B] is the greatest integer less than or equal to [8], h > 0,a €
R, ap(B) = a+ (I —1)h. Assume ¢ is defined on N, , = {a,a + h,a +
2h,..}.1f0 < B < 1,then a,(B) = a. Then

e The left h- Caputo fractional difference of order g starting at a,, (f) is

defined by
(anSVP OO = (Vors) Vho)(©), € € Ny, (27)
If we put h = 1, we obtain the definitions stated in [1, 2].

Definition 12 [9, 27]. The left Caputo fractional derivative is defined by

aDPo(t) = ml_ﬁ) Lt(t -V (y) dy
(28)
Where B € C, Re(B) >0, L =[Re(B)] +1
Lemma 1. For any 8 > 0, we have
AAICEIURANICE “;(—B))ﬁ_lqo(a)
(29)

Where ¢ is defined on N ;.

For the proof see [3, 37].

17



2.3. CFC Fractional Difference
Definition 13 [3, 19] . For g € (0,1) and ¢ defined on N, ,,. Let H(S, h) =
B(B) [ + (1 - ﬁ)] such that B(f) is a normalized function such that

B(0) = B(1) =1 and A = ——, Then, we define

e The left (h-nabla) CFC fractional difference by

1—-p+pBh
(PSR @) (1) = H(B, h) <#> X
% 1— ’8 t—zz;l(rh)
Z R0 (751 57)
r=rt1
OR
CFCyP - _ 1-8 %
("L 9)(t) = H(B, h) Z hVypp(rh) (m) (30)
r=s+1
t € Ngtnpn

e The Left (h-nabla) Caputo—Fabrizio Riemann (CFR) fractional difference

(CPEVR@)(©) = H(B, h) (57 Vi X

t—w(rh)

Z h‘p(rh)<1 ﬂfﬁh) h

18



t
n t—rh

h 1— h
(R = HB WV, ) ho(rh) (ﬁ) (1)
=241

t € Ngynn
Below we recall the continuous counterparts.

Definition 14 [19]. The left side Caputo-Fabrizio fractional derivative in the

caputo sense is presented as for g € (0,1) and ¢ be defined on N, . Let

B(B)is a normalized function and A = % then

B(B)

B —
(" o)) =1

t
j @(n) exp(/l(t — n)) dn
‘ (32)

Lemma 2[3, 8, 8, 19]. (The relation between Riemann and Caputo type h
fractional difference with exponential kernels)

(CFEVP @) (1) = (CFRVF )(¢) -

t—-a

19



2.4. ABC Fractional Difference

In this subsection, we recall the continuous counterparts.
Definition 15 [3, 8, 18]. Let ¢ be defined on N ,, B € (0,1), such that | Ah# |
< 1, then the left nabla ABC fractional difference (in the sense of Atangana

and Baleanu) is defined by

1—B+ﬁh>x

(PEh)(©) = HB, W) (~ =

=1~

Z R(V4) (rh)nEg (A, t — @(rh))

a
T—H+1

(“ER)©) = HB,h) (F257) [Vae(® *nEs(ht—a)] GY

t € Ngynn-

And in the left Riemann sense by:

1—[?+,8h>vh><

(") (©) = HB, W) (— =

t

h

z ho(rh),Ep (/1, t — w(rh))

a
T_H-I-l

(“PEVR)(O) = HB, ) (Fi25) Vn [0 OnEpt — )], (39)

t € Ngynn-

20



Definition 16 [19]. The left side Atangana-Baleanu fractional derivative in the
Caputo sense with Mittag-Leffler B(f) is normalized function and 0 <
B < 1, is given by
455D )0 = 125 [ 9 By(ae ~ ) an
: (36)
Lemma 3[3]. (The relation between the ABC and Riemann fractional with
ML kernels)

(ABSYE ) (£) = (ABEVY 9)(¢) —
(37)

HB W) (F257) e(@nEp(t —a)
2.5. Generalized ABC Fractional Differences with Three

Parameters

Definition 17 [4]. The discrete generalized ABC and ABR fractional
derivatives with kernel E[’;—M(A, t),where 0 < § < %.Re(u) > 0,

vy € R, are defined respectively by

B t
(ABgVﬁ’“'yQO) (t) = % Z E%(A, t — w(r)) V,.o(r),

r=a+1

t €N, (38)

21



And

t

(ABZVB'#,V(p) (t) = f(_ﬁ; Vv, r;ﬂ E%(/’L t— w(r)) o (),
teN, )
B(B)is a normalized function and A = _1__ﬁ 7

Below we recall the continuous counterparts.

Definition 18 [5] . The left side ABC operator with generalized Mittag-Leffler

function Ef ,(AtF) suchthaty € R, Re(u) >0, 0 < B <1landA= £
is defined by
B t
(50 ) 0) = 1 0% [ 90 B, (At )
e (40)

Lemma 4 [4]. (The relation between generalized ABC and ABR with three

parameters Eﬁ (4, t) kernel)

GALEI0
B(B)
_ (ABRyB.LY _ a8 _
- ( av (p)(t) 1 _ ﬂEB'ﬂ(A’t a)‘:o(a)
,teNa,A=%,O<ﬂ<%,Re(u)>0,yeR,<peNa (41)
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Lemma 5 [4]. The solution of nonhomogeneous linear system
(“BSDPHY ) (1) = r@(t) + g(t) ,With0 < f < 1, y,uEC,t 2 a

IS given by

[0/e] 1 _ n
0@©) = p@ ) 1" (Wf) Epl a1t — @) + g(©)
n=0

® 1 _B n+1
-yn
* Z rn <Wﬁ)> Eﬁ,{n+1)(1—u) At—a)

n=0

(0] 1 . n
0 = 9@+ 0@ ) " (mfj) Egn(1-w+1 (¢ = @)
n=0

- 1
9= ) ™ () Erriin@t—a)
n=0

(42)
2.6. Discrete Laplace Transform
Definition 19 [3, 29]. Assume ¢(t) is defined on N, , Then the h- discrete

Laplace transform of ¢ is defined by

0

Lanlo(©}(s) = j W0Z(6, D)9 (6)Vnt
0

* n0ys(t, a)
= _— t)V,t
.[0 1 — hs (E)Vy

23



= [ -h T et (43)

0

—h ) (1-hs) 7 oht)
Z (@4

When a = 0 we have

Lopfe()}(s) = Lr{p()}(s)
= h ) (1—hs)t! @(ht)
; (45)
When h = 1 we have

Loalo(0)}(s) = Lalo()}(s)

- | T - 9)elemv ¢
0

= > 1=9T0 4(0)

t=a+1

Lemma 6 [3]. Let ¢ be defined on N, , Then
Lan{Vnp(©)}(s) = sLyn{@(t)}(s) — ¢(a) (46)
Lemma 7 [3]. The Laplace transform of Nabla h-discrete fractional derivative

with exponential kernel is given by

a-p B @

TA-pBs+B’ 1-P

1
La,h{hgl (t, a)}(s) P
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Lemma8[3]. Let § € R\{........,—3,—2,—1,0}and | 1 — hs |< 1, then we
have

= r 8
La,h{(t_a)ﬁ 1}(S)=s(_§)'h>0 (48)

Lemma 9 [4].(i)) Assume j, v, are discrete functions defined on N,.
Then, we have (The h-convolution Theorem)

(Lan( *v))(S) = Lan(D(8)Lan(v)(5)
Forh =1

(LaG*v))(s) = La()()La(v)(5)
This is consistent with the continuous counterpart:

(ii) Assume j, v are functions [0, ) — R Then we have

(LaG *v))(s) = La()()La(V)(5)
Lemma 10 [3]. For B,y,4 € C, Re(y) > 0,and s € C with Re(s) > 0

| As7# |< 1, we have

(Lo nEzy (L OD() = LnluEgy AL ON(S) = s7[1 = 2s7F]

In fact

(Lon{nEg; (A D) = () (LnfnEg; (Lt —a)D(s) = s77[1 - )Ls‘ﬁ]_1

25



Lemma 11[3]. For any g > 0 we have
Lon{ 00} (5) = s7Po(s)

where Lo {p(O)}(s) = @(s)
Lemma 12 [6, 9, 10, 27, 35]. For 0 < 8 < 1 the Laplace transform of certain

functions hold that

(EnlBp (=t DS = s

(Lafl = Eg(=ctP)N() = s

Ll Eg p(—ctP )N = 75

(ElBg Gt = DE) = s

1

LnlEzp(Bt —a)}(s) = (sF-2)

with c,A1 € C

Remark 3 [34]. One of Laplace transform rules

1
o Lnl=D(s) = e
Lemma 13. Fory, B, u € C,Re(u) > 0 and s € C with Re(s) > 0,

| As7F |< 1,

La,h {hE%(A, t — a)} (S) = S_'u[l — /’ls—ﬂ]_y
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Fory =1,
-1
Lan {hEﬁ(A, t — a)} (s) = s7H[1 — As7F]
Proof: In view of Lemma 8, and by using the Definition 8, and that

- 1
Z(AS_ﬁ)k =m fOT |AS_B |< 1
k=0

We can conclude

4 _
Lon {hEBTt(A’ t — a)} (s) = Bkt

Where by differentiating Equation (49) y — times, we find that

- (45)) 1
— -B
Z k! sy /o 1A 1<
k=0
. r(y+k)
since (Y) = roy Y €C

27
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Lemma 14 [3] .(i) The Laplace transform of h-discrete CFC is given as

H(B, WA =B+ Bh)s

Lan{TETRe O} ) = =5 PO
_HBDA=p+ B -
A-pe-n * 0
For h = 1 we have
B
L {9} 5) = s [50()  p(@)]

(i1) The Laplace transform of CFC fractional derivative

B
L{ T 9O} () = = Bgfs) —p ) el "

Lemma 15[3, 18].(i) The h-discrete Laplace transform of ABC is given as

Lan (PR 0@] (5) = TEH it TR Iso(s) —p(@] (2

For h = 1 we have

B(B)
(1—-pB)s(1—2s7F)

(i1) The Laplace transform of ABC fractional derivative is given by

Lo {455 o)} (s) = [s¢(s) — p(@)]

La{0" 90} = g be©@ —e@] 69
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Lemma 16 [4]. (i) The h-discrete Laplace transform of generalized ABC with
three parameters is given as

B(ﬁ)sl_“(l—ls‘ﬁ)_y
1-8)

R A GHOE o(s)

_B)sTH(1-2s8) "
(1-5) v(a) (54)

(i1) The Laplace transform of generalized ABC fractional derivative is

" B(B)s'H(1-2s7B) "
£, {9757 ()} (5) = EEZEE o)

_B)sH(1-2s8) "
1-p) v(a) (55)

The definitions presented in the next section are introduced for the first time.

2.7. Generalized ABC Fractional Differences with Four

Parameters.

The modified definitions in this section will result in CF definitions as a

special case.

Definition 20. The discrete generalized ABC and ABR fractional derivatives
with kernel EY_ (4, t), where 0 < 6, 8 < ~,h=1, Re(n) >0,

vy € R, are defined respectively by
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6
(VPO o) (6) = T2 T BV (At = w(1) Ve (),

teN, (56)
And
(ABRVP AN ) () = TV, T s By (At = 5() 9(),
tEeN, (57)
B(6)is a normalized function and A = %
Where

If 8 =u=y =1, wewill have

B(G)

(4B Do) (1) = T2Vt Err(A t — @) V,0(r), t €N,

By using Definition 10 with h = 1, we have
(*B5V° ) () = (1) b _asa (V) () (1 = FYF0) =(SFEVH ) (1)

Which is the definition of CFC with order 8 and h = 1.

If B = 6, we will have

(T ) (e) = ) Z B (At = @() Vrp(r)

T' a+1l

Which is the definition of ABC with order 5 and h = 1.
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Lemma 17. (The relation between generalized ABC and ABR with four

parameters with EZ?’—M(A, t) kernel)

0.1, (0,1,
(ABgvﬁ( IH’)(p)(t) — (ABZVﬁ( MV)(p)(t)

__~ 7Y —
1_9Eﬁ,u(’1’t a)e(a)
-6 1
tENaA=§,O<9<E,R€(M)>O,]/ER,QDENOL (58)

Proof:
From the relation which are deduced from Lemma 13 and by the help of the

discrete h-convolution theorem with (h=1) stated in Lemma 9.

B(8)s'™*(1 - /15‘3)_]/

L, {ABI;Vﬁ,(BIJJ’)(p(t)} (s) = A=)

@(s)

And

B(0)s'#(1—As7F)™"
1-0)

Lo {4806} (5) = o (s)

B(B)s‘”(l — As‘ﬁ)_y
- (1-06)

@(a)

So, we conclude that
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£ [T 1) () = L, (AT ) 6

B(®)s™*(1—as7B)”" (59)
RO (f_e)s )o@

Applying the Laplace inverse transform for (59) and by using Lemma 13, we

have

B(6)

(0,1, (0,1,
(ABgVB( ”y)go)(t) — (AB}C?lvﬁ( MY)(p)(t) _ -

14 —
Eﬁ(/l, t—a)p(a)
Remark 4. From Lemmal7 we conclude that the Laplace transform of

generalized ABC with four parameters is given as

B(8)s'™H(1 - As‘ﬁ)_y
(1-9)

I TGO o (s)

B(0)s™#(1—As~B)"
_B(®)s é_e)S ) (@
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Chapter 3

Continuous Fractional Economic Models

3.1. Continuous Fractional Derivative

Most of the research deals with solving models using Continuous fractional
difference because they are easy to handle and simple in terms of interpreting
the results [38].

Here, in this Chapter, we will present a simple review for the solutions of the
two economic models in Caputo case and detailed explanation for ABC, CFC
and Generalized ABC and interpret their results using continuous fractional

derivative.
3.2. Economic Model in Caputo Fractional Derivative
Case 1: The price adjustment without considering the expectation by means of
Caputo derivative is as follows
CDBu(t) + k(dy + spu(t) = k(dy + so), B € (0,1) (60)
Taking Laplace transform, the solution for equation (60) as shown in [11] is
u(t) = u(O)Eﬁ(—k(dl + Sl)tﬁ)

(do + s0)

m [1 — Eﬁ(—k(dl + Sl)tﬁ)]

(61)
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Where Eg(.) is the ML function given in Definition 3.

Case 2: If we take the price adjustment with expectation of agents in the

Caputo fractional derivative present by

(dy +51) _ (do + 50) (62)

O o R s

Again taking the Laplace transform for the both side in equation (62) we have

as seen in [11]. The solution is

u(t)=u(0)EB((1 51) )

(@ ¥ 55)
(do + 5p) (di +s1)
sy T E ((dz ! )] (63)

3.3. Economic Model in CFC Fractional Derivative

In [11] the authors gave the solution by means of MATLAB, hear we r the

solution analytically.

Casel: The price adjustment equation without considering the expectation

with CFC is as follows

CFCDPu(t) + k(dy + s)u(®) = k(dy +50), 8 € (0,1)  (64)

In order to solve the equation we shall solve the following equation.
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e Modified equation of the CFC fractional derivative

Consider that
CFCDBu(t) = ru(t) + g(t)
u(a) = ay
such that ru(a) + g(a) =0 (65)
Apply the Laplace transform for Eq. (65) and by using the result in Lemma
14, we have,
Lo{ SFDPu)} = Lofru(®)} + La{g(t)}

B(p) 1
1—-fs—42

[sU(s) —u(a)] =rU(s) + G(s)

Where,

Lou()}(5) = U(S), Lalg()}(s) = G(s),A = _1‘_ﬁﬂ (66)

BB o BB
A-AGE-D A-AGE-D

=rU(s) + G(s)

u(a)

(67)

B(B)s B(B)

"Ola—pe-n "7 O aphe—n

u(a)
(68)
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B(B)s—r(1-B)(s-D)] _ G(s)A—B)(s=)+B(R)u(a)
U(s)[ a-pG-»n 1 A-B)(5-7) '

B#1s+A

_66e)A =B =D +BAu(a)

YO =B —ra -G -1
U(s) = SOU=BY(s = D) + BB)u(a)
BB —r(A-Pls+rd- A
The substitution of A4 = __—B , implies that
G(s)(1 = B)s + BG(s)
U(s) = —
[BB) = (1= B)] [s + 5]
N B(B)u(a)
[BB) = (1 = P |5 + 5|

Now substitute in the denominator that A = % in the Eq. (71)

G(s)(A = B)s + BG(s)

U(S) = rpB
[B(B) —r(1—p)] [S - B(ﬂ)—r(l—ﬁ)]
N B(B)u(a)
B
BB) = (=Pl [s = 5555
8

Now let v = , EQ. (72) becomes

B(B)-r(1-PB)
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B 1 G()A-B)s | BE(s) | BAU() (73)
U(S)_[B(B)—r(l—ﬁ)][ s s T s

Laplace inverse transform for Eq. (73)

1
[B(B) —r(1—B)

[ Lgl{G(s)(l—ﬁ)S} N L—l{ G(s) } N L_l{B(ﬁ)u(a)}]

[s —v] Cls=vD) T U [s =]

So, by using Laplace rules in Remark 3, (74) becomes

U(s) = ]x

1
[B(B) —r(1—B)

(9 (O o]

u(t) =

]X

In particular if g(t) = constant =c ,s0 L, {g(t)} = G(s) = g , Eq. (75)

becomes,

1
BB -r@-p1

u(t) =

By using Remark 3 and Lemma 9, we have
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c1=8)  eay, Bore’™®

O —ra-p° BB -rd-H
BBW@D  Liw
BB -ra-p° (77)
Now sitting v = B(ﬁ)_r—f(l_m in (77) we get
L(t—a) L(t—a)
c(1— B)eB®-ra-p N Bc * eBB-T1-H)
t) =
MO="Fm—ra-p BB -rA-p
B(B)u(a)eF P ras"
B(B) —r(1-f) 78)
We have from (64) that
r=—k(d,+s;)
g() =c=k(dy + so) (79)
So, substituting equation(79) into equation (78) we obtain
—k(d1+s1)B (t-a)
k(dy + sy)(1 — B)eB®+kdi+s)(-B)"
S T F T A Te )
—k(d1+s1)B (t-a)
k(do + SO)'BeB(B)+k(d1+S1)(1 B)
B(B) + k(d; +s1)(1 =)
—k(d1+s1)PB (t-a)
B('B)u(a)eB(B)+k(d1+S1)(1 [N
B(B) + k(d; +s1)(1 =) (80)
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dy + S
d, + 54

,withu(a) =

Case 2: If we consider the price adjustment with expectation of agents the

CFC derivative of the model is given by

(di +51) (do + o) (81)

R S R s L

Comparing(81) with (65) we have

_ (dy + 1)
(d; +s7)

(do + o) (82)

9= ="y )

By substituting (82) in the result of (78) we will have

(d1+s1)B (t—-a)
—(dg + sp) (1 — B)eB®Bdz+s2)~(d1+sD(-F)"
B(B)(d; +s;) — (dy +s))(1—pB)
(d1+s1)B
,B(do + 5g) eBBdz+s2)~(d1+s1)(1-H)"
B(B)(d, +s3) —(dy +s)(A—p)
(d1+s1)B

B(ﬁ)(dz + Sz)U(a)eB(ﬁ)(d2+Sz) (d1+s1)@-p)"

BBz +52) = (i +s)(=F) " gg

u(t) =

(t—a)

(t—a)

dy + S
d, + s,

where u(a) =
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3.4. Economic Model in ABC Fractional Derivative

In [11], the solution was evaluated by means of Laplace and MATLAB. Here,

to find the solution analytically we first consider a modified equation below.

e Modified equation of ABC with 8 parameter
Consider that
ABCDBu(t) = ru(t) + g(t)
u(a) = ao
such that ru(a) + g(a) =0 (84)
Apply the Laplace transform for Eq. (84) and by using Lemma 15, we have,

L {ABCDPu(t)} = L {ru()} + L,{g(6)}

B(B) s’ B(B) sP1 B
1-B(PF =D Us) =1 — B (sP _,1)“(“) =rU(s) +G(s)
Where,
Lo{u()}(5) = U(s), Lalg()}(s) = G(s), A = % (85)
After reformulate the Eqg. (85) we have
Ii%)(si@ U(s) - f%)(sss:z)u(a) = 1U(s) + G(s) (86)
(B)sk (B)sB-1 87
UGs) [(1—35)(5!?_,1) N r] =G(s) + mu(a) (87)
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B(B)sP-r(1-p)(sP-1] _
U(s) [ a-pGP-n 1~

G(s)(1-B)(sP-1)+B(B)sP~1u(a)
(1-B)(sP-2)

_GEA =B =D+ BB u(a)

,Where [ + 1,sP # 2

ves) BB)S? — (1 - B)(sF — 2)

e GO =P = D) +BE)u(@
) == BE —ra-pl+rad-pa

Substitute in the numerator in Eq. (89) that A = %

uGs) = G()(1 - p)s” + BG(S)
[B(B) - r(1 - B[ s + g |
N B(B)s’tu(a)

[B() ~ (L~ P + g |

Now substitute A = % in (90)

_ __ GOU-ps +BGE)

u(s) = rp
[B(B) —r(1- ﬂ)][sﬁ ~ Bp)-rLp) ]
N B(B)s’tu(a)

[B(ﬂ)—r(l—ﬁ)][sﬁ_ B@—M]

B
B(B)-r(1-PB)

Now return v = to (91) we have
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u(s) = 1 |: G(s)(1 —ﬂ)sﬁ BG(s) N B(B)s*tu(a)

- BB -rl-p)] " v [PV [P —v] J (92)

The Laplace inverse transform for Eq. (92)

V) =@ - 1<1 =k
e R (v =) el | IS

So, by using Laplace rules in Lemma (12), Eq. (93) becomes

1
O =mE—ra-m >

—116(s)(1-p)s G(s) a
[La {—[Sﬁ_v] }+ BL: { ]}+B(a)u(a)5 vt®) (9)

In particular if g(t) = constant =c ,s0 L, {g(t)} = G(s) = g, Eq.(94)

becomes,
() = - x
YT BE -1 - Bl
—1 ye(1- sB -1 c
[La {—S([Sﬁ’?v] }+ BL: {S[sﬁ_v]} + B(B)u(@)Ey(vth) )
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_ c(1-p)Eg(vtP) _ cB _1{ -v }
u(t) = [B(B)-r(1-p)] v[B(B)-r(1-p)] La s[sB-v] t

B(B)u(a)Eg(vtP)
[B(B)-T(1-P)]

_ C(l—ﬂ)EB(vtﬁ) _ cB B 8
u®) = [B(B)-r(1-B)] V[B(B)—r(l—ﬁ)]{l Eﬁ(Vt )}"'

B(B)u(a)Eg(vtP)
[B(B)-1(1-B)]

Now substi S — Y
ow substitute v BB (97)

_ B B 5\
u®) = g ra-mi h (B(ﬁ)—r(l—ﬁ)t )

V[B(b’)f(l—b’)] {1 — kg (B(B)+g(1—ﬁ) tﬁ)} T

B(B)u(a) rB
E B
[B(B)-r(1-p)] P (B(ﬁ)—r(l—ﬂ)t )

(96)

(97)

(98)

Case 1: The price adjustment equation without considering the expectation of

agents in the framework of ABC derivative is

ABCDAU(L) + k(dy + spu(t) = k(dy + s), B € (0,1)

We have from Eg.(99) that

r = _k(dl + Sl)
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gt) =c=k(dy+ sp) (100)
By substitute (100) in (98) we have

u(t)

__ k(do+50)(A—B) E( —k(di +s1)B tﬁ>
B(B) +k(d; +5)(1 = B) P \B(B) +k(d, +s)(1—B)

(do + so) B —k(dy +51)B 8
@, + 1) {1 Eg <B(B) T k(d, +5)0=5) " )} *

B(B)u(a) £ < —k(di +s1)B tﬁ)
B(B) +k(dy +s)(1 = B) P\B(B) + k(dy +s)(1—B)

dy+s
where u(a) = d" n S" (101)
1 1

Case 2: The price adjustment with expectation of agents in the framework of

ABC is

d d 02
@ @@y eon

2" Dfu(t) -

We have from (102) and (84) that

.= (dy + 1)
(d; +s7)

__ _(dotso)
I ==~ v 5

(103)

By substituting (103) in (98)
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u(t) =

—(do+s9)(1-p) E ( (d1+s1)pB tﬁ)_
[B(B)(dz+52)—(d1+s)(1-B)] B \B(B)(dy+s3)—(d1+51)(1-B)

(do+So0) (4 (d1+s51)B B
<d1+s1>{1 Eg (Bw)(dz+sz)—<d1+s1)<1—ﬁ)t )}+

B(B)u(a)(dz+s2) E ( (d1+s1)pB tﬁ)
[B(B)(dz+52)—(d1+s)(1-B)] B \B(B)(dy+52)—(d1+51)(1-B)

dy + S (104)
dy + s,

where u(a) =

3.5. Economic Model in Generalized ABC Fractional Derivative
with three parameters

e Modified ABC equation
By using Lemma 5, we have that

(105)
ABCDARYU(L) = ru(t) +g(t)

The explicit solution for (105) is
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u(t) = u(a)Z (5L ) e patit-a)

n+1
+g(t) * Z (505 ) Eeat-2)

‘m

= u(a) + u(a) Z ( 5(5) ) Eshipa (A t—2a)
-0

+g(t) * Z r ( ; ( ﬁf ) E ot (At —a) (106)

Case 1: The price adjustment equation without considering the expectation of
agents in the framework of Generalized ABC is
ABCDBMYu(t) + k(dy + sp)u(t) = k(dy + sp), B € (0,1) (107)
Referring to Lemma 5 that was mentioned before and substitute r =
—k(d; +51),9(t) = c = k(dy + sp) in (106), we have
u(t) = u(a) Z( K(dy +51))" ( B(ﬁf ) Epna (At —2)

n+1
+K(do + 50) Z( Ky +s0)" (58 ) Bt -)

~ u(a) + u(a) Z( K(dy +51))" ( T ﬁ/; ) E i (At —a)

ﬁ n+1
+K(dg + So) Z( K(dy +51))" ( ) E oA t—a))

B() (108)
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Case 2: the price adjustment with expectation of agents in terms of generalized

ABC can be expressed as

DI Gy O = sy P SO
(109)
(d1+s1)

From (109) we have that r = ,g(t) =c= EZ(’”") then by substitute

(dz2+s3)’

them in (106) we have

—~( (d "1- n
o = v 2 @15 ) (568 ) Btwwatht-a

(do+50) ~=/ [@1+s)\"/1-8\""__
- (d2+52) nZ;( (dy +s2) ) ( B(B) ) E eyt =)

v @3 ((griey) (G ) Eintt -2

n=0

(do+50) ~=( ([di+5) \"(1-B\""com)
TS Z( @2+ 52) ) ( B(B) ) Epontian (1= 2)

n:

(110)
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3.6. Summary

We can summarize the result as we have in [11] as follows

They have analyzed the economic models in frame of the non-local fractional
operators such as Caputo, CFC, ABC and generalized ABC containing Mittag-
Leffler function with three parameters.

The price adjustment equation is solved by the underlying fractional
derivatives when the expectation of agents are considered and not considered
by two models. So, two separate solutions of the models have been obtained
for each fractional operator.

In order to obtain accurate solutions which satisfy the initial condition when
using the CFC and ABC fractional derivatives, they put a condition such that
there is no trivial solution .In addition, when we solve the underlying models
in terms of Caputo and generalized ABC fractional derivatives, no need to put
any condition and so one can obtain the solution directly.

We here get the solution analytically by considering the nonhomogeneous
linear equation
Du(t) = ru(t) + g(t)

But in [11] they do the calculation using MATLAB.
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Chapter 4

Discrete Fractional Economic Models

In this Chapter we will solve the economic models using discrete fractional
differences including Caputo, CFC, ABC with one parameter and using the
ABC fractional difference with four parameter which no one deal with before.
The ABC generalized fractional difference, used to generate successive
approximation of the linear system the homogeneous and nonhomogeneous
one and produce explicit solution for it.

We review for the first time the solutions of these models using these
differences, as the solutions of the models based on an ABC generalized

fractional difference with four parameters were not review before.

4.1. Economic Model in the Framework of Caputo Fractional

Difference

Casel: The price adjustment equation by means of Caputo fractional

derivative without considering the expectations of agents is as follows:
SV Pu(t) + k(dy + spu(t) = k(dy + so), B € (0,1) (111)

By applying the Laplace transform L, , to both sides of Eq. (111), we have
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Lan {gvhﬁu(t)} + k(dy +s1)Lgp {u()} (112)
= Lgp {k(dy + 50)}
By Definition 11 and utilizing for a = 0, we have
Lu{criu®} = L { @ TP Tu) (113)

By using the Lemma 1 (the relation between Caputo and Riemann), Eq. (113)

becomes

- - 077 114
£ {3 Pryum) = £, {Vth Py (t) - %u(O)} 4

—(1-B), o
Lh Vth U(t) mU(O)

_ —(1-8) (t)ZE
_ Lh{vhvh u(t)} — L, e, ﬁ)u(O)
(115)

By using Lemma 6, Eq. (115) becomes

sty {7, Pu®} () - v-0-Pu(0) - £, {F((?Ez) u(O)}
(116)
sey {7 CPun)(s) - £ ﬂu(O)
mn "lra-p) (117)

By using Lemma 11, Eq. (117) becomes
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-B
sBU(s) — L, {%um)}

By using Lemma 8, Eq. (118) becomes

sPU(s) —u(0)sh1

Now, Eq. (112) becomes

k(dy + sg)

sPU(s) = u(0)sP~! + k(dy +s)U(s) = ——

K(dy + sp) u(0)sh1

U = vk +59) TSPt k(d +5)

By applying the Laplace inverse transform £;* to Eq. (121)

1 _ —1f  k(do+so) _1 [ uw(O)s*t
L {U(S)}_Lh {s(sﬁ+k(d1+sl))}+Lh {Sﬁ+k(d1+51)}

1
Lﬁl{U(s)} = k(do + SO)Ll’_ll {S(Sﬂ + k(d1 + 51))}

tudr L@ﬁ+um+&»}

By using Lemma 12, we have

-1 1
u(t) = K(d, + So)Lh {Sﬁ+1(1 + S—Bk(dl + 51))}

+u(0)EE(—k(d1 +5,),t—a)
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By using Lemma 13with uy=f+1 and y =1
u(t) = k(do + so)Egprg(—k(dy + 51),0)
+1(0)E5(—k(d; +5,), ) (125)
Ez () IS the discrete ML function given in Definition 4.

Case 2: On the other hand, if we consider the expectations of agents, the price
adjustment equation with Caputo fractional derivative can be presented by

(dy +51) (do + o) (126)

B _ -~ TuYJ
% =g 5 YO = g, Ty

If we apply the Laplace transform to Eq. (126), we have

d d
La,h{ CVﬁu(t)} ( 1+51) Lah{u(t)} = ah{ %} (127)

By using the result in Eq. (119) and utilizing for a = 0, Eq. (127) will be

(dy + s1) (do + 50) (128)
sPU(s) —u(0)sP~t — U(s) = ————=
) =0 =g, 75,) V) = TS sy)
(do+so) B-1 129
Ucs) = _Satss) +u(0)s (129)
(s) = g _ (dits1)
(dz+s2)
do+s 1 u(0)SP 130
“9=‘é£+£;(ﬂ_wﬁmy+(ﬁgﬂﬁm) (130)
ST T @prsn) T T sy

By taking the Laplace inverse transform L£;! to Eg. (130), then we obtain
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B (do +50) ., 1

LU} = ——=—<Loh
dy +53) " | gB+1 (1 — g-B LatsD)
( 2 2) S (1 S (d2+52))
tu0Lor (6~ G}y
(dz+s3) (131)

Using the relations in Lemma.12 and Lemma 13 with y =g +1andy =1,

we obtain the solution as follows

(do + o) (dy + s1) )]

u® =~ s [Fe (e

(dy + s1)
+ U,(O)EE <m, t)

Eﬁ(.) is the discrete ML function given in Definition 4.

(132)

Remark:

We can use the Relation s#U(s) — u(0)s#~1directly form Lemma 8 in [3].
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4.2. Economic Model in the Framework of CFC

4.2.1. CFC Modified Function with Parameter g
Let’s make the solution generally, consider that
Srevfu(e) = ru(e) + g(t)
u(a) = ay
such that ru(a) + g(a) =0 (133)
By applying the Laplace transform to Eq. (133) and using Lemma 14, we

have,

Lon{ EFTIU®} = Lanlru(©)} + Lanlg(®),

OR,
HB, (A =B+ Bh)
1-p s—A

[sU(s) —u(a)] =rU(s) + G(s),
where,

Lop{u@®)}(s) = U(S), Lon{g(®)}(s) = G(s), 4 = % (134)

After reformulate Eq. (134), we have

HBMA=F+BR)S 1 _ HBW(A=B+Eh) - (135)
(1-B)(s-2) U(s) (1-B)(s—2) u(a) =ru(s) +G(s)

Then,
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U(s) [H(ﬁ, WA =B+ Bh)s r]

1-B)(s—21)
B H(B,h)(1 - [ + Bh)
=G(s) + A== u(a) (136)
HB,h)(1—-p+ph)s—r(1—=F)(s—1)
us) [ 1—B)G -2 ]
_ G)A-=B)(s—A)+H(B A -B+Bh)u(a)
A-=-B)(s—2)
Where, (137)
f#1s#A

To make U(s) the subject of equation, we see that

_GEA-AE-H+HEHA =L+ Fhu(a)
HB, MDA =B+ ph)s—r(1=B)(s—4)

Uesy = EQA =B D+ HE WA~ f + fhua)  (138)
CHBHA=B+BR)—r(1=Bls +7r(1-p)A

U(s)

Substitute in the numerator in Eq. (138) that A = %
~ G(s)(1— B)s + BG(s)
U(s) = r(1—B)A
[H(B, WA —B+ph)—r(1—p)] [s t H(ﬁ,h)(1—/3+ﬁh)—r(1—ﬁ)]
N H(B,h)(1 =B+ Bhyu(a)

[H(B, (1 =B+ Bh) —r(1 = B)] [S + H(B,h)(li(ﬁl-l_-g/)l;l—r(l—ﬁ)] (139)
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Now substitute in the denominator that A = % in Eq. (139)

G(s)(A = P)s + BG(s)

[H(B, (A = B+ ) =1 (1 = P)] [ = 5o |

U(s) =

HB WA - B+ phu(a)

+
B
[H(B,h)(1 =B+ ph) —r(1 - p)] [5 - H(B,h)(l—B+Bh)—r(1—ﬁ)] (140)

If we let v = H(ﬁ,h)(l—ﬁiﬁﬁh)—r(l—ﬁ) , Then, Eq. (140) becomes
Us) = 1 [G(s)(l —B)s
[HB,MNA-B+BR)—r(1-PIL [s—V]
N BG(s) +H(B' (- +ﬁh)u(a)] (141)
[s —v] [s —v]

By taking the Laplace inverse transform to Eq. (141)

_ 1 —1 [G(S)A=B)s
Uts) = [H(B,h)(1=B+Bh)—T(1-p)] [La'h{ [s=v] }+

IBL;}L{G(S)} + [«;}1 {H(ﬁ,h)(l—ﬁ+ﬁh)u(a)}]

[s—v] [s—v] (142)
So, by using Laplace rules in Lemma 7, Eq. (142) becomes
_ 1 —1 [G()(A-B)s
U = wEmapepm g [L an { [s—v] } +
- G
L2 + H(B, h)(1 — B + Bhyu(@)nel (&, )]
o=l (143)

In particular if g(t) = constant for example ¢, so L, ,{g(t)} = G(s) = =,

S

Eq. (143) becomes,
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~ 1 _1 (c(1=P)
o) = [H(B,W)(1 — B + Bh) —r(1— )] [L“}l{ [s — V] }

o e | R JOICRY.

s[s —

+ BRyu(@ney (¢, )|
(144)
By using Lemma 7 and Lemma 9, (144) will be

c(1-Pnev(ta)
HB, M)A =p+ph) —r(1=p)

Be*n ov(t,a)
THE WA B+ ) — (1 B)

L H@B WA =B+ pryu(@ne, (b
HB, WA — B +ph)—r(1—p) (145)

u(t) =

_ Byl _ 4
Such that H(B,h) = B(B) [h +(1 ﬁ)]’ V = MBI —B+BR)—r(1-B)

By substitute v in (145), we will have

c(1-p)e 8 (t,a)
u(t) = HB)(—B+BN-T(—F)

CHBWA-B+p)—r(1-p)

Bec*ye 8 (t,a)
HBR)A=B+B)-T(-F)

THB DA~ B+ ) —r(1—B)
HB, W =B + phyua),e v (t,a)

H(Bm(1-B+Bh)—-1r(1-p)

HB,MA =B+ ph) —r(1=p)

_l_

57



(146)
If we take h=1 for (146) we have

c—=PBe__r (ta) Pcxo_ (ta)
u(t) = BB)-r(-B) 4 BB)-r(—B)

B(B) —r(1—=p) B(B) —r(1—-p)
B(Bu(a)e__ s (t,a)

B(B)-r(1-B)

B(B)—r(1-p) (147

_l_

Such that B(f) is normalized function and g is the exponential Nabla defined
in Definition 10.
4.2.2. The Model without Considering the Expectation of Agents
The price adjustment equation with CFC without considering the expectations
of agents can be written as
SFEPPuE) + k(dy + sDu(t) = k(de +50), 8 € (0,1)  (148)

In reference to (148) with

r=—k(d, + s1)

g(t) = ¢ = k(dy + so)

Then the solution of equation (148) becomes,

k(do + 50)(1 - ﬂ)h@ —-k(d1+s1)B (t; a)
u(t) = H(BR)(1-B+BR)+k(d1+51)(1-F)
H(B,h)(1 — B+ Bh) + k(dy + s)(1 — )
ﬁk(do + S0)n0 —k(d1+s1)B (t,a)

H(BM(A-B+BM)+k(d1+51)(1-B)

THG DA B+ B + k(dy + 51— B)
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H(B, (1 =B + ph)u(a)re —k(d1+s1)8 (t,a)

H(Bh)(1-B+BM)+k(d1+51)(1-B)

HB,h)(1 =B+ ph) + k(ds +51)(1 = B)

+

where,

dy + sg
dy + 51

u(a) =
(149)
Solving equation (149) with h=1 with
r=—k(d; + s1)
g(t) = ¢ = k(dy + so)
We obtains,

k(do+5s0)(1—Plo  -ka+sps  (t,a)
u,(t) — B(B)+k(d1+s1)(1-p)

B(B) + k(d; +51)(1 = B)

Bk(do + SO)Q —k(d1+s1)8B (t; a)

B(B)+k(d1+s1)(1-P)

B(B) +k(d, +s)(1—p)

B(B)u(a)e  -rwy+sps__ (t,a)

B(B)+k(d1+s1)(1-B)

B(B) +k(d, +s)(1—p)

_|_

+

Where,

dy + S
d, + s,

u(a) = (150)
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4.2.3. The Model with Consider the Expectations of Agents

Moreover, if we consider the expectations of agents, the price adjustment

equation with CFC can be given by

CFCy/8 (dl +51) (do +Sg)
? (0 = (d +52) U = (d2 +52) (151)
B (0,1)
In reference with (151) with
_ (dy +5s1)
(dy +s2)
_ . _ _(do +s0)
9 =c (dz +s2)
We obtain,
(dO + SO)(l - ﬁ)h@ (d1+sq)B (tl a)
U(t) _ H(B,h) (1-B+ph)(dp+s9)—(d1+s1)(1-B)
H(B,h)(1 - B+ ph)(dz +32) — (d1 +s1)(1 - )
p(do + So)ne (@151 (t,a)
H(B,h) (1-B+ph)(dp+s9)—(d1+s1)(1-B)
H(ﬁ h)(1 - B+ ph)(d2 +s2) — (d1 +s1)(1 - B)
H(B,h)(1 - B+ ph)(d2 + s2)u(@)ne (dy+s)8 (t,a)
+ H(B,h) (1-B+ph)(dp+s9)—(d1+s1)(1-B)
H(B,h)(1 - B+ ph)(d2 +32) — (d1 +s1)(1 - )
Where,
dy + S
u(a) = d, + s,
(152)
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If we want to solve (151) for h = 1 we will substitute ¢, g(t) then we see that,

(do +s0)(1 - PBe (dy55)p (t,a)

B(p)(dp+sp)—(d1+s1)(1-)
u(t) — 2702 1™1

B(B)(d2 +5s2) — (d1 +51)(1 - BB)
p(do + So0)o (dy+s7)B (t,a)

B(B)(dp+sp)—(dq+s1)(1-B)

- B(B)(dz2+52) — (d1 +51)(1 - B)
(d2 +s2)B(B)u(a)e (g5 )P (t,a)

B(B)(dy+sp)—(dq+s1)(1-p)

B(B)(d2 +5s2) — (d1 +51)(1 - B)

+

+

Where,
_do+ 59
w(a) = d + s,
(153)
4.3. Economic Model in the Framework of ABC
4.3.1. ABC Modified Function with B Parameter
To make the solution more general, consider that
A5 u(t) = ru(t) + g(©)
u(a) = ao
such that ru(a) + g(a) =0 (154)

Apply the Laplace transform for Eq. (154) and by using Lemma 15, we have,

Lon{ #5VPu®)} = Lonlru(®)} + Lanla ()}
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HB,K)(1—B+Bh) sF H(B,h)(1— B + Bh) sP1

5 @0 O 15 -
=rU(s) +G(s)
Lanu®)E) = U, Lanlg(©}) = 66524 =12
(155)

After reformulate Eq. (155) we have

HB,h)(1—B+ph) sP
1-§ F—2)

H(B, (A - +ph) sP1
- 1-8 (sF =)

u(a) =ru(s) + G(s) (156)

HB,h)(L = B + p)s?
U(s)[ A-p&F-1) r}

) H(B,h)(1 — B + ph)sh-1
B e R Y B

u(a) (157)

ooy [HB A= B+ BW)sF — (1 = p)(s# = 1)
(s) [ A-p)F -1 ]
CG()A = B)(sF — ) + HB (1 — B + Bh)sP1u(a)
- A—B)(F 1) ’

Where,
B#1,s*+21 (158)
To make U(s) the subject of equation, we obtains
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Uts) - COU=PE = 1) + HEh(A ~f+ )" Lu(a)
HB.)(@ = B+ p)s” = (A = B)(” — 1)

_ GEeUA-AE" - ) +HB (A - B+ pys’u@)

U
® sP[H(B,h)(L - B+ ph) —r(1 - B] +r(1 - PA
(159)
Substitute in the numerator in Eq. (159) that 4 = %

Uts) - G(S)(1 - p)s’ + BG(s)
(s) = P r(L-p)2
[H(B.(A - B+ ph) —r(1 - /3)][3 T RGP ]
H(B,h)(1 - B+ ph)sPLu(a)
B _ _ B r(l-pr
[H(B,h) (A -+ ph) —r(L ﬁ)][s T RGN TP ]

+

(160)
Now substitute in the denominator that A = % in the Eq. (160)
G(s)(1 - B)s” + BG(s)
u(s) = "
(HBMA = p+pr)—rd - )][ e ]
N H(B (A - p+ s *u(a)
(B, (A - B+ ) =11 = P)][ 8 = o |
(161)

Now let v = B . Eq. (161) becomes
0 V= SGmapepm—rapy £9- (161)
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_ 1
VO = M B ) B

[ G(s)(1 - p)s” N BG(s) N H(B,h)(1 - B+ ph)sFu(a) J
[s8 —v] [s8 —v] [s8 —v]

(162)

Taking the Laplace inverse transform to Eq. (162)

1
[H(B, W1 =B+ Bh) —r(1—p)]

U(s) =

X

_ [G(s)sP L G(s)
(1=PB)Lgn {m} +BLgn {m}

_, (P Tu(@)
+H(B,h(1 - B+ Bh)LL {[53—}]

— ] (163)
So, by using Laplace rules in Lemma 12, Eq. (163) becomes

1
[H(B, (A =B+ Bh) —r(1 = p)]

L G = B)sP o f G(s)
X [La,h { [Sﬁ _ V] } + :BLa,h {[—}

u(t) =

+H(B, (A -0+ ,Bh)u(a)EE(v, t — a)] (164)

In particular if g(t) = constant =c, s0 L,{g(t)} = G(s) = <, then

Eq.(164) becomes,
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1 sB
”(t)_[H(ﬁ.mu—ﬁwh)—r(l -B)] cA=h)La {s[sf” v]}+

L_l{s[sﬁ }+ H(B,h)(L = B + BRu(a)Eg(v, t - “)] (165)

By using Lemma 12 and Lemma 13withy=+1 andy =1

c(l- ﬂ)EB(V,t —a)
H(B, A -+ ph)—r(1-p)

u(t) =

SRR o)
THBMA -+ @) M SPL—sPv]
. HB.MA - B+ phu@)Ep(v.t —a)
H(B, ) (1 = B+ ph) —r(1-p)

(166)

c(l-pB)Es(v,t-2a)
H(B.M(A - p+ph) —r(1-p)
BcEgza(v,t—2a)
T HB - B+ ph)—rd-p))
. H(B,h)(1 - B+ ph)u(@)Ez(v,t - a)
H(B,.h)(1 -+ ph) —r(1-p)

u(t) =

(167)

By substituting v, (167) it will be
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cl-p) ) rp 3
H(B,h) (1 - B+ ph)—r(1-p) EB( H(B,h)(1 - B+ ph) —r(1 - p) ! a)

u(t) =

+ fe E ( r t—
(H(B,h)(L - B+ ph) —r(1 - p)) PP HB A -B+ph)—r(1-p)°

H(B,)( - B+ fh)u(a) E( B t_a>
HB.WA -+ B —r(L—p) "\ HBMA-p+ ) —rA-f)’

(168)
With h = 1 Equation (168) will be
- p o ' )
"O= 8@ -rt-p Eﬁ( B _rA_p) " a>
pc rpg B
BB - rd-B) EW( BB —rL—p) " a)
B(Au@ . B )
" BB -r-p) Eﬁ( B(B) _rd—p) " a)
(169)

Such that B(f) is normalized function
4.3.2. The Model without Considering the Expectation of Agents

The price adjustment equation without considering the expectations of agents

with using ABC derivative is given by
ABCBy () + k(dy + s)u(t) = k(dy + s), 8 € (0,1)  (170)

By reference to (170) with
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r = —k(dl + Sl)
g(t) = ¢ = k(do + o)

We see that,
u(t) = k(do +s0)(1—P) y
~H(B,h)(1 =B+ Bh) +k(d; +s)(1—p)

E—( —k(d, +s1)B L a)
F\H(B,W)(1 =B +Bh) +k(d, +s)(A =)’

4 k(do +so)B y
H(B, M) =+ Bph) +k(d, +s1)(1—p)

E < —k(d, +s1)B ; a)
FEHI\H(B,h)(1 — B + Bh) + k(d; +s)(1 = B)’

N H(B, (A - B+ phu(a) o
H(B,W(1 - B+ ph)+k(d, +5s)(1—pB)
E—( —k(d; + s1)p
B

t—a
H(B,h)(1 — B+ ph) + k(d; +51)(1 —p)
where,
dy + sg
= 171
u(a) 4 T s, (171)
For h = 1, by substituting c, g(t)we will have
___ k(do+s0)(1-P) - —k(d1+s1)B _
ult) = 5y k@ +snap) CP (B(ﬁ)+k(d1+s1)(1—ﬁ)'t a) +

k(do+s0)B ( —k(d,+s1)B

B +h(dr+s)—F) BB B rh@ts)a—p) L a) +

B(B)u(a) —k(d,+51)pB
E_ —
B(B)+k(d,+s,)(1-p) B (B(ﬁ)+k(d1+51)(1—ﬁ)'t a)

where,
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do + Sg (172)
d, + 54

u(a) =

4.3.3. The Model with Consider the Expectations of Agents

If we consider the expectations of agent in the price adjustment equation with
ABC we will have

(dy + s1) _ (do +s0) (173)

B _ _
éBCVh ) (d; + 53) o) = (d; + s2) FEOD

We have r, ¢ from (173) such that

= (dy + 1)
(d; +s2)

(do+5S0)
t) = = ——
gt =c (d2+s2)

By using r, ¢ we have the solution

—(dy +s0)A=p)
H(B,h)(A - p + ph)(d; +52) —(dy +s1)(1 = p)

: (dy +s)B
E(H(ﬁ, (1 - B+ ph)(d, +s;) —(dy +51)(1 — ﬁ)’t N a)

u(t) =

n —(dy + 508
H(B,h)(1 =B + ph)(d, +s5) — (d; +5)(1 = )

E (dy +s1)B t—a)
BAHI\H(B, W)(1 — B+ Bh)(d;y + s5) — (dy +s)(1 — B)’

+ H(B,h)(1 - B + ph)(d; + sx)u(a)
(H(ﬂ, h)(1 - B+ ph)(d; +52) — (dy +5)(1 — ,3))
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E—( (dy +s1)B £ a>
A H(B, (A -+ ph)(d; +s,) —(dy +s)(A =)

where,

dy + S
d, + s, (174)

u(a) =

To solve the model in h=1, we substitute , r , we will see

—(do+s0)(1-) ( (d1+s1)B
u(t) = = ,t—al+
( ) B(B)(dz+s2)—(d1+s1)(1-B) B \B(B)(dz+s2)—(d1+51)(1-) )
—(do+s0)B (d1+s1)B
E ( ,Jt—a)+
B(B)(dz+s2)—(d1+s1)(1-B) ~BB+1\B(B)(da+s2)—(d1+s1)(1-P) )
B(B)(d2+sz)u(a) F— ( (d1+s1)B t— a)
(B(B)(dz+s2)—(d1+51)(1-B)) B \B(B)(d2+s2)—(d1+s1)(1-B)’
where,
do+s
u(a) — 0 0
d, + s;

(175)
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4.4. Economic Model in the Framework of ABC with Four
Parameters with Generalized Nabla Mittag-Leffler Kernel
4.4.1. The ABC Fractional Linear System with Constant

Coefficient with Four Variables

Lets do the solution more general, consider the system

(- 45CTAOENY) () = ru(t) + g(b), u(@) = aq

1 1
0<9<§,0<ﬁ<§,y,uec,teNa+1
(176)

If we apply the discrete Laplace transform £, with h = 1 to the system (176)

above

L{( 2PVPORIU)D(s) = Lo{ru®)} + Lolg(®)}  (AT7)
Now we have from the definition of the ABC with four parameters that

( ABC VB,(H,u,V)u) )

_BO N Y

s=a+1

(4t = s)Vsu(s)

1
(178)

So Eq. (178) becomes
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L{( aBvPORIV)D)(s)

=L, {@ Z EL (At —s)Vu(s)

1-6

s=a+1

B, 1

= 11(s) + g(s)

i(s) = Lo{u(D)}, g(s) = Lalg(t)}

We have from Remark 4

B(6)
1—

611

i(s)sTH[1 — As7F7Y — 1B(_9

; u(a)s #[1 — As~P77

=7ru(s) + g(s)

We want to find u(t), so from Eq.(181), we have

And hence

B(9)
1-6

u(s) =

B
=g(s)+

HU(s)sTH[1 — As7P7Y — rii(s)

0
1= gu(a)s‘“[l — As7P1r

u(a)

S

_B®) _ 1s-P
rles“[l As=P]Y

u(t) = L {Ti(s)}(©)

71

(179)

(180)

(181)

(182)

(183)

(184)



To find the above discrete Laplace inverse, we expand #(s) in the form

u(a)

ii(s) = (B(Q)) —(1—u)[1 _/15—3])/71

n+1

+5(s) 2 (B(H)) s~ [] _ Jg=Byn+D)

Such that f—rl(—;s“ 11 -2As7B]Y,0 < u < 1and

Ifl <1 (185)

Now by using Lemma 13. And do the Laplace inverse for Eq. (185) we reach

the solution

—yn
u(®) = u(a) Z (B(H)) Fnl—prit— 9

n+1 y(n_l_ 1)
+9<t>z (B(H)) L mrna—pHt—9

(168)
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E ¥
pn(l—w+1

A t—a)

n+1 _]/(n'l'l)
+g(t)2 (B(B)) AT (T N

4.4.2. The Model without Expectations of Agents

The price adjustment equation by virtue of the ABC with generalized Mittag-
Leffler without considering the expectations of agents is given as follows
ABCB.Omy(t) + k(d, + s)u(t) = k(dy + s0) (187)
Now by arranging Eg. (187), we have
ABCBOmIy(t) = —k(d; + s)u(t) + k(dg + o) (188)
Now using the result in Eq.(186) with —k(d; +s;) =71 , k(dy + sy) =

g(t), we conclude

u() =u(@+u@ ) (—k(d; +5)"

1-6 £ —-yn 1
(B(H)) B,n(l —p) A LD

k(o +50) % ) (—k(dy +5)" (2(_9)>

n=0

n+1
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-y(n+1) 3 (189)
‘Bmrna-m T

Using the result in Eq. (189) for a=0, we can get

u() =u(0) +u(0) ) (~k(d; +5,)"
n=0

N T 0+ k(d
(3(9)> B,n(l—y)+1( 1) + k(do + S0)

0

(ks

n=0

1—6\""! —y(n+1)
F@) Frornam®? (190)

4.4.3. Model with Expectation of Agents
If we take into account the expectations of agents, the price adjustment

equation in terms of generalized ABC can be expressed as follows

( 1+ 51) _ (do + 50) (191)
@5 O W rs)

Now by arranging Eqg. (191), we have

ABCB.OmY)y(t) —

ABCB.(6,1, (dy +51) (do + 50) (192)
SV = sy O T @ s

h (d1+s1) _ (do+s0)

Now using the result in Eq. (186) wit Gty - T dprsy)

= g(t) we
conclude
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u(t) = u(a) + u(a) z (Ed: i ;;)
n=0

1—6\" —yn
(B(H)) e e A L)

(do +s0) N <(d1 + 51)>n (1 - 9)n+1

C(dts) L \(dy+s;)) \B(O)
—-y(n+1)
Bm+na-p MY (193)

Using the result in Eq.(193) for a = 0, we can get
~ S ((dy+s)\ 1 —6\"
u(t)—u(0)+u(0); <(d2+52)> <B(9))
—yn (do + So)
-1 TG sy

(di+s)\" (1-6\"  —y(n+1)
<(d2 + 52)) (B(H)) Eﬁ, (n+ 1A -p (A4, t)

(194)

>

*
n=0
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4.5

4.5.1. Economic Model in Framework of General Definition
CFC.

Case 1: The price adjustment equation with CFC without considering the

expectations of agents is given by
CFCFPu(t) + k(dy + s)u(t) = k(dg + So)
B € (01) (195)
By applying the Laplace transform to both sides to Eq.(195) , we have
Lon{ VLU + k(dy + 5 Lanlu(®))
= Lon{k(dy + 50)) (199)

We have from Definition 13, that

t

PP U = HBH) ) h(Tu)(sh) x

a
S_Z-I-l

1-p i
(1 - B+ ﬁh)
f € (0,1), u be difined on N, 5,

H(B,h) =B |2+ 1 -p)] a0
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By take the Laplace transform L, for Eq. (197), we have
Loa{ 7 uo)]

t

h 1 — 7S
= Lo, {H(B,h) PIRICANIED (T—fﬂh) }
(198)

s=a/h+1

By using Lemma 2, (The relation between CFC and CFR) witha = 0, we

have

Los{CFCT U}

= Lo, {CFRV,fu(t)

H(B,h)(1— B + Bh) 1-p i
N 1-p u(o)(l—ﬁ+ﬁh)}

= Lo, {CFR7 u(t)]

H(B,h)(1 — B + 1-p i
_LM{ GROB4D (1= )}

1-5 1— B + Bh

_HBNA-F+BL)s
A=Bs+p

_H@BW(A - B +Bh)
A-AG-D

U(s) u(0)

(199)

And hence,
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Loplk(dy + spu(t)} = k(dy + s)U(s)

k(dy + so)

Loplk(do +s0)} = 5

So, Eq. (196) becomes

HB,mh(A =B+ Bh)s _HBMHA =B+

U(s)

A=P)s+p A=P)s+p

k(dy + so)

+ k(dy +s1)U(s) = .

From Eq.(201) we have

HB,m(A =B+ Bh)s
A=Bs+p

ue)| +k(ds +51)]

_k(dots0) HEBMA=E+BH)

u(0)

s A=pHG -4

u(0)

So, By using Lemma 7, ( 1 =48 ),Eq. (202) becomes

s=1  ((1-B)s+B)

k(do+sp)
s

ues) = ( +

H(B.W)(1-B+Bh) (1-B)(s=2)
1-B)G-1) ”(0)) (

s k(do +50)(A = B)(s - A)

H(ﬁ,h)(l—ﬁ+ﬁh)5+((1—ﬁ)5+ﬂ)k(d1+S1))

U(s) =

HB A =B+ Bh)

THB DA~ B+ Bis + (L~ B)s + Bk(d; + 51)

78

HB, A =B+ ph)s + ((1 = B)s + Bk(d; + s1)

u(0)

(200)

(201)

(202)

(203)



_ K(do+s9)(1—=B)(1—2As™H)
S HB WA =B+ Bh)s + (1= B)k(dy + 51)s + Bk(dy +51))

N HB, (A =B+ ph)
HB, A =B+ ph)s + ((1 = B)s + Bk(d, + s1)

k(do +s9)(1=B)(A—4s™H)

u(0)

V) = THGB DA =B + B + (1= B)k(dy + sDs + Bk(ds + 51)
. HB, W)L~ B + Bh) ©
[HB, WA — B+ Bh) + (L— B)k(dy + s)]s + Bk(dy ¥ 57)

(204)

Now by doing the Laplace inverse transform L;}? for Eq.(204) , we have

La,k{U(S)} = k(dy + sp) X

(1—2s71)
[H(B, (1 — B+ Bh) + (1 — B)k(dy + s1)]s + Bk(dy + 51)}

+H(G, )1 =B + ph)u(0) X

(- ﬁ)/:a,,a{

1
cat }
“MHB, (1 = B+ Bh) + (1= B)k(dy + s1)]s + Bk(dy + 51)
(205)
We use the MATLAB code for Laplace inverse with u(0) = % A= %

and we have
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k(do +50)(1 = B)ne —k(d1+s1)8 (t)

u(t) = H(BR)(1-B+BR)+k(d1+51)(1-F)
H(.B; h)(l — ,8 + ’Bh) + k(dl + 51)(1 _ ,8)
Bk(do + so)ne —k(d1+s1)B (t)

H(BM(A-B+BM)+k(d1+51)(1-B)

THB WA~ B+ ph) + k(dy +5) (L~ B)

H(B,m)(1 =B + phyu(a)ne —k(d1+s1)8 (t)

H(BR)(1-B+BM)+k(d1+s1)(1-B)

+
HB,hN(A—-B+Bh)+k(d, +s)(A—-p)
) 11 51) (206)
Case 2: Moreover, if we consider the expectations of agents, the price
adjustment equation with CFC can be given by
(dy +51) (do + 50) (207)
CFepPu(t) — ——Zu(t) = € (0,1
a v, u(t) (d2+52)() T z)ﬁ (0,1)

Applying the Laplace transform to both side of Eq. (207), we have

dy+sy do+So
Lopl GO u(O)] = T8 Lopfu()} = Lop |- G} (208)

By using the result in Eq. (202) with a = 0 and hence,

(dy +51) (d1 + 51)
or{ (d, + sz)} TGty
{_ (do + So)} _ (do +59)
MU (dy+s)) T s(dy+s2)

So, Eqg. (208) becomes
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HB,MA =B+ Bh)s HB, A =B +pBh)

a-ps+p O " a-pe-»n O
_ (di +51) _ (do +50)
(dy +5,) ()= s(dy +52) (209)
From Eqg. (209) we have
Ues) H(p, h)(l B+Bh)s (di+s1)
—B)s+p (dz + 53)
(do+so) HBRMNA-B+ ﬁh)u(O) (210)

TSdats) -G -N

So, by using Lemma 7, (si/l = ((1(_1[;)23)), and suppose that M =
_W@its1) v _ (do+50)
o)’ Gt , EQ. (210) becomes
74
U(s) = (; +
H(B,n)(1-p+Bh) (A-B)(s—A)
0
(1-B)(s-2) u( )) (H(b’,h)(1—B+ﬁh)5+((1—B)S+B)M) (211)
sTWA-B)(s—2
U(s) = CICER)

HB, A =B+ ph)s + ((1—B)s + p)K(dy +51)

HB, DA =B+ Bh)
THB DA~ B+ Bis + (L~ B)s + BYK(dy +57)

u(0)
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~ V(1 - B)(1—-1s7Y)
" H(B, (1 =B+ Bh)s+ ((1—PB)Ms + M)

HB,hN(A =B+ Bh) 1(0)
THB DA~ B+ s + (- B)s + M

. V- B - As7D)
) =THG A= B+ i) + A= B)M]s + pM

HB,nA—-F+Fh)
G DA+ piy + A - pys + g O (212)

Now by doing the Laplace inverse transform Lg; for Eq. (212) , we have

Janp v -1 (1 —/15_1)
0oitU()} =V = B)Lyj {[H(B; h(1 =B+ Bh)+ (1 —B)M]s + ﬁM}

+H(B, h)(1 = B + Br)u(0) X

Lo {[H(ﬁ, M- +ph)+(1—-p)M]s + ﬁM}
(213)

We use the MATLAB code for Laplace inverse with M = — —521:1;,
2792

_ _ (do*s0) do+So _ﬁ
V= (d2+52),u(0) e A= -y we have

(do +50)(1 — B)no (d1+s1)B (t)

H(Bh)(A-B+Bh)(d2+52)—(d1+51)(1-H)

YO = B =B+ B (ds +52) — (ds +s)(1—B)

B (do + So)ne (d1+51)B (t)

H(B,n)(1-B+Bh)(d2+s2)—(d1+51)(1-5)

THB DA~ B+ B)(ds + 5,) — (dy + 5D (1 B)
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H(B, )1 =B + ph)(d; + sx)u(a)ne (d1+51)B (t)

H(Bh)(1-B+BRh)(d2+s2)—(d1+51)(1-H)

HB, (A =B+ ph)(d; +52) — (dy +51)(1 = B)

+

(214)
4.5.2. Economic Model in Framework of General Definition of
ABC

Case 1: The price adjustment equation with ABC without considering the

expectations of agents is given by
ABCGP Y (6) + k(dy + s)u(t) = k(do + 5o), B € (0,1)  (215)
Applying the Laplace transform to both side of Eq. (215), we have
Lop{ 45T u®} + k(dy + 51)Lapfu(®)) (216)
= Lau{k(do + s0)}

We have from Definition 15,

éBthﬁu(t)
1-— h d
—HEN T Y O 5 Byt = 9
1-— h
= H(ﬁ, h) %-;ﬂ (VhU(t)) X EE(/L t — a)

f € (0,1),u be difined on N,
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H.m) = B[+ - p)]

(217)
By doing the Laplace transform for Eq. (217), we have
1—p+Bh
HQB,h)—————(Vu(t
La,h{ éBCVhﬁU(t)} — La’h (ﬁ ) 1 — ﬁ ( hu( ))
Xy Eg(A,t — a) (218)

By using Lemma 3, (the relation between ABC and ABR) with a = 0, we

have

Ly, { ABC \7hﬁu(t)}

_ ABR B _ 1—-p+ph

= Los{ O ~ HE W) g u(O)]
_ Lo,h{ ABRVhﬁu(t)}

1- B+ Bh
Lo {H(ﬁ’ N A= Bys(= s “(O)}
— H(B, )PP U 0
= HOB 1) a7 7575 (U (S) ~ u(0)
(219)

And hence,
Loplk(dy + sp)u(t)} = k(dy +s1)U(s)

k(dy + so)

Lo,h{K(do +s0)} = S

So, Eq. (216) becomes
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HB, WA = p +ph) HB, WA = p +fh)

A—pa-2F 'O a—psa-as» O
k(d
+(d + 5 U(s) = 05 (220)
From Eg. (220) we have
HB,W(L— B + Bh)
V) [T Sy gy R )
_k(do+0) | H(BH)(L— B + BN
s T a-psa-aAHHO @
uGs)
 k(do+s0)  H(B (L~ B+ Bh)
- ( s TA=psd-1sF ”(O))
(1—B)(A— AsF)
X (H(ﬂ, DA B+ BM + (L= B~ AsP)k(d; + s1>> (222)

. s1k(dg + 5o) (1 — B)Y(1 — As™F)
(S) - H(ﬁ, h)(l _ ﬁ + ,Bh) + ((1 — ﬁ)(]_ — AS_ﬂ))k(d1 + Sl)

sTTH(B, (1 — B + Bh)

THE DA =F + Bl + (A =B)(1 = As Pyk(d, +5,) “(V

U(s)

_ k(do +50)(1 = B)(s™! — As~F+D)
CH@B WA =B+ )+ (A= B)(L = As~F)k(d; + 51)
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sTTH(B, (1 — B + Bh) 1(0) (223)
THB WA =B+ BB + (L — B — A PYk(ds + 51)

Now by doing the Laplace inverse transform LO for Eq. (223) , we have
Loip{U($)} = k(do +50)(1 -

(s~1-As~(B+1) H(B. (1
Pt Oh{H(ﬂh)(l —B+Bh)+((1-B)(1—As~B))k(d,+s, )}+ (B, m(1 -

B+ ﬁh)u(O)L‘gj {H(B,h)(1—B+Bh)+((1S—B)(1—/15‘f”))k(d1+51))} (224)
we use the MATLAB code for Laplace inverse with 4 = ;TB and
u(0) = d" 20 we have

() = k(d + 50)(1 = )
H(B,h)(1 =B + ph) + k(dy +51)(1 =)

B ( —k(d, + s1)B )

PXH(B,R)(1 =B + Bh) + k(dy +s)(1 = B)’

k(do + s0)B
H(ﬁ h)(1 =B+ fh) +k(d; +51)(1 = p)
E ( —k(d, +51)B )

PEXINH(B,W)(1 = B+ Bh) + k(dy +s1)(1 = B)’

HB, WA - B+ phu(a)
THB. WA~ B+ Bh) + k(dy + 5D~ B)

n ( —k(dy + 51)B t) (225)
FXH(B, )1 — B+ Bh) + k(dy +s)(1—B)’
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Case 2: when considering the expectations of agents, the price adjustment

equation in terms of ABC can be presented by

(dy +51) __(do+50)

B _
Oy O o ¥

B €(0,1)

Applying the Laplace transform to both side of Eq.(226) , we have

(+1)

L PO} -GS

a,h {u(t)}

By using the result in Eq. (219) with a = 0 and hence,

(dy +s1) (d1 + s1)
o Grs) = 0O
{_ (do + 50)} _ (do + 50)
U dats)) T sdy+sy)

Eq. (227) becomes

HB, (A = p +ph) U(s) — HB, A - B +pBh)
(1-pA—2s7F) (1-p)s(1—2s7F)

u(0)

(d1 + s1) T sy = — (do + so)
(dz S2) s(dy + s3)
(d1+51) __ (do+s0)

Suppose that M = — , Eq. (228) becomes

(da+sp)’ " (da+sz)

V. H(B,h)(1—p+pBh)
UGs) = ( T Bs(1— 15 (0))X
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( (1-pa-1s7F) >
HB, WA =B+ B+ ((1-B)(A-As7F)M

(229)
s — STV -B)(1—2As7F)
) = BB RA—F+ D + (A=A 15PN
STUH(B, h)(1 - B + Bh) .
Y HE DA =B+ ) + (A - B~ AsP)M
. V(1 —B)(s~t — As~B+D)
) = BB DA =B+ 0 + (LB -5 P)M
SLH(B, K)(1 — B + Bh) e

H(ﬁh)(l B+Bm+((1-BA-2As7F)M

Now by doing the Laplace inverse transform Lg; for Eq. (230) , we have

LopU)}=V(1-p)x

- { (s71 — As~(B+D) }
"VHB, DA =B+ )+ ((1 - B —As=F))M

+H(B,h)(1 =B+ ph) x

-1 S_l
u(O)LO,h {H(ﬁ, NA-+6h)+((1-8)(1—- AS—B))M}

(231)

(d1+s1)

We use the MATLAB code for Laplace inverse with M = — @t5y)
2 2

V=— (do+50) 1= u(O) do So

, we have
(dz+s2)
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—(do +50)(1 = )
HB, WA =B+ Bh)(d; +53) — (dy +51)(1 = )

E—( (dy +51)B t)
F\H(B,h)(1 =B+ Bh)(d; +s,) — (dy +s1)(1 = B)’

+ —(do + s0)B
HB,WNA—-B+Bh)(dy +5;) —(dy +s)(A—B)

u(t) =

E

( (dy +s1)B t)
BEAINH(B, )(1 = B + ph)(dz + 52) — (d1 +s)(1 — B)’

N HB, (A = f + ph)(d; +s57)u(a)
(H(B, )1 =B + ph)(d; +52) — (dy +51)(1 = )

E_( (di +51)B t) (232)
FPAH(B, (1 = B+ Bh)(d; + 52) — (d1 +51)(1 = B)’

4.5.3. Economic Model in the Framework of ABC with

Generalized Mittag-Leffler Kernel

Case 1: The price adjustment equation by virtue of the ABC with generalized
Mittag-Leffler without considering the expectations of agents is given as
follows

ABCB.OLV)y(t) + k(dy + s))u(t) = k(dy + So) (233)
Applying the Laplace transform to both side of Eq. (233), we have

Lof #EvPFCRIUB] + k(dy + 51)La{u(®)}

= Lo(k(do + 50)) (234)
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We have from Definition of Generalized ABC that

t
B(6
H (235)

s=a+1
By doing the Laplace transform for Eq. (235), we have

La,h{ éBCvﬂ.(G,M,V)u(t)}

. (B® N y
—La,h{—l_g ). Ega(t-9nu) 36

s=a+1

By using Lemma (17). (The relation between Generalized ABC and ABR)
witha =0, h = 1, we have

L{ ABC Vﬁ'(e’“’y)u(t)}

= £{ ABRyBOy(t)} - 5) w(0)s™H[1 — As~P]Y

1-6
B(6
=1 (_ ;u(s)sl‘”[l — AsP1Y
B(6) _ g1
—1_9u(0)s “[1 — As—BTY (237)

And hence,
L{k(d; + spu(t)} = k(d; + s1)U(s)

k(do + So)

L{k(dy + 50)} = .

So, EqQ. (234) becomes
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% U(s)sT™#[1 — AsB]7Y — f(_gl)g u(0)s™#[1 — As~F]Y
k(d
+k(dy +5)U(s) = (Of“") 238)

From Eg. (238) we have

U(s) STH[1 — As7ATY + k(d, + s1)

1-0

_ k(dy +s0) + B(6)
B S 1—9u

(O)S_H[]. — AS_E]_Y (239)

k(do +0) | B(6)

U(s) = < . + 1= Gu(O)s‘”[l

1

— ,15—/3]—1/)

s k(dy + s0)

2O s1-u[1 = As~B]Y + k(dy + 51)

U(s) =

20 s#[1 - 2s7F) Y
— u(0)

+

Ii(Teg) sTH[1 — As‘ﬂ]‘yu(O) (240)

2O s1u[1 = As7B]Y + k(dy + 51)

sTk(dy + s9) +

U(s) =

We use the MATLAB code for Laplace inverse and we have
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u(t) = u(0) +u®) ) {(—k<d1

=0

50" (57 £

S

n

[ER

1{S—n(1 wy+1 1 —AS yn}}

n+1

00 1 —_
(=k(dy +s))" X
+k(d0+so)z e (3(9))_ e
n=0 L {S (+DA-w)[1 — As—B] Y+ )}

By using Lemma 13, we have

u(t) = u(0) +u(0) ) {(—k<d1

n=0
L(1—6\" —yn
*51) <B(9)) Enl—m)+1 t)}
o s (520
+k(dy + so) Z )
=0 E (A1)
B,(n+1)(1—wu) (242)

Case 2: if we take into account the expectations of agents, the price adjustment

equation in terms of generalized ABC can be expressed as follows

(dy +51) __(do +59) (243)
@Grs) "= @1y

Applying the Laplace transform to both side of Eq. (243), we have
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+51)

ABC7B,(6,1,y) _
L GFrPCEIu(n)} (dz AR tiO)
_ (do + o)
_‘5{"(d2-rsz)} (244)
By using the result in Eq. (237) and hence,
(dy +51) (dy +51)
R ORS RIS
{_ (do + So)} __ (dg +50)
(da+s2))  s(dy+s2)
So, EqQ. (244) becomes
1B(—)U(s)s1 “[1—As~B]Y — B(_B; u(0)s™#[1 — As~ P77
(d1 + 51) _ (do +5p)
TG s YT T s (245)
we have that
B(6 dy + 51
U(s) T—g (_ ;sl‘“[l — As7P1r —Edz - 22;

(do + 50) B(H)

u(0)s™#[1 = As7P17  (246)

- s(d; + s3)
(d1+51) (do+50)
that M = ———,V = ———"- Eq. (24 m
Suppose tha o)’ Grsy) g. (246) becomes

-0

vV B 1
U(S) = (g-l—l(_zU(O)S_“[l—AS_ﬁ]_y) (B(Q) 1— “[1 As— B] y+M>
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s~y

‘j“’e) 1-u[1 — As~B]~Y + M

5TV 8T - A5 u(0) (247)

2O s1-u[1 - 2s7B]Y + M

Now by doing the Laplace inverse transform £~1 for Eq. (247) , we have

L7HU(s)} = L7 sV AT =) (240
S)t =

2O 11— 257 + M

We use the MATLABE code for Laplace inverse to Eq. (248) and we have

n

u(t)—u<0)+u<0)z {( my ( B(_gi) ﬁ‘l{[i_f(;:i);]l-ﬁn}}
wE A Gm) TR o

Now we have, M = —&*3) iy [do*s) o (949) become
(d2+s2) (da+s3) '

-0y [(G8) () e )
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(dy + 5o) X (dy+sO\" /1= O\ (D o
(dy +57) i {((dz + sz)) (B(G)) £ {[1 — As‘ﬁ]"’(”“)}} (250

By using Lemma 13, we have

() = u(0) + ”(O)Z {(EZZ :3)71 (;(_9()9) 3 n(1_—y Dr1 t)}

(do + 50) - (dy +s)\" /1-6 n+l —y(n+1)
- (dy + s3) oy {((dz + 52)> (B(H)) Eﬁ’ m+ 11— (4, t)}

(251)
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Chapter 5

Comparative Analysis and Discussion

In this section we will discuss the figures of our solutions (Caputo, CFC and
ABC with one Parameter), In all graphics we use an arbitrary value of g (0.3,
0.38,0.4) to make three cases and have a graph for each value then we
compared the results in the three cases for the three differences. Also, we use
d, = 10,5, = 100,d; = 14,5, = 97,d, = 18,5, = 94 and as a special case

we use h = 1 to make the result more amenable to analysis and interpretation.

5.1. The Graphs of the solution in the Framework of Caputo

Fractional Difference

. 10% Caputo
8 ' T . ' - v - v
beta=0.3]
7 F
6 F
s -
o
2
24
(&)
3 -
2 -
1
o . . A L A A 1 L
0 2 4 6 8 10 12 14 16 18 20
Time

Fig.1 Caputo with g = 0.3
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Caputo

Caputo

«10%

i A i "

Fig.3 Caputo with g = 0.38

97

2 4 6 8 10 12 14 16 18
Time
Fig.2 Caputo with g = 0.4
« 108 Caputo
0 2 4 6 8 10 12 14 16 18
Time




<108 Caputo
T I [ | |

beta=0.38
— — —beta=03 |
—¥— beta=.4 1%

Fig.4 Comparative analysis for all g values

We can see from the figure shown that as time increasing the value of u(t) that
solved in Caputo fractional difference is increases with § = 0.3, 0.38, 0.4, and

there is no big difference in graphics with different 5 values.
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5.2. The Graphs of the solution in the Framework of CFC

Fractional Difference

14

12
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CFC

10 1

CFC
8]

~ 108

CFC

« 108

6 8 10 12

Time

Fig.5 CFC with 8 = 0.3
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Time

Fig.6 CFC with 8 = 0.4
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Fig.7 CFC with g = 0.38
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Fig.8 Comparative analysis for all g values
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We see from the figure that as time increasing the value of u(t) is increases
with g = 0.3,0.38, 0.4, and there is no big difference in graphics with
different 8 values, This compatibility is due to the convergence of the u(t)

values over time, which results in the graphics being very close to each other
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5.3. The Graphs of the solution in the Framework of ABC

Fractional Difference with Parameter
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Fig.9 ABC with g = 0.3
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Fig.10 ABC with 8 = 0.4

102



9 T T T T T T T T T

beta=0.38 |

ABC

0 2 4 6 8 10 12 14
Time

Fig.11 ABC with g = 0.38
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Fig.12 Comparative analysis for all g values
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We can see that as time increasing also the value of u(t) with ABC fractional
difference is increasing for § = 0.3,0.38, 0.4, and there is no big difference in

graphics with the original one,
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5.4. The Comparative of the solution in CFC, Caputo and ABC

with B Parameter
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Fig.13 Comparative analysis for g =0.2
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Fig. 14 Comparative analysis for g =1
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Fig.15 Comparative analysis for # =0.9

We note here that the results in cases for the same solution of differences are
almost the same with the difference in the beta value. We relied on close
values of beta to see their effect on the same solution. In graphs 4, 8 and 12,

we notice that the values are very close here.

In graphs 13, 14 and 15, we took lower values of time to be able to draw the
solutions to appear in the same window, as well as we took common outputs

for all result with different beta values, and we noticed here that the graphs are
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very close, and this indicates that The solutions are the same for different

differences which indication of the correctness of the solutions.
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Chapter 6

Conclusion
The price adjustment equation has an important effect on the market and an
important value for sellers to get the equilibrium as we solved it using
discrete fractional difference and continuous fractional derivative like
(Caputo, CFC, ABC, Generalized ABC containing Mittag-Leffler function
with three parameter) when expectations of agents are taken and not
taken, and by this we get two separate solutions for each derivative of each
fractional type.
The continuous fractional derivative(CFC, ABC, generalized ABC) that
was solved in a previous paper using MATLAB see [11], in this thesis we
solved this fractional derivative analytically, and we noticed that the result
was similar to what was obtained by programming using MATLAB.
The two models were solved by using the discrete fractional differences for
(Caputo, CFC, ABC, Generalized ABC) analytically and by MATLAB.
The solution was compared in both ways and we found that the solution is
identical.
In order to avoid obtaining inaccurate and trivial solutions, we have used

an initial condition in the case of fractional derivatives (CFC, ABC), since
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if this initial condition is not used then we arrive at that the solution will be
trivial, useless and cannot be explained mathematically and economically.

The reason has been clarified in previous research see [4].When we set the

initial condition ru(a) + g(a) = 0 ,we concluded that u(a) = @ such

1+51
that u(a)is the price of goods when time = a and d,, sy, d,, s; are defined
as some of the factors influencing the market.
When we solve the (Caputo and generalized ABC) fractional derivatives,
we do not need an initial condition so that we can obtain the solution
directly with Mittag-Leffler Kernel with three parameter we can benefit
from the properties of Mittag-Leffler that are related to semi groups so that

we can make the solutions easier to understand.
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Appendix

1- Caputo fractional difference

For Beta=0.38

function G_z= Gama_func(z)
% this funciton to calculate the value of Gama function
% G_z=1,
% for n=1:100
% G_z n=(1+1/n)*z [/ (1+z/n);
% G z=G_z n*G_z; % accumulate the products
% end
% G _z=G_z/z; % final value for Gama function
G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);
end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .~k ./ Gama_func(alpha*k +1);

E a=E a+E_ak; % accumulate the summation
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end

end

% this code to plot Caputo equation
clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

Beta=0.38

alpha=0.38;

c= (-(d0+s0)/(d2+s2));
r=((d1+sl1)/(d2+s2));
B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));
lamda= -alpha/(1-alpha);

t=0:.01:20; 9% time
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%% Equation 1

Lamda2 =r*t."alpha;

Lamda2=Lamda2";
[E_a,Gama_f]=E_alpha(Lamda2,alpha);
u2=-c*(1-E_a) + P_a*E_a;
figure(),plot(t,u2, LineWidth',2);

grid;

xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.38");

For Beta=0.3

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n);

% G z=G_z n*G_z; % accumulate the products
% end

% G z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);
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end

function [E_a,Gama_f]=E_alpha(Lamda,alpha)

% this function to evaluate the E_alpha

E_a=zeros(length(Lamda),1);

Gama_f=[]; % initialize to plot gama func

for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .~k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; 9% accumulate the summation

end

end

% this code to plot Caputo equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market

s0=100; %factorial affecting on market

d1=14; %factorial affecting on market

s1=97; %factorial affecting on market

d2=18; %factorial affecting on market

s2=94; % constan

% constants
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Beta=0.3;

alpha=0.3;

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));
lamda= -alpha/(1-alpha);

t=0:.01:20; % time

%% Equation 2

Lamda2 =r*t."alpha;

Lamda2=Lamda2’
[E_a,Gama_f]=E_alpha(Lamda2,alpha);
u2=-c*(1-e_a) + P_a*E_ga;
figure(),plot(t,u2, LineWidth',2);

grid;

xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.3");

For Beta=0.4
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function G_z= Gama_func(z)
% this funciton to calculate the value of Gama function
% G_z=1,
% for n=1:100
% G_z n=(1+1/n)*z/ (1+z/n);
% G z=G_ z n*G_z; % accumulate the products
% end
% G_z=G_z/z; % final value for Gama function
G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);
end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda ."k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; % accumulate the summation
end
end

% this code to plot Caputo equation

clear, close, clc
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%% Initialization

a=0; % initial value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constant

% constants

Beta=0.4;

alpha=0.4;

c= (-(d0+s0)/(d2+s2));
r=((d1+sl1)/(d2+s2));
B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));
lamda= -alpha/(1-alpha);

t=0:.01:20; 9% time

%% Equation 3

Lamda2 =r*t."alpha;
Lamda2=Lamda2";

[E_a,Gama_f]=E_alpha(Lamda2,alpha);
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u2=-c*(1-E_a) + P_a*E_a;
figure(),plot(t,u2,' LineWidth',2);
grid;

xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.4");

For all Beta values

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n),

% G z=G_z n*G_z; % accumulate the products
% end

% G _z=G_z/z; % final value for Gama function
G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end

function [E_a,Gama_f]=E_alpha(Lamda,alpha)

% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);

Gama_f=[]; % initialize to plot gama func
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for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E_a+ E_ak; % accumulate the summation

end

end

% this code to plot Caputo equation

clear, close, clc

%% Initialization

a=0; % initial value

d0=10; %factorial affecting on market

s0=100; %factorial affecting on market

d1=14; %factorial affecting on market

s1=97; %factorial affecting on market

d2=18; %factorial affecting on market

s2=94; % constant

% constants

c= (-(d0+s0)/(d2+s2));

r=((d1+sl1)/(d2+s2));

B_alpha=sqrt(alpha™2)/alpha; % normalized function

P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));

t=0:.01:20; % time
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%%For Beta =0.38

Beta=0.38;

alpha=0.38;

lamda= -alpha/(1-alpha);

Lamda2 =r*t."alpha;
Lamda2=Lamda2’
[E_a,Gama_f]=E_alpha(Lamda2,alpha);
u2_1=-c*(1-E_a) + P_a*E_ga;
figure(),plot(t,u2_1,'LineWidth',2);
grid;

xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.38");

%% For Beta=0.3

alpha=0.3

Lamda2 =r*t."alpha;
Lamda2=Lamda2’;
[E_a,Gama_f]=E_alpha(Lamda2,alpha);
u2_2=-c*(1-e_a) + P_a*E_ga;
figure(),plot(t,u2_2,'LineWidth',2);

grid;

123



xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.3");

%% For Beta=0.4

alpha=0.4;

Lamda2 =r*t."alpha;

Lamda2=Lamda2’,
[E_a,Gama_f]=E_alpha(Lamda2,alpha);
u2_3=-c*(1-E_a) + P_a*E_ga;
figure(),plot(t,u2_3,'LineWidth',2);
grid;

xlabel('Time");

ylabel('Caputo’);

title('Caputo’);

legend( 'beta=0.4");

%%

plot(t,u2_1,"hg',t, u2_2,'--k',t,u2_3,"-*r";
grid;

legend('beta=0.38", 'beta=0.3','beta=.4");

title('Caputo’)
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2- CFC fractional difference
For Beta=0.38

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z /[ (1+z/n);

% G_z=G_z n*G_z; % accumulate the products
% end

% G_z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E_a+E_ak; % accumulate the summation

end
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end
% this code to plot CFC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

Beta=0.38;

alpha=0.38;

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));
lamda= -alpha/(1-alpha);

t=0:.01:20; 9% time
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%% Equation 1

P1 1= B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the eq1
P1 2=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eql
P1 3=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eql
ul=P1 1+P1 2-P1_3;% equation 1

figure(),plot(t,ul,'r','LineWidth',2);

grid;

xlabel('Time");

ylabel('CFC");

title('CFC");

legend('beta=0.38")

For Beta=0.3

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n),

% G z=G_z n*G_z; % accumulate the products
% end

% G z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);
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end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .~k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; 9% accumulate the summation

end

end

% this code to plot CFC equation
clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants
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Beta=0.3;

alpha=0.3;

c= (-(d0+s0)/(d2+s2));

r=((d1+s1)/(d2+s2));

B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:20; % time

%% Equation 2

P1_1=B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the eq2
P1 2= alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq2
P1 3=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq2
ul=P1 1+P1 2-P1 3; % equation 2

figure(),plot(t,ul,'r','LineWidth',2);

grid;

xlabel('Time");

ylabel('CFC");

title(CFC");

legend('beta=0.3")
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For Beta=0.4

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n),

% G z=G_z n*G_z; % accumulate the products
% end

% G _z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .”k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; % accumulate the summation

end
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end

% this code to plot CFC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

Beta=0.4;

alpha=0.4;

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);
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t=0:.01:20; % time

%% Equation 3

P1 1= B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the eq3
P1 2=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq3
P1 3=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq3
ul=P1 1+P1 2-P1_3; % equation 3

figure(),plot(t,ul,'r','LineWidth',2);

grid;

xlabel('Time");

ylabel('CFC");

title('CFC");

legend('beta=0.4")

For all Beta values

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n);

% G z=G_z n*G_z; % accumulate the products
% end

% G z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);
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end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; % accumulate the summation

end

end

% this code to plot CFC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market

s1=97; %factorial affecting on market
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d2=18; %factorial affecting on market

s2=94; % constan

% constants

c= (-(d0+s0)/(d2+s2));

r=((d1+s1)/(d2+s2));

B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:20; 9% time

%% Equation 5

Beta=0.38;

alpha=0.38;

P1_1 2=B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
egs

P1 2 2=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq5

P1 3 2=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq5

ul 1=P1 1 2+P1 2 2-P1 3 2;% equation 5
figure(),plot(t,ul_1,r','LineWidth',2);

grid;
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xlabel('Time");

ylabel('CFC");

title('CFC";

legend('beta=0.38")

%% Equation 6

alpha=0.4;

P11 1=B alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
ego6

P1 2 1=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq6

P1 3 1=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq6

ul 2=P1 1 1+P1 2 1-P1 3 1;% equation 6
figure(),plot(t,ul_2,r','LineWidth',2);

grid;

xlabel('Time");

ylabel('CFC");

title(CFC");

legend('beta=0.4")

%% Equation 7

alpha=0.3;

P1 1 3=B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
eq7

P1 2 3=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq7
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P1 3 3=c/(B_alpha- r*(1-alpha)) *exp(v*(t-a));
ul 3=P1 1 3+P1 2 3-P1 3 3; % equation 7
figure(),plot(t,ul_3,r','LineWidth',2);

grid;

xlabel('Time");

ylabel('CFC");

title('CFC");

legend('beta=0.3")

%% %% all figure
plot(t,ul_1,:hg't,ul_2,'--k't,ul_3,"-*r");

grid;

legend('beta=0.38", 'beta=.4", 'beta=0.3");

title(CFC)
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3- ABC fractional difference
For Beta=0.38

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z /[ (1+z/n);

% G _z=G_z n*G_z; % accumulate the products
% end

% G_z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E_a+E_ak; % accumulate the summation
end
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end

% this code to plot ABC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

Beta=0.38

alpha=0.38;

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));
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lamda= -alpha/(1-alpha);

t=0:.01:20; % time

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

%%Equation 1

P3_1=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eql
P3_2= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eql

P3 3= (B_alpha * P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eql

u3=P3_1-P3 2+ P3_3; %equation 1
figure(),plot(t,u3,'g’,'LineWidth',2)
grid;

xlabel('Time")

ylabel('ABC')

title('Figure of u3 Vs t);

title(ABC');

legend( 'beta=0.38")

For Beta=0.3

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100
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% G_z n=(1+1/n)*z/ (1+z/n);

% G z=G z n*G_z; % accumulate the products
% end

% G_z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda ."k ./ Gama_func(alpha*k +1);
E a=E_a+E_ak; % accumulate the summation

end

end

% this code to plot ABC equation

clear, close, clc

%% Initialization
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a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

Beta=0.3;

alpha=0.3;

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:20; 9% time

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);
%%Equation 2

P3_1=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); = % part 1 of eq2
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P3 2= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq2

P3 3= (B_alpha * P_a*E_a) ./(B_alpha-r*(1-alpha));

u3=P3_1-P3_2+ P3_3; %equation 2
figure(),plot(t,u3,'g’,'LineWidth',2)

grid;

xlabel('Time")

ylabel('ABC')

title('Figure of u3 Vs t);

title('ABCY);

legend( 'beta=0.3")

For Beta=0.4

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n),

% G z=G_z n*G_z; % accumulate the products
% end

% G z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
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function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; 9% accumulate the summation

end

end

% this code to plot ABC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market

s0=100; %factorial affecting on market
d1=14; %factorial affecting on market

s1=97; %factorial affecting on market

d2=18; %factorial affecting on market

s2=94: 9% constan
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% constants

Beta=0.4;

alpha=0.4;

c= (-(d0+s0)/(d2+s2));

r=((d1+s1)/(d2+s2));

B_alpha=sqrt(alpha*2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:20; % time

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

%%Equation 3

P3_1=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eq3
P3 2= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq3

P3 3= (B_alpha * P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eq3

u3=P3_1-P3 2+ P3_3; %equation 3
figure(),plot(t,u3,'g’,'LineWidth',2)
grid;

xlabel("Time")
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ylabel('ABC')

title('Figure of u3 Vs t);

title('ABC");

legend( 'beta=0.4")

For all Beta values

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n),

% G z=G_z n*G_z; % accumulate the products
% end

% G _z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func

E_ak=Lamda .k ./ Gama_func(alpha*k +1);
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E a=E a+E_ak; 9% accumulate the summation

end

end

% this code to plot ABC equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha™2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));
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lamda= -alpha/(1-alpha);

t=0:.01:20; % time

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

%%Equation4

alpha=0.3;

beta=0.3;

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

P3 1 1=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eq4
P3_2_1= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq4

P3_3_1=(B_alpha* P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eq4

u3 1=P3 1 1-P3 2 1+P3 3 1;
figure(),plot(t,u3_1,'g','LineWidth’,2)
grid;

xlabel("Time")

ylabel('ABC')

title(ABC);
legend( 'beta=0.38")

%%Equation5
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alpha=0.3;
P3_1 2= (c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eq5
P3_2 2= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq5

P3 3 2=(B_alpha * P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eq5

u3 2=P3 1 2-P3 2 2+P3 3 2
figure(),plot(t,u3_2,'g",'LineWidth',2)
grid;

xlabel('Time")

ylabel('ABC')

title('ABC");

legend( 'beta=0.3")

%%Equation6

alpha=0.4;

P3 1 3=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eq6
P3_2 3= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq6

P3 3 3=(B_alpha* P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eq6

u3 3=P3 1 3-P3 2 3+P3 3 3;
figure(),plot(t,u3_3,'g",'LineWidth’,2)
grid;

xlabel('Time")
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ylabel('ABC')

title(ABC),

legend( 'beta=0.4")

%% %% all figure

plot(t,u3_1,"hg',t, u3_2,"--k',t,u3_3,"-*r');
grid;

legend('beta=0.38", 'beta=0.3",'beta=.4");

title(ABC')

4- For all Differences
For Beta=0.2

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)"z [/ (1+z/n);

% G_z=G_z n*G_z; % accumulate the products
% end

% G_z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

149



end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; 9% accumulate the summation

end

end

% this code to plot Caputo equation

clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market

s1=97; %factorial affecting on market
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d2=18; %factorial affecting on market

s2=94; % constan

% constants

c= (-(d0+s0)/(d2+s2));

r=((d1+s1)/(d2+s2));

B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:03; % time

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

%%Equation4

alpha=0.3;

beta=0.2;

Lamda3 =v*t."alpha; Lamda3=Lamda3’;
[E_a,Gama_f]=E_alpha(Lamda3,alpha);

P3 1 1=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha)); % part 1 of eql
P3_2_1= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eql

P3_3_1=(B_alpha* P_a*E_a) ./(B_alpha-r*(1-alpha)); % part 3 of eql
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u3 1=P3 1 1-P3 2 1+P3 3 1;
figure(),plot(t,u3_1,'g','LineWidth’,2)
grid;

xlabel('Time")

ylabel('Caputo’)

title('Caputo’);
legend( 'beta=0.2")
%%Equation5
alpha=0.3;

P3 1 2=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha));

% part 1 of eq5

P3_2_2= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a); % part 2 of eq5

P3 3 2=(B_alpha* P_a*E_a) ./(B_alpha-r*(1-alpha));

u3 2=P3 1 2-P3 2 2+P3 3 2
figure(),plot(t,u3_2,'0','LineWidth’,2)
grid;

xlabel("Time")

ylabel('CFC")

title('CFC");
legend( 'beta=0.2")

%%Equation3

152

% part 3 of eg5



alpha=0.4;

P3 1 3=(c*(1-alpha)*E_a)./(B_alpha - r*(1-alpha));

% part 1 of eq6

P3_2 3= (alpha*c/((B_alpha-r*(1-alpha)))) .*(1-E_a) ; % part 2 of eq6

P3_3 3=(B_alpha* P_a*E_a) ./(B_alpha-r*(1-alpha));

u3 3=P3 .1 3-P3 2 3+P3 3 3;
figure(),plot(t,u3_3,'0','LineWidth’,2)
grid;

xlabel('Time")

ylabel('ABC')

title( ABC);

legend( 'beta=0.2")

%% %% all figure

plot(t,u3_1,"hg',t, u3_2,'--k',t,u3_3,"-*r");
grid;

legend('Caputo’,/CFC''ABC");

title('beta=0.2")

For Beta=0.9

function G_z= Gama_func(z)
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% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z/ (1+z/n);

% G z=G_ z n*G_z; % accumulate the products
% end

% G_z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda ."k ./ Gama_func(alpha*k +1);
E a=E_a+E_ak; % accumulate the summation

end

end

% this code to plot Caputo equation
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clear, close, clc

%% Initialization

a=0; % inital value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constan

% constants

c= (-(d0+s0)/(d2+s2));
r=((d1+s1)/(d2+s2));
B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+s1);

v=r*alpha /(B_alpha -r*(1-alpha));

lamda= -alpha/(1-alpha);

t=0:.01:03; % time

%% Equation 1
Beta=0.9;

alpha=0.38;
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P1 1 2=B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
eql
P1 2 2=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eql

P1 3 2=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eql

ul 1=P1 1 2+P1 2 2-P1 3 2; % equation 1
figure(),plot(t,ul_1,r','LineWidth',2);

grid;

xlabel('Time");

ylabel('Caputo’);

title('beta=0.9");

legend('Caputo’)

%% Equation 2

Beta=0.9;

alpha=0.4;

P1_1 1=B_ alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
eg2

P1 2 1=alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq2

P1 3 1=c/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq2

ul 2=P1 1 1+P1 2 1-P1 3 1;% equation 2

figure(),plot(t,ul_2,r','LineWidth',2);
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grid;

xlabel('Time");

ylabel('CFC");

title('beta=0.9");

legend('CFC")

%% Equation 3

Beta=0.9;

alpha=0.3;

P1 1 3=B_alpha *(1-alpha)* P_a/(B_alpha - r*(1-alpha)) *exp(v*(t-a)); % part 1 of the
eg3

P1 2 3= alpha*c*(exp(v*(t-a))-1) / ((B_alpha - r*(1-alpha))); %part 2 of the eq3

P1 3 3=c/(B_alpha- r*(1-alpha)) *exp(v*(t-a)); % Part 3 of the eq3

ul 3=P1 1 3+P1 2 3-P1 3 3; % equation 3
figure(),plot(t,ul_3,r','LineWidth',2);

grid;

xlabel('Time");

ylabel'ABCY);

title('bet=0.9";

legend('ABC")

%% %% all figure
plot(t,ul_1,"hg't,ul_2,--k't,ul_3,"-*r");

grid;
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legend('Caputo’, 'CFC', '"ABC");

title('beta=0.9")

For Beta=1

function G_z= Gama_func(z)

% this funciton to calculate the value of Gama function
% G_z=1,

% for n=1:100

% G_z n=(1+1/n)*z [/ (1+z/n);

% G z=G_z n*G_z; % accumulate the products
% end

% G z=G_z/z; % final value for Gama function

G_z=integral(@(t)(exp(-t).*t.~(z-1)),0,Inf);

end
function [E_a,Gama_f]=E_alpha(Lamda,alpha)
% this function to evaluate the E_alpha
E_a=zeros(length(Lamda),1);
Gama_f=[]; % initialize to plot gama func
for k= 0:100
Gama_f(k+1)=Gama_func(alpha*k +1); % to plot gama func
E_ak=Lamda .”k ./ Gama_func(alpha*k +1);
E a=E a+E_ak; % accumulate the summation

end
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end

% this code to plot Caputo equation

clear, close, clc

%% Initialization

a=0; % initial value

d0=10; %factorial affecting on market
s0=100; %factorial affecting on market
d1=14; %factorial affecting on market
s1=97; %factorial affecting on market
d2=18; %factorial affecting on market
s2=94; % constant

% constants

c= (-(d0+s0)/(d2+s2));
r=((d1+sl1)/(d2+s2));
B_alpha=sqrt(alpha”2)/alpha; % normalized function
P_a=(d0+s0)/(d1+sl);

v=r*alpha /(B_alpha -r*(1-alpha));

t=0:.01:20; % time

%%For Beta =0.9
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Beta=0.9;

alpha=0.38;

lamda= -alpha/(1-alpha);

Lamda2 =r*t."alpha;

Lamda2=Lamda2’;
[E_a,Gama_f]=E_alpha(Lamda2,alpha);

u2_1=-c*(1-E_a) + P_a*E_ga;

figure(),plot(t,u2_1,'LineWidth',2);
grid;

xlabel('Time");

ylabel('beta=1");

title('beta=1");

legend( 'Caputo’);

%% For Beta=0.9

Beta=0.9

alpha=0.3

Lamda2 =r*t."alpha;
Lamda2=Lamda2’;
[E_a,Gama_f]=E_alpha(Lamda2,alpha);

u2_2=-c*(1-e_a) + P_a*E_ga;

figure(),plot(t,u2_2,'LineWidth',2);
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grid;

xlabel('Time");
ylabel('beta=1");
title('beta=1");
legend( 'ABC);

%% For Beta=0.4
beta=1;

alpha=0.4;

Lamda2 =r*t."alpha;
Lamda2=Lamda2";
[E_a,Gama_f]=E_alpha(Lamda2,alpha);

u2_3=-c*(1-E_a) + P_a*E_ga;

figure(),plot(t,u2_3,'LineWidth',2);

grid;

xlabel('Time");

ylabel('beta=1");

title('beta=1");

legend( 'Caputo’);

%% all differences

plot(t,u2_1,"hg',t, u2_2,"--k',t,u2_3,"-*r";

grid;

legend('Caputo’ , 'CFC';'ABC);title('beta=1")
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