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Abstract

In this thesis, five models are studied on lattice spin systems which are
considered in statistical mechanics. A probability measure that's called Gibbs
Measure is defined for these models on Cayley tree (or Bethe lattice) and the
existence of phase transition is proved by using two approaches: Markov
Random field method and Partition Function method. The first and second
models are related to Ising-Vannimenus Model with three different competing
interactions on semi-infinite Cayley tree, the analysis of these models is done by
using Markov Random field method making use of the Kolmogorov consistency
conditions. To achieve this, we constructed the set of recurrence equations that
corresponds to the mentioned models and satisfied consistency condition, then
we analyzed these equations and determined the conditions on the temperature
and the coupling constants in which the phase transition exists. The third set of
models (3 models) are called Potts Models, which are a generalization for Ising
model, we have constructed the recurrence equations for these models by using
Partition function method. In the same way as the previous models, the phase
transition conditions are determined. Since we got a high order polynomials with
complicated factors, we used Wolfarm Mathematica for equations analysis.

Keywords: Gibbs measure, Phase transition, Cayley tree, Competing
interactions, Ising-Vannimenus model, Potts model.
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Chapter One

Introduction

As it is well known, Statistical Mechanics is a branch of physics interested in
explaining the macroscopic behavior of matter based on its microscopic structure.
This structure is represented as a system of an infinite number of random
variables attached to vertices of a lattice system (one dimensional or more) such
that these elements interact with each other according to their position. This
interpretation was obtained by using statistical methods and probability theory.
The role of probability theory is to represent this system of random variables by

using a well- known probability measure called Gibbs measure [28].

Although the basics of Statistical Mechanics have already been laid in 19¢"
century, but the basics of Gibbs measure and the study of infinite random systems
began in 1960's by R.L. Dobrushin (1965 — 1970) [21], D. Ruelle and O .E.
Lanford (1969) who proposed the theory of Gibbs measure as a mathematical
description of a huge number of interacting components as an equilibrium state
of a physical system [32]. As a result, from probabilistic point of view, a Gibbs
measure is nothing other than the distribution of a countably infinite family of
random variables that achieve some specific conditional probabilities. This
concept has received interests from both mathematical physicists and probabilists,

which turns many of physical problems and questions to probabilistic problems.

Cayley tree (or Bethe lattice) is a non-realistic lattice which was introduced in to
the physical literature in 1935 by the physicist Hans Bethe [14]. The operations
and calculations on this lattice are easier and more accurate to calculate and
understand than the d dimensional Z% lattice. As a result, many of the topics in
statistical mechanics have recently been taken into account on the Cayley tree [1-
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10]. The results obtained on the Cayley tree are very helpful on studying and
analyzing the d-dimensional Z¢ lattice. As a result, we see that many researchers
have employed the well-known models: The Ising and Potts models in

conjunction with the Cayley tree [36-38, 1-10].

Ising model is a model that was invented by W. Lenz (1920) [34] and it was
investigated by his student E. Ising (1924) in his PhD thesis, this model is a
representation of spins for a substance by +1 "up orientation " and —1 "down
orientation™ such that the set S = {—1,1} of possible orientation is called the state
space . The spins form an infinite linear chain, i.e., they are located at the sites of
Z such that these spins interact with each other based on a Hamiltonian (energy
function) of the form [28]

H@ =] ) o@o)—h) o)
lx—yl=1 X€Ez
where the first sum is over nearest-neighbor vertices, i.e., {x,y € z: |[x — y| =
1}and the spins a(x) and o(y) take values in the set of state space S =
{+1,—1}, h represents the action of an external magnetic field and J is a real
number. This model was developed for more dimensions and interactions and
became an important step towards a mathematical theory of phase transitions
even though Ising failed to get phase transition for his model [28]. This model
has a relevance to physical, biological and chemical systems, see [23, 28, 33]. In
(1981), Ising-Vannimenus model [55] investigated by J. Vannimenus consists of
Ising spins (o = +1) on a cayley tree of order 2, in which two competing
interactions are presented: nearest-neighbor (NN) interactions and next-nearest-
neighbor (NNN) interactions. Since the appearance of Vannimenus model, the
Ising model on a Cayley tree (or Bethe lattice) with competing interactions has
received great attention, see [15, 18, 30, 43, 47, 53], these studies' investigation
of Gibbs measures for a developed Ising-Vannimenus model on trees were based



on recurrent equations analysis. In 2016, H. Akin used a new rigorous measure-
theoretical approach to describe a specifically set of Gibbs measures with a
memory of length 2 that corresponds to the Ising-Vannimenus Model on the
Cayley tree of order two [5]. In 2017, he dealt with a new Gibbs measures of
Ising-Vannimenus model with competing NN and prolonged NNN interactions
on a Cayley tree of order three, such that he found the set of translation-invariant
Gibbs states for this model using Markov Random field approach [4]. Moreover,

in (2018), H. Akin generalized his results in [4] to an arbitrary order Cayley tree
[3].

The Potts Model is a model Introduced by R. Potts in 1952 [49] as a
generalization of the Ising model, i.e., with g state space such that g = 2. M.
Miyamoto (1982) generalized the Spitzer's results of investigation of Gibbs
measure as a Markov chain on Cayley tree whose state space {—1,1} to the case
when the state space is a compact set [44]. Zachary (1983) also generalized
Spitzer's results to a countable state space on a regular infinite tree [56], F.
Peruggi (1984) studied the properties of one-step Markov and m-step (m = 1 or
m = 2) for translationally-invariant probability measures on q state model on
Bethe lattices [35]. F. Peruggi, F. d. Liberto, and G. Monroy (1983, 1985, 1987)
also generalized specific results on Potts model and phase diagram describing this
model [36-38]. In addition, this model has taken a great interest in the recent
years. The researchers studied the recurrence equations and obtain some exact
results: critical temperatures, partition function, number of phases and curves. For
more details, see [6-8,19]. This model has many biological, physical and social

applications, for more details see [13].

In this thesis, we are interested in constructing lattice models on Cayley tree
which are described by Gibbs measure in order to determine if there is a phase
transition or not. Phase transitions can be physically defined as a transformation
of a thermodynamic system from one phase to another. In the study of statistical

3



physics, the phenomenon of phase transition commonly describes the transitions
between solid, liquid, and gaseous states of matter. WWe cannot observe the
mixture between these three states to approach to another phase. In fact, the
transition can only occur from one phase to another phase. In the study of theory
of phase transition, the description of Gibbs measures of a given Hamiltonian has
brought us a fundamental problem in this equilibrium statistical mechanics. In
fact, the main problem of equilibrium statistical physics is to describe all limiting
Gibbs measures of a given Hamiltonian on a lattice, this attention because these
distributions describe the equilibrium states of a physical system. This is known
to be a difficult task. Mathematically, we can say that the phase transition occurs
with non-uniqueness of Gibbs measure (more than one limiting Gibbs distribution
exist) [31].

In this thesis, five lattice models that are related to Ising-Vannimenus and Potts
Models with different competing interactions on Cayley tree will be studied and
solved. The existence of phase transition for the models will be proved by using
one approach from the following: Markov Random Field Method (MRFM) or
Partition Function Method (PFM).

In both chapters 1 and 2, an introduction and some basic definitions about Gibbs

measures, Cayley trees, Ising model and Potts model will be presented.

In chapter 3, an Ising-Vannimenus Model with three competing interactions, NN,
prolonged NNN and ternary-prolonged NNN interactions on Cayley tree of order
three will be studied, and the conditions for phase transition will be determined
by using MRFM.

In chapter 4, an Ising-Vannimenus Model on Cayley tree of order four with one-
level NNN interaction will be studied. As the previous models, MRFM will be
used to analyze the model and prove the existence of phase transition on the

translation-invariant Gibbs measures.



In chapter 5, three Potts models will be studied. The first one is a model with g
state space on Cayley tree of order three with two competing interactions: NN
and ternary-prolonged NNN interactions such that the PFM will be used to prove
the existence of phase transition. The second model is a Potts model with g = 3
on Cayley tree of order two and with the same competing interactions in the first
model in addition to one-level NNN interaction. The last model is a development
for the second model on Cayley tree of order three with one-level 3-tuple

interactions. The PFM will be used to solve these models.

Finally, in chapter 6, basic results and conclusions will be determined.



Chapter Two

Preliminaries

This Chapter consists of three sections. In section 2.1 basic definitions and
properties about Gibbs measures and Phase Transition are presented and in
section 2.2 definitions and remarks about Cayley trees and Competing
Interactions are explained. In section 2.3, basic definitions for Ising model, Potts

model and Ising-Vannimenus model on Cayley tree are presented.
2.1 Gibbs Measures and Phase Transition

Gibbs measure is related with Markov chains. As a result, we start with Markov

chains definition.

Definition 2.1.1. [41] Let S be a discrete set, finite or countably infinite. Suppose
to each pair i,j € S there is assigned a non-negative number p;; such that these
numbers satisfy the constraint }’ ;esp;; = 1,Vi € S. Let Xy, X;, ... be a sequence

of random variables whose range is in S.

The sequence (X,,) is a Markov chain if P(X,,11 = j|Xo = ig) .., Xy = 1) =
PXpir = JjlXn, = i) = pﬁjl for all n and every sequence iy, ... i, € S
for which P(X, = iy, ... ,X,, = i,) > O.

It is known that a Markov chain is stationary (homogeneous) if p{j:;l does not
depend on n, that is p{:;l = p;,; - Otherwise, it is non-stationary (non-
homogeneous or inhomogeneous). See Figure 2.1.1.
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Figure 2.2.1. Schematic illustration of a three-state, first-order Markov chain.

Definition 2.1.2. [16] A Markov chain with memory m is a process satisfying

P (Xn41 = Spa|l Xn=sp-.... X1 = 51) = PXny1 = Sps1 [ X =Speeen )
Xn—m+1 == Sn—m+1) fOF a” n 2 m.

Definition 2.1.3. [41] Let S be a countably infinite set and (@, E) any measurable
space. A family (¢(x)),es Of random variables which are defined on some
probability space and take values in @ is called a random field , or a spin system.
S is called the parameter set, @ is called the state space, or spin space, and ¢(x)

is called the spin at state x.

Definition 2.1.4. (Configurations) [41] Let Q= &5 = {(¢(x)),es : @(x) €
®}. Then ¢ € Q is called a configuration and Q is called the set of all possible

configurations.

Definition 2.1.5. (The Potential and Hamiltonian) [28] Let ' = {A c S: A #
@,|A| < oo}. An interaction potential (or simply a potential) is a family

U = (Uy),A € I' of functions where U,: 2 — R with the following properties:

(i) For each A €', U, is a measurable function with respect to the product
sigma algebra.
(i) Forall A€l and o€ Q, the series



HY% (o) = Yaeranaze Ua(0) exists.

HY (o) is called the (total) energy of o in A for U, and HY called the

Hamiltonian in A for U.

Definition 2.1.6.(Gibbs Probability distribution) [41] On the space Q"=
@1 = {(@(x)yeq : @(x) € ®} we introduce a probability distribution
defining the probability of a configuration by p,(w?) = Z; ! exp[—BHF (w?)]
where Z, is a normalizing factor (Partition function) defined by the condition
Ywaega baw? ) = 1, that is Z, = ¥, acpaexp[—BHY (W) ]. B =(kT)™,
where k is a constant we consider it to be 1 and T is the temperature. This
Probability distribution is called a Gibbs probability distribution in A

corresponding to the given Hamiltonian.

Definition 2.1.7. (Convex Set) [28] A subset B of any real valued vector space is

called a convex set if forall y,v e Band0 < s < 1thensu+ (1— s)v €
B. See Figure 2.1.2.

Definition 2.1.8. (Extreme elements) [28] An element u of a convex subset B of
any real vector space is said to be extreme in Bif u#sv+ (1—s)v forall
0<s<1land v,v' €B.

Definition 2.1.9. (Extreme Limiting Gibbs Measures) [28] Let {y,’{n};‘{;l be a

sequence of Gibbs probability measures that corresponds to the Hamiltonian H.
Then the set of extreme limiting Gibbs measures (extreme Gibbs states) for a
given Hamiltonian H is a set of infinite limits u such that uf’(4) =
lim, e uﬁ’n (A) for each cylinder event A.

Theorem 2.1.1. [28] The set of all limiting Gibbs measures (Gibbs states or DLR
states) Gy corresponding to the Hamiltonian H represents a convex set , i.e., if

U,v EGyand 0 < s < 1 then su+ (1 — s)v € Gy. The most interesting
elements of this convex set are its extreme Gibbs states.
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Figure 2.1.2 Convex and Non convex set.

Definition 2.1.10. (Phase Transition) [28] The phenomenon of non-uniqueness
of limiting Gibbs measures is interpreted as phase transition. It's known that if

|G| > 1, then we have phase transition.

Definition 2.1.11. (Critical Temperature) [4] If it is possible to find an exact
value of temperature T, such that a phase transition occurs for all T < T, then

T,, is called the critical temperature of the model.

It's known that phase transitions usually exist at low temperatures.
2.2 Cayley Tree and Competing Interactions

In this section, basic definitions about Cayley tree and different types of

competing interactions are mentioned.

Remark 2.2.1. [20] Most physical systems are frustrated in the sense that there
are usually different interactions, each favor a different type of order state, such
competition often be revealed by changing a parameter of the system (such as
temperature, pressure or magnetic field) which serves to enhance the effect of
particular interaction and drive the system into a different ordered state. These

interactions are called (Competing Interactions).

Definition 2.2.1. (Cayley Tree) [24] A Regular Cayley tree (Bethe lattice I'* ) of

order k > 1 is an infinite tree, i.e., a graph without cycles with exactly k + 1



edges issuing from each vertex. It is denoted as ' = (V, L),such that V is the set

of vertices of I'* and L is the set of edges of I'%,

Definition 2.2.2. (Semi-Infinite Cayley Tree) [24] A Semi-Infinite Cayley tree
I'F of k-th order is an infinite graph without cycles with k + 1 edges issuing
from each vertex except x(® which has only k edges , x© represents the root

vertex.

See Figure 2.2.1.

+©

(a) (b)

Figure 2.2.1. (a) Bethe lattice (Cayley tree) of order 2 (b) Semi-infinite Cayley tree of order 2

Definition 2.2.3. (Single-Trunk Cayley Tree) [24] The Semi-infinite Cayley
tree TK (1) = (VY LY is called a single-trunk Cayley tree if from vertex x(© a
single edge [ emanates and from any other vertex x € V!, x = x© exactly

k + 1 edges emanate. See Figure 2.2.2.

Definition 2.2.4. (Nearest-Neighbor Vertices) [24] Two vertices x,y € V are
called nearest-neighbors if there exists an edge [ € L connecting them, which is

denoted by | =< x,y >.

10



Definition 2.2.5. [24] The distance d(x, y),x,y € V on the Cayley tree ' is the

number of edges in the shortest (minimal) path from x to y.
Definition 2.2.6. [ 1] The sphere of radius n on V' is denoted by W, where :
W,={x€eV:d(xx®)=n}

Such that x© represents the root vertex, and the vertices on W, are called the nt"

level. For simplicity, we put |x| = d(x,x®),x € V.

Figure 2.2.2 Single-Trunk Cayley Tree of order three (I3" (1)

Definition 2.2.7. [24] The ball of radius n on V is denoted by V;, where :
V,={x€eV:d(x,x®)<n} and L, denote the set of edges in Vj,.

Definition 2.2.8. (Next-Nearest-Neighbor Vertices) [1] The two vertices
x,y € V are called next-nearest-neighbors if d(x,y) = 2. The next-nearest
neighbor vertices x,y are called prolonged iff |x|# |y| and denoted by

> x,y <.

Definition 2.2.9. (One-Level Next-Nearest-Neighbor Vertices) [2] The next-
nearest-neighbor vertices x,yare called one-level next-nearest neighbor if

|x] = |y| and are denoted by < X,y >.

11



Definition 2.2.10. (The Set of Direct Successors of Vertex x ) [24] if x € W,
then the set of direct successors of this vertex is the set S(x) = {y; € W, 4, :
d(x,y;)=11i=1,..,k}.

Note that for a semi-infinite Cayley tree of order k, [S(x)| = k forany x € V.

Definition 2.2.11. (Ternary-Prolonged Next-Nearest-Neighbor Vertices) [1]
The triple of vertices x, y, z are called ternary-prolonged next-nearest-neighbors if
x €W, vy € S(x) and z € S(y) for some nonnegative integer n and this

denoted by > x,y,z <.
See Figure 2.2.3.

Definition 2.2.12. (One-Level k-Tuple Interaction) [25] For a semi-infinite
Cayley tree T, consider the set S(x) = {y,, -, yx} of direct successors for
any x € V. Then the jointly interaction of all sites in S(x) is called one-level k-

tuple interaction.

0 level Root Vertex x(©

Prolonged next-nearest-neighbor vertices

First level

Second Level

nearest-neighbor vertices

ernary-prolonged NNN vertices

One-level next-nearest-neighbor vertices

Figure 2.2.3. Nearest-neighbor, Prolonged next-nearest-neighbor, Ternary-prolonged next-nearest-
neighbor and One-level next-nearest-neighbor vertices on semi-infinite Cayley tree of order 4.

12



Remark 2.2.2. [51] The point of difference between Cayley tree and finite
dimensional lattices z¢, is that the ratio of the number of boundary vertices to the
number of interior vertices in a large finite subset of the tree does not vanish in
the thermodynamic limit. If k > 2 is the order of the tree and dV;, = V,,.1 \ W,

(the boundaries for the ball n), then:

. |ovn|] (k + DK™ _
nlgnm Vo =1 noo L EEDETD, T k — 1 = 1. So we conclude that the
k-1

remote boundary expected to have a very strong influence on spins is located

deep inside the tree, which is a rich point for phase transition.

Definition 2.2.13. (Descartes’s Rule of Signs) [17] Let f(x) be a polynomial all
of whose coefficients are real numbers with the terms are arranged in order of

decreasing powers of x and consider the equation f(x) = 0, then

1) The number of positive roots either is equal to the number of variations in
sign of f(x) or is less than that by an even integer.
2) The number of negative roots either is equal to the number of variations in

sign of f(—x) or is less than that by an even integer.

Definition 2.2.14. (Limit of Infinity) [48] We say lim,_,. f(x) = oo if for
every M > Othere exists ad > 0such that for allx #c, if|lx—c|<$é
then f(x) > M.

Remark 2.2.3. [39] If a function f:R — R is a continuously differentiable
function with a fixed point a, i.e., f(a) = a.Then the dynamical system obtained

by iterating the function f is:
Xne1 = f(x,),n=0,1,2,3, ...

isstableat x = a if |f'(a)| < 1 and it's unstable if |f'(a)| > 1.

13



Theorem 2.2.1. [29] Let a be a positive equilibrium point for the dynamical
system x,,,, = f(x,),n =0,1,2,3,.... Assume that f’ is continuous on an open
interval I containing a. Then a is locally asymptotically stable if |f'(a)] <1
and unstable if |f'(a)| > 1.

Definition 2.2.15. (Invariant set) [54] A set A is called invariant under the

dynamic operator F if F(A) Cc A.

2.3 Ising and Potts Models on Cayley Tree

2.3.1 Ising Model on Cayley Tree

Ising model is a model with spins that take values in the state space @ = {—1,1}
assigned to the vertices of the tree . Assume a configuration o on V is defined as a
function such that o:x €V - og(x) € @ and the set of all configurations
denoted by @". Then the formal Hamiltonian for this model is
H@ = -] ) o@®)ok)
<x,y>cL

where the sum is over NN vertices < x,y > [4].

From the point of view of probability theory, solving the Ising model on the
Cayley tree amounts to find a probability space characterized by an infinite
number of random variables, i.e., the spins are indices in V in our case, and a
measure u. The marginal probabilities can be calculated from an infinite set of
given finite dimensional marginal distributions p, = p;y,. Note that, when we
consider u,,, we are not dealing with a finite disconnected subgraph of our given
cayley tree ; however the spins of V,, that are located on the shell n are in fact
connected with the spins of V,,, ;. The essence to be used is that, given the values

of the spins on V \ 1}, (the values of spins outside the ball V;)). In the nearest-
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neighbor case, the spins on V,, are conditioned only by the neighboring spins, i.e.,
the spins of the n + 1shell. In turn, given a spin a(x) with x € W,,, then the
effects of all its neighbor spins that are on V \ V, can be encoded via an effective
external field h, acting only on o (x) [42]. Thus, a finite-dimensional distribution
of a measure p in the volume (ball) V,, has been defined by the following

formula:

un(0n) = = exp|— B Hu(0n) + Exew, 70y | €

with the associated partition function Z,, defined as:

Zn= ) ewl=f Hy(o)+ ) o(hy ] @)

op€DPVn XEWn

where the spin configurations o, belongs to the set of configurations @"» , g = %

where T > 0 is the temperature h = {h, € R,x € V' } is a collection of real

functions that define boundary condition and

HoD = =] ) o@o®) 3

<x,y>CLp

2.3.2 Potts Model on Cayley Tree [52]
A Potts model on Cayley tree is a generalization of Ising model , i.e., the spin
takes values in the set @ = {1,2,3,..,q} assigned to the vertices of the tree. In
the same way as Ising model, the set of all configurations on the tree denoted by

®V. Leto € &Y, The formal Hamiltonian is:
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H(o) =—] Z 60‘(76)0'(3/) - hz 610(x) (4)

<x,y>cL XEV

where J € R is a coupling constant and < x,y > are NN vertices, h is an

external field and &; ; is called the Kroneker’s delta such that

(1 i=j
‘Sif_{o i F ]

The finite-dimensional distribution of a probability measure p in the ball V;, is the

measure:
b = 5 exp[~ B Ha(0) + Sxew, 0(hy | 5)

where the spin configurations o,, belongs to the set of configurations @', g = %

where T > 0 is the temperature , Z,, is the partition function, h = {h,, € R,x €

7 } is a collection of real numbers function that define boundary condition and

Hn(an) = —] z 5a(x)a(y) —h Z 610(x)

<x,y>CLp, XEV,
2.3.3 Ising-Vannimenus Model on Cayley Tree [4]

Ising-Vannimenus model is a model investigated by J. Vannimenus which with a
spins take values in the state space @ = {—1, 1}, which assigned to the vertices of

the tree. The formal Hamiltonian is

H(o) = =] Xexy>0(X)0(y) = Jp Zsxy<o(x)a(y) (6)
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Which defines the Ising-Vannimenus model with two competing interactions :
NN and Prolonged NNN (PNNN), where the sum in the first term ranges all NN
and the sum in the second term ranges all PNNN and the spins o(x) and a(y)
take it's values in the set ¢. Note that J, J, € R are coupling constants

corresponding to NN and PNNN potentials, respectively.

In [9, 10], the authors have studied Gibbs measures with memory of length 2 for
generalized Ising-Vannimenus models on a Cayley tree of second order related to

the Hamiltonian (6) by means of the vector valued function

h:< xy > hy = (Axy e Ay Ry~ Moy, ——) € R*,

where hxy,a(x)a(y) € Randx € Wn_l, y € S(X)

The finite-dimensional distribution of a probability measure p in the ball V,, is

the measure

Un = Zi exp[_ IB Hn(an) + erWn_l ZyewnU(X)G(Y)hxy,a(x)a(y) ] (7)

n

1

where the spin configurations a,, belongs to the set of configurations @"», g = -

where T > 0 is the temperature, Z,, is the partition function such that

Zn = Zanecan exp[— ﬁ Hn(an) + ZxEWn_l ZyEWn O-(x)o-(y)hxy,a(x)a(y)] (8)

Consider the subsets of the set of states for one dimensional lattices. The best
known approximation is the so-called mean field one. It corresponds to restricting
the variation to the set of product states (states without correlations between the
lattice sites). The second approximation would be to take into account the nearest
-neighbour correlations. In physics literature this is called the Bethe-Peierls

method. For one dimensional lattices we consider increasing subsets of the set of
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states: 9, ¢ 9, c --- < 9,, © --- where 9,, is the set of states taking into account
non-trivial correlations between n-successive lattice points; 9, is the set of mean
field states, 9, is the set of Bethe-Peierls states; the latter is extended to the so-
called Bethe lattices. All these states correspond in probability theory to so-called

Markov chains with memory of length n [22].
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Chapter Three
The First Model:

Gibbs Measures of an Ising-Vannimenus Model with Ternary
Competing Interactions on Cayley Tree of Order Three

In this chapter, we are going to focus on the phase Transition of Gibbs measures
with memory of length 2 associated to Ising-Vannimenus model on a Cayley tree
of order 3 with ternary interactions. This model was studied by H. Akin [1] where
he analyzed the paramagnetic and ferromagnetic Gibbs measures that correspond
to this model. In brief, H. Akin obtained the recurrence equations associated with
that model and studied them analytically such that the solutions are correspond to
the invariant set A = {(vy,v4,vs,v8) € R™ : v, = vg, v, = vs5}. He solved
this model by using PFM considering two cases : the first case when ¢ = 1 and
the second case when b = 1 where ¢ = e#/t and b = ef/». In addition, he found

numerical solutions corresponding to the same set A.

In this chapter, we solve the same model analytically using MRFM instead of
PFM where the solutions are given in term of a recurrence equations that define
on a non-translation invariant set A,. The development is that we assume all the

parameters of the model a (e?/), b and ¢ do not always equal to 1 (general case).

3.1 Model Construction

Consider the Hamiltonian for Ising-Vannimenus Model (6) with prolonged-

ternary NNN interaction (see definition 2.2.11). Therefore, the Hamiltonian is [1]

HO) =), ) o@o(e@ ), )

>x,y,2<

o (x)o(y) — 12 (X)) (9)

>x,y< <Xx,y>
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This defines the Ising-Vannimenus model with competing NN , PNNN and
ternary PNNN (TPNNN) interactions. Where the sum in the first term ranges all
TPNNN, and the sum in the second term ranges all the PNNN , and the third
term ranges the NN such that the spins a(x) , a(y) and o(z) take values in the
set & ={-1,1},where x,y,z € V. Here J, JpandJ € R are coupling
constants corresponding to TPNNN, PNNN and NN potentials, respectively. In
brief, our Hamiltonian is the same as Vannimenus one (6) in addition to TPNNN
interaction on Cayley tree of order Three.

Now let us Consider a Cayley tree of order 3, with x € W, , for some n € N and
S(x) ={y,z 1} where y,z,l € W,,, are the direct successors of x. Denote

B,(x) = {x,y,z, 1} aunite semi-ball with a center x, such that S(x) = {y, z,[}.

Remark 3.1.1. [4] @Y™ denotes the set of all spin configurations on V,, and @#1(*)
denotes the set of all configurations on unite semi-ball B, (x). In our case, it's

clear that the set @51(®) consists of 16 configurations

o= ) iikged (10)

In table 3.1.1 below, we denote the spin configurations belonging to @51 :

Table 3.1.1 The set of possible configurations (@5:*)) on Cayley tree of order 3

oiW=0G 1 D|e®=C % DH]esP=(G 1 )| aP=( =)
osV=C * ) |oWP=C 1 )| W=t )| ag®P=0C2*)
oo =0 7 4) |o®P=0C 7 D|ouP =G - )| eP=( -)
o3V =(C =~ D|ou®P=0C 3 ) |osP=0G 2 ) aeP=(CZ )

In the same way as H. Akin (2017) [4], we take a natural definition for the

quantities h(y ’Z‘ ;) (the real valued boundary function at the ball By (x)) as hg, (x)
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. In this thesis, we assume the following definition for the vector valued function
h: V — R which defined by

h:B(x) =< x,y,z1>—> hg () =

(he,0.00me@ew F 0X),0(0),0(2),0(D € @) (11)
Where hBl(x),O'(x)a(y)O'(z)O'(l) € R, x € W, Y, Z, [l € S(X) and
o(x)o(y)a(z)o(l) represents the order of the spins in the ball B, (x), we use the

function  hp () cx)e)e)cqy t0 descrie the  Gibbs measure of any

configuration (., "a(g‘z)) ) that belongs to @B:(),

The finite-dimensional Gibbs probability measures (distributions) on the
configuration space Q" = {0, = {o(x) = +1, x € V,}} that corresponds to
the Hamiltonian (9) at inverse temperature f = %is defined by the formula [4]

1
WP (0) = expl-fHo)+ Y ) 0(e0)@oW ha,waaviawan)  (12)

XEWn_1 ¥,Z,l €s(x)

with the corresponding partition function defined by

Zy = z exp[ — B Hn(o_n) + z Z G(X)U(Y)U(Z)U(l) hBl(x),a(x)a(y)a(z)a(l)] (13)

on€QVn XEWn_q1 V.Z,l €S(x)

Now, we obtain a new set of Gibbs measures by constructing of an infinite
volume distribution (limiting Gibbs measure) with given finite-dimensional

distributions. To start with this, consider the following definition

Definition3.1.1. [3, 4, 5] A finite dimensional measures (probability distributions)

uh(”) are compatible (consistent) if foralln > 1 and ¢, ; € ®"»1:
D (g VW) = s (0o) (14)
WEPWn

where a,,_; V w is the concatenation of the configurations.

21



It is known that if this condition is satisfied , then there exists a unique limiting

Gibbs measure p;, Such that
uh(a EQ:al|, = an) = ugln)(an) forall 0, €Q"" , neN.

Remark 3.1.1.[2] The limiting Gibbs distribution p;, satisfying the compatibility
condition (14) is called splitting Gibbs measure, and the icon h denotes that this

measure corresponds to the boundary function h .

Remark 3.1.2.[2] The splitting Gibbs measure p,; that corresponds for the
Hamiltonian (9) and the boundary function h (11) is called a splitting Gibbs

measure with memory of length 2.

Remark 3.1.3.[2, 3, 4] The Method of finding a limiting measure p;, that satisfied
consistency conditions in definition 3.1.1 is called Markov Random field method

making use of the Kolmogorov consistency conditions.

More exactly, in the next step we find the set of limiting Gibbs measures p;, for a

sequence of finite dimensional compatible measures {uh(") :n = 1} in the same
way as [4]. The Hamiltonian (interaction energy) on the set of vertices V with
the inner configuration o,,_; € Q"»-1 and with the boundary condition n €

O"n is defined by :

Haonav ) = Hon )= Je ). ) ) o@a@n®)

XEWp—2 zES(X) YES(2Z)

“Jp D D etme) =] ) ) etone)  (5)

XEWyn_» Y €SZ(x) XEWpn_1 Y ES(X)
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=~ Y W@~ Yy Y Y ce@n®)

>x,Y,2<,X,V,ZEVh 1 XEWp_2 z€ES(x) yES(2)
—Jp Z a(x)a(y) —Jp z z a(n(y) —J Z oc(x)o(y)
>X,y< i 2 ’
- Y et (16)
¥ €S(x)
xEWn_l

Thus, the compatibility condition (14) satisfied for the sequence of finite-

dimensional probability measures w,™, n > 1 (12) for our model if

D uP G Vi) = w0 )

neewn

Then,
Ln ). exp[=f Hons V 1)
neQWn

+ z z z z (e n1) n2) 1(¥3) b B, (3),00) 1) 1G2) 13

v.z,l Ewpn_1 ¥i€S(Y) zi€S(2) LES(D)
+ 0(2) n(21) 1(22) 1(Z3) N B,(2),0(2) n(z1) 1(22) (25

+ (D) nnl) n3) h s,w)ew n0) nt) 1) )]

= exp[—PB Hn(o_n—l) + z Z [G(x) U()’) o(z) o(Dh B1(x),0(x) o(y) 6(2) a(l)]]

XEWn—2 V,Z,1 €S(x)

Zn—
where L, = =2 .

n

. Using The Hamiltonian in (15), we obtain:
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DI L ACHOEY VD YD DI QL OGS

XEWp—o ZES(X)

FBlp D Q. L otMO) +BIY ) eGInk)

XEWn_»

+ Z z Z Z (e n(y1) 1(¥2) 1(¥3) h 5,(3),60) 1) 1) 1)
y,Z,lEWn_]_ ylES(y) ZiES(Z) llES(l)

+ d(2) n(21) 1(22) 1(Z3) h 5,(2),0(2) n(z1) 1(22) n(z3)

+ o)) n(lR) 1(3) hp,w).ew) na) nt) nes) )]
= ep[-fHi(0n) + ) > (00)0(3) 0(2) 0D 51009 5052 00 001 )]
XEWL_2 V,2,lES(X)

—

Lyebtund ) emlBle Y D) a@en)

XEWp—o ZES(X)

FBlp D Q. L oGMO) +BIY ) eGInk)

XEWn_2

) D ) 00 102 105) hsi0)e0) 6 n0 0
V,Z,W,t Ewn_q Vi€S(Y) z;€5(2) L;€S(D)

+ U(Z) n(zl) 77(22) 77(23) h B1(2),0(2) n(z1) n(z2) n(z3)

+ o) n(ly) nz) n(l3) hBl(l),O'(l)n(ll)n(lz)n(lg) )]

= ¢ PHulon-1) exp| Z Z (0(x) a(y) 0(2) a(Dh g, (x)60x) 63 0(2) o) )]

XEWn—2 V,Z,lES(X)

Foralli =1,2,3.
Now after simplifying we get the following formula

e?®) a(¥) a(2) (D) h By (x),0(x) 0(») 0(2) 6)

XEWn_» ¥,z € S(x)

1T ILILT 5 o

XEwWp_2 ¥zl €S(x)yi€S(Y) zi€S(z) LES(D) r](yi),n(zi),n(li)e{—1,+1}
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Where
B(h»]»]p;]t) = ()N @) n(ys) h B; (3),0() n(¥1) n(2) n(¥3)
+0(2) n(21) N(22) N(23) R B,(2),0(2) n(z0) 1(22) n(z5)
+ o) n(ly) () n(s) h B, w6 nw) Nt )

o) + 1) + 1(y3)) + o(@)(n(z) + n(zy) + n(z3)) +
U(l)(n(ll) +n(l) + 77(13))

+BJ, [a(x) (a(y) (Z;"(”)) +0(2) (z;n(zi)) +a () <z;n(li)>)]

+ BTy [0 B + () + ()]

|

Next step, we rewrite equation (17) for all possible values of a(x),o(y),
0(z),0(l) € @. For doing this, we assume o(x), a(y),a(z) and a(l) are fixed
such that x e W,,_,andy,z, l € W,_;. Then for each case we consider all

possible  values of configurations for the set of boundaries

{}/1, Y2,Y3,21, 22,23, ll! l2' l3}
To simplify, assume:
o(x) = i,o(y) = j,0(z) = ko) = gny)=u n0) =v, n(y3) =

p:n(z) =1, 1n(z) =5, n(z3) =¢q, n(ly) = o, n(lz) = n, nlz) = m
where 1i,j,k,g,u,v,p,7,5,q,0,n,mé€E @ (See Figure 3.1.1).

Thus:

e Tkg hp1(),ij kg

=L, Z eﬁ]pi(u+v+p+r+s+q+0+n+m)x eB](j(u+v+p)+k(r+s+q)+g(o+n+m))
u’v’p’q”""

x eﬁ]t(ij (u+v+p)+i k (r+s+q)+i g(o+n+m)) x ejuvp hB, (), jwvp

x ekrsq hBl(Z),k;T,S,q x egonm hBl(l),g;o,n,m (18)
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level O

level 1

j k g
level 2 ./

u v pr s g o n m

Figure 3.1.1. The set of Configurations on semi-finite Cayley tree of order three with
2 levels.

hl = hB1(x)' o® = h

Leth = (hy, hy,h3,hy,hs,hg,hy,hg) € R® such that for x € W,

xyzl,o; D
= hxyzl, o = hxyzl, o5 = hxyzl, o,
= hxyzl, a5 = hxyzl, os® ~ hxyzl, a7V
= hxyzl, og®
= hxyzl, oD
= hxyzl, 610 = hxyzl, o1, = hxyzl, 012
=h h h

xyzl, 13D = Myzl, 00, = Nxyzl, 05D

=h

xyzl, 016

26

As H. Akin [3, 4], we define the real vector-valued function h (11) in the
following way:

(19)
(20)

(21)
(22)
(23)
(24)
(25)

(26)



3.2 Construction of Recurrence Equations

In this section, we construct the recurrence equations that give an explicit formula
for Gibbs measures with memory of length two that corresponds to the

Hamiltonian (9) and satisfies consistency conditions (14) by means of equation
(18). Assume that a =e#/, b =e#lvandc = e Ft. By using the equations

(19)-(26) and for simplifying, we can assume new variables

h 1
Ul 7 = e Bl(x),aj

0™
forx € W,_;and v; = e 7% fory € S(x).
Wherei = 1,2,...,.8 andj € {1,2.....,16}.

To simplify, let x € W,. Then From (18), through direct enumeration, we get the

following eight equations:
First equation : We consider the case corresponding to h, (19) (See Figure 3.2.1).

In this case, i = j = k = g = +1. Then from (18), e/*k9 "B1x0ijkg = ehB1Go++++

= ehB1(x) 11

3abc 3vs Uy )3
(27)

h 1) ! 353 ,.3
e B1(x),01MD = v, =1L (a b°c°v,; + + +
1 2 1 v, abc a®b3c?

Suchthat v, = ehB1(W).01(1), v, = ehB1(W), oM = ehB1(W). a3(D = o hB1(W). 04(1)'

h 1
vy = ehBl(W)'Us(l) = ehB1(W).06(1) = ehBl(W)'U7(1) and v, = e Bl(W)"’s(z) VweS(x).

+ WO
Sx) ={y.z1}
y z I
+ + + W,

Figure 3.2.1. The Semi-ball B, (x) with o, configuration, the
Boundary Function h that corresponds for this model is h,(19).

27



Similarly, we find the other 7 equations :

3abc 3v v, \°[ b3 3bvg 3ac a®c3v
f(-1) _ ( 313 .3 3 4 ) 6 8
=1L b + + +
va 2 \&0Teh v, abc a3b3c3 <a3c3v5 ac b v, b3 >
2
3abc 3v; Uy b3 3bvg 3ac adcdvg
'=1 ( 3p3c3v, + + + ) + +
Vs 2 \ 0 U, abc a3b3c3/\adc3vg ac b v, b3
b3 3bv, 3ac adcdvg)
/(_1):L 6+ + 8
(va) 2 <a3c3v5 ac b v, b3
a®v, 3avg 3bcv p3 3\’
(s =1L, -+ : : 3
c3b®  bcuv, a adv,
, a®> v; 3avg 3bcuvs +b3c32 1 36v6+3abc +a3b3v8
Ve = t2\Tcape bc v, a adv, adcdb®vs ab z c3
3 3.3 33
, a’>vy 3avg 3bcv b°c 1 3cvg 3abc a® b°v
)Y =1L, -+ =+ —+ 3 3,313 >+ 38
c3b3  bcu, a adv, J\a3c3b3vs ab z c
, 1 3cve 3abc  adbdvg)
Vg = Lo + + 3
adc3h3vse  ab vy c

From the system of equations (28-34), we conclude that:

2 -1
2D = /Y @) )

I} ! 1 ! (_—2)
vz = (V1 )3(vy )3

-

, NGO e
ve = (Vs ) 37 (vg )3

) = P

(35)

)2

(28)

(29)

(30)

(31)

(32)

(33)

(34)

Therefore, we can reduce the system of equations (28-34) to 4 equations with 4

independent variables: v,’, v,’,vs" and vg'.

From the relations (35), we conclude the following remark.
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Remark 3. 2.1. The compatibility condition (14) is satisfied if the vector valued
boundary function h = (hy, h,,hs,hs,hs,hg,h,,hg) € R® has the following

form:

n 2mm 2n s 200 2s

- i 8
3 3 3 3 3 33 3,S)ER,n,o,m,sER

Proof. Assume h; = mand h, = n such that m,n € R.Take the first equation of
2 -1
the system (35), v’ = (v,")s (v,)F, then from (19, 20, 22),

zhy 1 2hy

-1 2
+=h, —> h,=--C
3 3 3

ehz=¢3 g3 —> —hy ==+

In the same way, we can get the other component of the vector h.

If we assume v; = u;3, i = 1,2,...,8. Then, the system of equations (28-34) is

reduced to the following four equations based on the relations (35) :

(1 + a?b?c?ujuy)?

u' = i/L_Z a3b3c3u,3 (36)
)yt = Y C e ) (37)
(us)™ = YL, (b2i3z3i§1;:;¢4)3 (38)
= e

Proof.

3abc | 3ujzd Uy 3

_|_

uy3 abc = a3b3c3

3
From (27), v,' = (u, )3 = L, (a3b3c3u13 + ) Then from

(35) we have
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) 3abcu,? 3u w3\
(u1)3=L2<a3b3c3u13+ LE : : )

Uy abcu,® a3b3c3
P = 3T 3133, 3 3abcu,? 3u, Uy’
Uy = 2 \4 cug” + Uy abcus?  a3b3c3

Which simplified to equation (36). In the same way we can prove the equations
(37-39).

3.3 Translation-Invariant Gibbs Measures

In this section, we describe a subset from the set of translation-invariant Gibbs

measures associated with our model. Consider the following definition:

Definition 3.3.1. [4] A function h = {hBl(xm(l) i€ {1,2,3,........, 16}} IS

considered as translation-invariant one if hBl(x),Gi(l) =hBl(y)'ai(1) for all

y € S(x)and i € {1,2,...,16}, and a translation-invariant Gibbs measure is

defined as a measure, y;,, corresponding to a translation-invariant function h.

So the Gibbs measure for our model is translation invariant if u;* = wu; for all
i € {1,4,5,8}.

Now assumeu; ' = u;, Vi € {1,4,5,8}.

The analysis and solving the system of equations (36)-(39) is rather tricky. Below
we consider a case in which this system of equations is solvable for the set:

4
Ay ={(upuyus,ug) € R* 7+ uyuy =us ugl

Next step, we find Gibbs measures for the previous considered case. To do this, we

will introduce some notations.
Define the operator F by
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F = (F,Fy,Fs,F) « R - R*" (40)

= I I __ I
With uy " = Fy(Ug, Uy, Us, Ug), U 4 = Fu(ug, Uy, Us, Ug), Us' = F5(Uyq, Uy, Us, Ug),

and u g = Fg(uq, uy, us, ug).

Remark 3.3.1.[3, 4, 5] The fixed points of the equation u = F(u) describe the
translation-invariant Gibbs measures of the Ising model corresponding to the

Hamiltonian (9), where u = (uq, Uy, Us, ug).

It's clear that the set A; is not invariant with respect to the operator F, i.e.,
F(A;) need not be a subset of A;, see definition 2.2.15. As a result, we define
the operator F on this set, which is used to describe the Gibbs distributions. The
problem of finding an invariant set with respect to the operator F and with the

parameters a, c and b not equal to one is left as interesting problem.

3.4 Phase Transitions

Remark 3.4.1. From definition 2.1.10 and definition 3.1.1, we can conclude that
if there are more than one positive fixed point of the operator F.Then there is
more than one Gibbs measure corresponding to these positive fixed points. In
essence, a phase transition occurs for the Ising-Vannimenus model with
Hamiltonian (9) if the system of equations ((36)-(39)) has more than one

solution. The number of the solutions of these equations depends on the coupling

constants {a, b, c} and the inverse temperature § = % > 0.

Now we start to analyze the system of equations ((36)—(39)) in order to determine

the number of positive fixed point of it.

We restrict the operator F (40) to the set A,, i.e., assume u; u, = ug Ug.
Then, we reduce the nonlinear dynamical system of equations ((36)-(39)) to
one nonlinear dynamical equation as the following:
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Divide equation (36) by (37), we get the following equation:

(14 a?b?*c?ujuy)? us®
(b? + a?c?us ug)3u,®

UiUy = (4‘1)

Divide equation (38) by (39), we get the following equation:

1 (b2%c? + a’uy uy)® uss

= 42
ugus  (c? + a?b?us ug)3u,’ (42)

Then from (41) and (42), we get

(1 + a?b?c? ujuy)? (¢ + a?b?us ug)?

43
u uy (b? + a?c?us ug)3(b?c? + a? uguy)?3 (43)

Ugus =

Assume u; u, = us ug = x.Then, the equation (43) is reduced to

3
_ (1+a?b%c?x)3 (c2+a?b?x)
T ox (b2+a?c2x)3(b2c2+a? x)3

Then we define the following nonlinear dynamical function

(1+a?b2c2x)° (c2+a?b?x)’

f(x) = x(b2+a2c2x)3(b202+a2 x)3 » X > 0 (44)

In order to investigate the phase transition of the model, we analyze the positive
fixed points of the rational function f with real coefficients as a dynamical
system such that the number of phases for our model under the assumptions on
the operator F equal to the number of positive roots for this function (44). We

analyze this function in two cases :
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Casel: Assume c = b, then the function f is reduced to

(1+a2b%x)°
x (b*+a2x)3

f&x) = (45)

By using the same method in [4, 5], we start to analyze the fixed points for this
function. The first derivative for f(x) is

(1+a?b*x)?(b*a*x?+(4a%-2a?*b®)x+b%)
x2(b*+a2x)*

fix) =
f'(x) > 0 (increasing) iff b*a*x? + (4a® — 2a?b®)x +b* < 0
—2+b° —5b8+p16  —24p8 _cp8ypl6
The roots for this equation are {;;;Z — /4 5‘121;1’ ’ aZZJ;Ii + /4 Sab‘*b-;b }

The condition on this roots to be real is 4 — 5b% + b1® > 0. The solution for the
latest inequality is 0 < b <1 or b > 1.189207 by [57].

From the sign of the quadratic equation, the inequality b*a*x? + (4a® —
2a’b*c)x + b* < 0 is satisfied iff

*

X1 =

*

a?b* SxS a*bs

—2+Db%  |4—5b8 +b1e —2+b® |4 —5b% + b1®
N B a*h’ a’b*

Since x > 0. Then —2 + b® must be greater than zero and this is satisfied if
b > 1.189207.

As a result , we conclude that f(x) is increasing (f'(x) > 0) iff ¢ >0, a > 0,
b > 1.189207 and

0<

—2+b®  |4—5b8 +b1e —2+4+b®  |4—5b% + D16
a’b* a*bh® SX< a’b* a*bh®
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If one of these conditions is violated , then f is decreasing and there can only be
one fixed point of f(x), see Figure 3.4.1. Thus, we restrict ourselves to the case in

which the previous conditions are satisfied.

> y=x

Fixed point
II);creasing function

Figure 3.4.1 The uniqueness of fixed point for a
decreasing function.

Remark 3.4.2. In this thesis we use Wolfarm Mathematica [57] to simplify the

analysis process of equations and polynomials.

The second derivative for the function f is

")
3 2(10 a*x? + a®b?°x3 — 4a®b™®x* + ab*?x3(—9 + a*x?) + a®b*x(5 + 18a*x?) + b¥(1 + 9a®x*))
- x3(b* + a?x)>

By Mathematica [57], we conclude that if b > 1.164079, then f"'(x) has two
positive roots say R4, R, >0 such that f"(x) > 0(concaveup) for x €

(0,R 1) U (R,, ) and concave down otherwise.

Then, from the concavity information we conclude that There is at most 4
positive roots for f(x), i.e., the number of phases for the model under the

operator F (40) that defined on the set A; do not exceed 4. See Figure 3.4.2.
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f()

X

Figure 3.4.2.The maximum possible number of fixed
points for an increaisng function f(x) that changes it’s
concavity from up to down to up is 4.

To determine accurately the maximum possible number of positive roots for
equation (45), we apply Descartes' Rule of signs, see definition 2.2.13. It's clear

that the equation f(x) = x (45) could be reduced to the following polynomial :
g(x) = a®x® + 3a*b*x* + (3a?b® — a®b'?)x3 + (—3a*h® + b?)x? — 3a’b*x —1 =0

Let B =3a?b®—a®b'? and C = —3a*h® + b2 Then, if B <0 and C > 0,
then there are 3 sign changes of g(x)and according to Descartes’ Rule it's

possible to find 3 positive roots for g(x). Now B < 0and C > 0 iff

4

V3 b
b>0,b2>\/§and7<a<v—§ (46)
Then, we get the following remark:

Remark 3.4.3. The maximum possible number of positive fixed points for
equation (45) are 3 according to Descartes’s rule of signs, and this case is

possible under the conditions in (46).
Note that the conditions in (46) can be reduced to

‘v_ Blip
B(2),)>In(V3) & y<ef <5z
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(2J) 2] T < 2]
") R aE) ) -G

> T<

So, if at least one from these conditions is violated. Then there is only one
translation-invariant Gibbs measure corresponds to the unique positive root for

the polynomial g(x) according to Descartes rule, i.e., there is no phase transition.

Although the conditions in (46) guarantee the possibility of existence of phase

transition, but to give an accurate result we use an analytical strategy as follows:

According to Preston [50, Proposition 10.7], there can be more than one solution
for f(x) = x if and only if there is more than one solutionto x f' (x) = f(x),

which is reduced to the following equation:

(1+a*b*x)*(2 b*a*x? + (5a* — a®b®)x + 2b*) _

x(b* + a?x)* 0 (47)
To find the positive roots for this equation, consider
2 b*a*x? + (5a* — a®b®)x + 2b* = 0,
Then, the roots for this quadratic equation are
_ —5+b° 1\/25—26b8+b16 _ —5+b° 1\/25—26b8+b16
1T a2t g a*hs X2 = et * 4 a*hs

x, and x, are positive roots for (47) iff 25 — 26b% + b1® > 0and —5 + b® > 0,
these conditions satisfied iff b > 1.49535 and a > 0 by using [57]. Note that
under the previous conditions, it's clear that xj < x; and x; > x,, i.e., the
positive roots x; and x, for equation (47) belongs to the interval (xi, x3) in

which the function f in equation (45) increasing.

As a result, in the same way as Preston [50], we conclude the following

proposition
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Proposition 3.4.1. The equation

3
_ (1+a®b?c?x)
"~ x (b2c2? +a?x)3

(48)

withx>0,b>0,a>0,c>0andc=>b has one positive solution if
b < 1.189207. If b > 1.49535, then there exists n,(a,b), n,(a,b) >0
such that equation (48) has at least two positive roots if n,(a,b) <1<
n,(a,b), where n,(a,b), n,(a,b) are the first derivative of the positive roots

x, and x, of equation (47), i.e.,

U1(a:b)::
1({-5+ b8 25 — 26b8 + b6
6a*b*(—1 + b®)(1 + azb“'(Z( > —J e )))2
- 25 — 2658 + b16 1/—5+b®  [25— 26Db° + b16
(5-b%+ a2b4\/ 24hB )(b* + a2(z< 22h* _\/ 24hB )))4

Uz(a;b) =

— 8 — 8 16
6a4b4(—1+b8)(1+a2b4(%< >+ b +J25 260" + b )))2

a2b4 a4b8

25 — 26b® + b1¢ 1(=5+b8 25 — 26b8 + b16
(=5+b%+ a2b4\/ a%hs )(b* + a2(z< a’h® \/ a4 ho )))4

Proof. If b < 1.189207, then the function f in equation (45) is a decreasing

function and there is only one fixed point in this case [4], see Figure 3.4.1. Now
for b > 1.49535, i.e,, ]FP > In 1.49535, then the function f(x) is increasing and

f'""(x) changes it's concavity from up to down to up as we have explained in the
previous steps. Then, from Preston [Proposition 7.10, 50], there is more than one

positive roots for equation (48) if
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f'(x;) <1 and f'(x,)>1 (49)

where x; and x, are the positive roots for the equation x f'(x) = f(x) which is
reduced to the rational function (47). From the previous notation we conclude that

(49) means
flx) <xqg and f(xy) >x, (50)

It's clear that f is a continuous function V x € (0,0) and lim,_, f(x) = oo.
Let M = 1, from definition 2.2.14 36 > Osuchthatif |x| <d§d—> f(x)=>1.
Let0 <x, <1 suchthat 0 <x, <x; <x, and x, € (0,9), then it's clear that
f(xo) > xo. As a result, the function f will intersect with the identity function
while moving from x, to x;, and the intersection will be recurred again from x,
to x,, see Figure 3.4.3.The proof is readily completed.

Theorem 3.4.1. Let J, >0 and /. > 0 be the PNNN and TPNNN coupling

. . _ _ Ip

constants, respectively. Then, if J, = J, and T < T, where T, = Tm(L49535) the
Ising-Vannimenus model that corresponds to Hamiltonian (9) exhibits a phase

transition.
Proof.

From proposition 3.4.1, there is more than one fixed point for the operator F that

is defined on the set A; ( The phase transition exists ) if b > 1.49535. Since
b=ePlr — eflr > 149535 - ]?" > In(1.49535).Then, the proof is readily

completed.
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f0)

X X1 Xy X

Figure 3.4.3. The existence of multiple fixed points for a
function f if f(xg) > xo, f'(x;) <1 and f'(x;) > 1.

Now, we give a numerical example for the existence of phase transition according

to proposition 3.4.1 and Theorem 3.4.1.
Example 3.4.1

Let b = 2,then b > 1.49535, thus f(x) is increasing and f "' (x) changes it's
concavity from up to down to up. Now according to proposition 3.4.1, phase

transition exists if
Ul(a; b) < 1 < Uz(a;b)

By substituting b = 2 in this equation , we get

4194304a*(-81+6545) 4194304a*(81+V6545)
—140378419+1722747/6545 140378419+1722747/6545

Then phase transition exists if
0.801153 < a < 1.248201

Let a = 0.9, then there are more than one positive solution for equation (48), the

solutions are

x = 0.023104,x = 2.423943 and x = 30.200382 (60)
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As a result, we conclude that there are 3 phases for our model, i.e., Phase

transition exists. See Figure 3.4.4.

80

40 b
Al

20F

1 1 1 1 1 x
10 15 20 25 30

Figure 3.4.4. The existence of 3 positive fixed points
of the function f(x) fora = 0.9,b = 2and ¢ = 2.

Remark 3.4.4.[5, 40] The stable fixed points (roots) of equation (48) describe

extreme Gibbs distributions.

From Remark 2.2.3 and Theorem 2.2.1, we conclude that a fixed point of f(x)
given in equation (45) is stable if the absolute value of its derivative less than
one. From (60), we have [f'(0.023104)| =0.312213 <1 (stable), and
|f'(2.423943)| = 1.579549 > 1 (unstable) and |f'(30.200382 )| =
0.178644 < 1 (stable). Thus, we have two extreme translation-invariant Gibbs
measures corresponding to the stable fixed points . As a result, there is a critical
temperature T, > 0 such that for T < T, the system of equations ((36)-(39))
has 3 positive solutions of boundary vectors : h,", h,” and h;". We denote the
translation-invariant Gibbs measures corresponding to the roots h,’,

h,"and h;" respectively by u;*, u,* and ps* respectively.

Case2: Assume c # b, then the function f defined by equation (44) remains the

Same:
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(1+a?b2c2x)® (c2+a?b?x)’

flx) = x (b2+a2c2x)3(b2c2+a2 x)3 '’ x>0

In the same way as case 1, we find the positive fixed points for f(x), i.e., we

are interested in finding the positive solutions for the equation

_ (1 +a*b?*c*x)? (c? + a®h*x)?
— (b% 4 a?c?x)3(b2c2 + a? x)3 '

xZ

Since x > 0, the previous equation can be written as

x = \/(1+a2b2czx)3 (c?+a?b?x)3 (61)

(b%2+a2c?x)3(b2c2+a? x)3

As a result, consider the new function g : R* — R* such that

2h2¢2%)3 (24a2h2v)3
g(x):\/(1+abcx) (c?+a?b?x) (62)

(b2+a2¢?x)3(b2c?+a? x)3
Then,

g'(x)
_ 3a®(=1+b*)c?(c? + a’h?x)*(1 + a®b?c?x)*(2a’c?x + 2a®bh*c?x + b?(1 + c*)(1 + a*x?))

22 2.4 (]2 2 2.4 |(€*+a?b?x)3(1 + a*b?c?x)3
2(b%c* + a?x)*(b* + a*c*x) \/(b%z + a?x)3(b% + a?c?x)3

It's clear that g'(x) > 0 (increasing) iff b > 1. So we restrict our self to the case

when b > 1, that's to say ]Fp > 0 and hence J,, > 0.

Again from Preston [50, Proposition 10.7] , x g’ (x) = g(x) is reduced to the

following equation :

(a?b?x + a?b?c*x + c2(1 + a“b”‘xz))z(—8a4c4x2 + 4a*bBc*x?
—5a?b?c?(1 + c)x(1 + a*x?) + a?b®c?(1 + cH)x(1 + a*x?)
— 2b*(a*x? + a*cBx? + c*(1 + a*x?)?)) = 0 (63)
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Then, from Mathematica Programming [57] there are two positive roots for the

previous equation iff one of the following cases is satisfied:

1) For 0 <c < 0.4539076 or ¢ > 2.203091. Then

25—14c*+25¢8)1/4 1 [1 V1+34ct+c8
( ¢ 125¢) Sbsg\/c—2+c2+%. Then, there are 4

(1+34c*+c8)1/4

a) If

positive roots for equation (63) :

X, =— (5+5c*—b*(1 +c*) + J(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

8a?b2c?
1
a*b4c*

+V2a?b?c?V( (25 + 18¢* + 25¢8 + b3(1 + 18¢* + c®)

+ 5J(—1 + b*) (=25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

+ 5c4J(—1 +b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8)) — b*(18 + 18¢°

+ \[(—1 +b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8)) + c*(52

+ /(=1 + b") (=25 + L14c* — 25¢8 + b*(1 + 34c* + c?)))))))

1
X2 =gopra (5 b* — 5¢* + b*c* — \[(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

1
+ \/Eazbzczxf(m (25 + 18¢* + 25c® + b3(1 + 18¢* + c®)

+ 5\/(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

+ 5c4J(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + c®)) — b*(18 + 18¢°

+ \/(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8)) + ¢*(52

+ /(=14 b*) (=25 + 14c* — 25¢8 + b*(1 + 34c* + c?)))))))

X3

1
= Baipic? (=54 b* —5c* + b*c* + \/(—1 + b4)(_25 + 14c¢* — 25¢8 + b*(1 + 34c* + c8))

1
- ﬁazbzczx/(m (25 4 18¢* + 25¢8 + b8(1 + 18¢* + ¢?)

- 5\/(—1 + b*) (=25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

- 5c4J(—1 +b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8)) + b*(—18 — 18¢°®

+ /(=1 + b*) (=25 + 14c* — 25¢® + b*(1 + 34c* + c8)) + c*(—52

+ /(=1 + b*) (=25 + 14c* — 25¢® + b*(1 + 34c* + c?)))
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Xy =gz (-5 + b* — 5¢* + b*c* + J(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

1

a*b*c*

+V2a?b?c?V(

(25 + 18c¢* + 25¢® + b3(1 + 18¢* + ¢®)

- 5J(—1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8))

- 5C4J(—1 +b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + ¢8)) + b*(—18 — 18¢°

+ /(=1 + b*) (=25 + 14c* — 25¢8 + b*(1 + 34c* + c8)) + c*(-52

+ /(=1 + b*)(—25 + 14c* — 25¢8 + b*(1 + 34c* + c?)))))))

b) If %\/ciz +c? + %M < b, then there are two positive roots for (63) ,

which are x5 and x, above.

2) If 0.4539076 < ¢ < 2.203091, then there is two positive roots x5 and x, for

V1+34c*+c8

c?2

equation (63) if b > %\/ciz +c? +

We conclude the following proposition:

Proposition 3.4.2. The equation

__|(1+a?b%c?x)3 (c?+a?b?x)3
o (b2+a?c2x)3(b2%c%2+a? x)3

(64)

withx >0 b>0,a>0and ¢ >0 has one positive solution if b < 1. If
b > 1, then

(25-14c*+25¢8)1/4
(1+34c*+c8)1/4 !

then there exists n,(a,b,c), n,(a,b,c) >0 such that equation (64)

a) If ¢ € (0,0.4539079 ] U (2.203091, ), and if b >

has at least two positive roots if n,(a,b) <1< n,(a,b), where

nl(a; bl C) y M2 (a, b, C) are
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ni(a,b,c) = £42

L

Where x;*, i = 1,2 are any positive solutions for the equation

(c? + a?b?x)?(1 + a?b?c?x)?(—8a*c*x? + 4a*bBc*x? — 5a?b?c?(1 +
cHx(1+ a*x?) + a?boc?(1 + cHx(1 + a*x?) — 2b*(a*x? + a*c8x? +
c*(1+a*x?)?)) =0

b) If ¢ € (0.4539076,2.203091], and b > %\/Ciz+cz + 32 then
we get the same results that we have mentioned in (a).

Theorem 3.4.2. If proposition 3.4.2 is satisfied, then Ising-Vannimenus Model that
corresponds to Hamiltonian (9) exhibits a phase transition, and at least two extreme

Gibbs measures exists.

We give a numerical example for the existence of phase transition according to

proposition 3.4.2 and Theorem 3.4.2.
Example 3.4.2

Let ¢ = 0.46 € (0.4539076, 2.203091]. Then, according to proposition 3.4.2
(b), we conclude that if b > 1.763950, the Phase transition exists if

n,(a,b,c) < 1< ny,(a,b,c)
Let b = 3, to find n,(a,3,0.46) and n,(a, 3,0.46) we need to get x; and x;

(the positive roots of polynomial (63)), which are (by Mathematica programming
help [57])

_0.0382549
X = T

26.1404561
Xy = a2
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As a result, phase transition exists if n,(a,3,0.46) = f'(x;") <1< f'(x,") =
n,(a, 3,0.46)

Now fora >0, f(*2572) < 1 iff 0.1644630a% < 1 iff
0 <a< 24658457
In the same way, f' (2°=50) > 1iff 6.0803947 a? > 1 iff

a > 0.40554048
We can conclude that for ¢ = 0.45 and b = 3, phase transition exists if
0.40554048 < a < 2.4658457 (65)
Let a = 0.6, then the positive solutions for equation (64) are
x = 0.001418, x =9.447723 and x = 534.710233

corresponding to 3 translations-invariant Gibbs measures, two of them are

extreme one's. See Figure 3.4.5.
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Figure 3.4.5. The existence of 3 positive fixed points of the
function g(x) (62) fora = 0.6,b = 3 and ¢ = 0.46.
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In the previous example, let take a =4 ¢ (0.40554048,2.4658457 ), i.e,
outside the phase transition interval (65). Then the positive root for equation
(64) is unique which is x = 724.881067. As a result, no phase transition exists

for this case. See Figure 3.4.6.
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Figure 3.4.6. The Existence of unique fixed point for g(x) (62)
when a =4,b=3andc = 0.46.
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Chapter Four
The Second Model:

Gibbs Measures of an Ising-Vannimenus Model with One-Level
Competing Interactions on Cayley tree of Order Four

In this chapter, we focus on the translation-invariant Gibbs measures with
memory of length 2 associated to Ising-Vannimenus model on a Cayley tree of
order four with one-level interactions. We use MRF method to achieve the
following objectives: constructing the recurrence equations corresponding to a
generalized NNN Ising-Vannimenus model; formulating the problem in terms of
nonlinear recursion relations along the branches of a Cayley tree of order four;
fulfilling the Kolmogorov consistency condition; describing the translation-
invariant Gibbs measures for the model; showing that some measures are extreme
Gibbs distributions and trying to give some numerical examples. Our model is a
generalization for H. Akin work [3] for Cayley tree of order four by adding one
level interaction. We study this model for the first time and attempt to determine

when phase transition occurs.

4.1 Model Construction

Consider the Hamiltonian for Ising-Vannimenus Model (6) with one-level next

nearest neighbor interaction (see definition 2.2.8). Therefore, the Hamiltonian is

oo -] ) xeG)  (66)

<x,y>

HO) = o ). a@om) —Jp ).

<xy> >x,y<

This defines the Ising-Vannimenus model with competing NN , PNNN and One -
Level NNN (OLNNN), where the sum in the first term ranges all OLNNN, and
the sum in the second term ranges all the PNNN, and the third term ranges the
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NN such that the spins o(x) and o(y) take values in the set @. Here, J,;,
Jpand] € R are coupling constants corresponding to OLNNN, PNNN and NN
potentials, respectively. In brief, our Hamiltonian is the same as VVannimenus one

(6) in addition to OL interaction on Cayley tree of order four.

In the same way as first model, let us consider a Cayley tree of order 4. Now let
x € W, for some n € N and S(x) = {y,z,w,t} where y,z,w,t € W, ., are the
direct successors of x. Denote B,(x) = {x,y,z,w,t} a unite semi-ball with a

center x, such that S(x) = {y,z,w,t}.

Remark 4.1.1. Denote the set of all configurations on unite semi-ball B, (x) on

Cayley tree of order four by
[ .
@B (%) ={Q | k g) : Li,j,g k€ ®}
It's clear that the set @5:™) consists of 32 possible configurations.

In table 4.1.1 below, we denote the spin configurations belonging to @#1(*);

Table 4.1.1 The set of possible configurations (@21*)) on cayley tree of order 4

o=+ 3 o, M=% ) o3V =G _" 1)
oD =( 12 ) osM = ( +* ) oM =(C F ..,
o, = ;o)) o= 4 ) oo =( - _
10 =G Ty ) o =G o)) oM =0 _"_ ,
013(1) =C+72 D) 014(1) =(G-T- ) 015(1) =C X4
016(1) =(C_-"- ) 017(1) =G 4+ +) 0'18(1) =+ + +)
010 = G+ 7+ +) 020(1) =G+ - +) 021(1) =G+ + )
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oM =0C_"+ ) o3V =0C 7= ) 0240 =( +74 2)
o5 =0 - 2) 0260 =( -7+ ) o7V = ( -7- )
P = - ) 020D =, ~_ ) o0 = (_,"_ _)
0'31(1) = (— S —) 032(1) = (— - - —)

Now let us take a natural definition for the real valued boundary function

X

guantities h(y -

) as hg, (x). Consider the following definition for the vector
valued function h: V - R32 defined by
h: < x,y,z,w,t>- hBl(x) =

(hs, 00,0000 @ow)ow ¢ 0x),0(¥),0(2),0(w),o(t) € @) (67)
Where h31(x),o(x)o(y)a(z)a(w)a(t) € R, x € Wn—l YV, Z,w,t € S(X) and
< x,y,z,w,t > denotes the vertices for the semi ball B, (x). Finally, we use the
function hg () c)6()o)cw)o) 0 describe the Gibbs measure of any

; ; o (x) B
configuration (,.\ sy o) o)) that belongs to @ 1(%),

In this section, we present the general structure of Gibbs measures with a memory

of length two on the Cayley tree of order four.

The finite-dimensional Gibbs probability measures (distributions) on the

configuration space Q"» = {g,, = {o(x) = +1,x € V,}} at inverse temperature
B = % is defined by the formula
1
() = Z-expl—f Hu(0) + ). Z 79I haymstismaisno] (69
XEWn_1 V,ZW,t €s(x

with the corresponding partition function defined by
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= Z exp[—B Hy (o) + Z Z a(x)a(y)o(w)a(2)a(t) hp, (x),c0)e)cme@ew]  (69)

on€QVn XEWn_1 ¥,Z,W,t €s(x)

Now we look for a new set of translation-invariant Gibbs measures and we
consider a construction of an infinite volume distribution with given finite-

dimensional distributions.

First step, we try to find the set of limiting Gibbs measures p,, for a sequence of
finite-dimensional compatible measures, i.e., we explain the splitting Gibbs
measures p; with memory of length 2 corresponding to the Hamiltonian of our
model (66) and the function h (67). See definition 3.1.1 and the condition (14).

We define the Hamiltonian (interaction energy) on V with the inner configuration

0,-1 € Q-1 and the boundary conditionn € Q"» as follows

Ha(Gua V1) = ~Jor ). oW ~Ju ) 1N

<X, Yy>EVn—q <xy>€EWn

~Jp Z>x’y< ] Vn_la(x)a(J’) —Jp erWn_z Zy ESz(x)a(x)r;(y)

_ ]Z<x’y>evn_la(x)a(Y) —JZEWn_Ey 0, M)

=HO )=o), @) ~fp), ) elnk)
BRI (70)

Thus , the compatibility condition (14) is satisfied if for the sequence of finite

dimensional probability measures w,™, n > 1 (68) for our model if

-1
> uP G Vi) = w0 )

nedwWn
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Then, we get

1
- exp[_ﬁ Hn(an—l v 77)
Zn neaQWn

+ Z Z Z Z Z [e) (1) n(¥2) 1(vz) NYh B, 3),06) 96 1672) 1Gr2) 1)

V,ZwW,l Ew,,_1 ¥;€S(Y) z;€S(z) w;eS(W) t;€S(t)

+0(z) n(z1) n(z2) 1(z3) N(z4) h B,2),6(2) n(z0) n(z2) n(23) n(z0)
+ o(w) n(w)nwz) n(wz) NWa) A g, (w),ow) n(wy) nwa) n(ws) n(ws)

+a () n(t) n(t2) nt3) n(ts) kg e)0) et n(Ex) n(ts) n(es) 1]

exp [_ﬁ Hn (Un—l)

n-1

+ z z [0(x) o(y) 0(2) (W) () ,(1)00x) 6(y) 5(2) ow) (8]
v,Z,w,t €S(x)

XEWn_2

In-1 From (70) This provides that

Let L, = P

NN +By Y lm)

<xX,y>€wn XEWn_2

L D o EPIBHOD+ B0 )

FBIYL D o)

* Z Z Z Z Z [0 1) 2) 133) NG B, 3,000 130 n2) 1) @)
V,ZW,t EwW,_1 V;ES(Y) z;€S(z) w;eS(W) t;€S(t)

+0(2) n(z1) 1(22) 1(23) 1(Z4) K B,(2),0(2) n(zy) (22) 1(23) 1(20)
+ O-(W) 77(W1)77(Wz) 77(W3) TI(W4) h B1 (W), c(w) n(w1) n(wy) n(wz) n(wy)

+ a () n(ty) n(tz) n(t3) 1(te) h g, ()00 nit) nit,) nes) nies) |

= exp[—pf Hp(opn-1) + Z Z [c(x) a(y) 0(2) o(w) a()h B1(x),0(x) 6(y) 6(2) (W) O‘(t)]]
v,Z,W,tES(x)

XEWp_p

Foralli = 1,2, 3,4. Now after simplifying we get
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—[ e? ) o) 0(2) W) 3 () h B, (x),0(x) o) 0(2) sW) 3(8) =

xéWn_z y,Zw,t € S(x)

R T N D D

X EWn_2 ¥,Z,W,t € S(x) yi€S(Y) z,€S(z) wiES(W) t;ES(L) n(yi),n(zi),n(wi),n(ti)e{—1.+1}

Where

B(R,J, Ip:Jor) = o) n(y1) 1(¥2) 1(3) 1adh 5,0),60) 1) nra) nvs) nva)

+0(2) 1(z1) 1(22) 1(23) 1(24) h 5,(2),06(2) n(21) 1(22) 1(z3) (z)
+o(w) n(wn(wz) n(ws) (W) B g, w),ow) n(ws) n(ws) n(ws) 7(ws)
+a () n(ty) n(ty) nts) () h s, 0,000 1(er) n(t2) n(es) 1)

+B8] [ eI +1(2) + n(y3) + n(y)) + (2 (n(z) +
+n(2,) + n(z3) + (25)) + aW)(n(wy) +n(wz) + n(ws)
+nwy)) + a@Ot) + n(tz) + n(ts) + n(ts))]

+ B Jor (MTany) + i) + TTizin(z) + [T, n(t))
+B Jp[ () T () + n(wy) + n(z) +n(t,))]

Next, letfix < x,y >, < x,z >, < x,w > and < x,t > by rewriting (71) for
all values of a(x),0(y),0(2),0(w),a(t) € ®@. In the same way as the first
model, we assume o(x) =i, o(y) = j,0(z) = L,o(w) = k,a(t) =g,n(y,) =
u,n(yz) = v,n(y3) = £,n(a) = an(z) = r,n(z) = s, n(z3) = q,n(z,) = p,
nwy) = o, n(wy) = n, n(ws) = m,n(w,) =hand n(t,) = b, n(tz) = c,
n(ty) = d,n(t,) = eWherei,j,Lk,guv,f,ars,qpon,mhb,cde€

®. Then, (71) is reduced to

eijlkg hp x0ijklg = L2 é eﬁ]pi(u+v+f+a+r+s+q+p+o+n+m+h+b+c+d+e) X

m,mn,o,,....

X eﬁ](l(r+s+q+p)+j(u+v+f+a)+k(o+n+m+h)+g(b+c+d+e)
x eBJOL((o(n+m+h)+n(m+h)+mh)+(r(s+q+p)+s(q+p)+qp)+(u(v+f+a)+v(f+a)+fa)+(b(c+d+e)+c(d+e)+de))
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X ejuvfa hp (. juv.fa x elrsqp hp,@ursap x ekonmh hp, w)kommh x egdeeBl(w),g;b,c,d,e

See Figure 4.1.1.

u v f ar s gpon mhb c de

Figure 4.1.1. The set of Configurations on semi-infinite Cayley tree of order 4 with
2 levels.

Now let

hl = hBl(x)' 0-1(1)
hz = hB1(x), o,V = hB1(x). o3 = hB1(x)' AS = hB1(x)»(75(1)

h3 = hB1(x), 0'6(1) = hB1(x). 07(1) = hB1(x), 0'8(1) = hB1(x)»(T9(1) =

h h

By (x), 010M=""B; (x), o1,V
h4 = hB1(x), o, = hB1(x), o3 = hB1(x). 01D = hB1(x), 015
h5 = hB1(x), 016V

h6 = hB1(x), 0'17(1)

h7 = hBl(x), o1g™ = hB1(X), a0 = hB1(X). o200 = hB1(x), o2,
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h8 = h31(x), 022 = h31(x). o3V = h31(x), 024 = hB1(x), o5 = h31(x)' 026 =

hB1 (x), 027V (80)
hg = hB1(x), o6 = hB1(x), oo™ = h31(x); o350 = h31(x)' o3, (81)
hio = hBl(x), 73, D (82)

Therefore, the real vector valued function given in (67) can be redefined as

h = (hy, hy hs, hy hs, he, ho, hg, ho, hyy) € RO (83)

4.2 Basic Equations

Now we construct the recurrence equations that give explicit formula for Gibbs
measures with memory of length two which satisfies consistency conditions (14)
by means of equation (72). Assume thata = e/, b = ef/randc = e FloL. As

we have done before, by using the equations (73)-(83) we can assume that

hB (y)o(l)
forx € W,_;andv; = e " fory € S(x)

h @
vl ! — e Bl (x)'o-j

Where i= 1,2,..,10 andj € {1,2.....,32}. From (72), through direct
enumeration, we get the following 10 equations:

Let v] = e "Biw.a1® = oM where h, is defined on the semi-ball B;(x),x €
W,.Then from (72) we get that :

!

v1:

81,8 105,106 123,12 .12,,2 141,14 .18,,3
L (a16b16c24vf+256ab 256a°b°c®v;  96a*“b “c“vi 16a b *c *vi

+ 24a'?b'2cM%v3v, +

vy v; v3 v,
1536a®b%v, 1152a®b®ctv,v, 288alh0ci%vZy 3456a*b*v? 1728ablc?v,v?
53 2 > LR L2 4 216a®b8cBv2v? + o 2 13
c2v3 v3 v, c*v3 v,
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+864a*b*v,vi +

768a?b%ctv 1152c*v,v 4608v 345602 16a%p10c18y3  1024a*b* 768aboctv
L 1V3 3 3 1 L

+ + +
2 2 2h2,2 2 4p4 iy 3 2
VU vy atb?c?v,v;  a*bictv; Uy V3V, 23

192a®b®c'?v?  288a°bhSc'%vZv; 4608a’b?v; N 2304a*b*c*v, v, N 1728a%b?c?v,v? N 6912v3  3456v3

+ +
Uy, Uy c2viv, Uy, Uy ctvyv,  a?b?cbv,
618 243 256a%b%c®vs  192a*b*c*?vvc  48a°bScBvivg 4 162 1152c*v3vs
+ 4a°b°c“*vivs + 3 5 + +72a*b*cvivzvs + —————+
v3 V3 v, v3
576a2b?ctv,v3vs 13265, 12 1728c%vivs  864v3ivs  256¢%vs 192¢12p, v 768c%vc
+ 432c%v,vivg +
v, a?b?v, a*b* aloptoyp? a*b*v? ashov,v}

1152c*v3vs  48a”b?c'®vivs  768cvs  384c'?vyvc  576¢ v vavs 2304ctvivs 1728 vivg

adh8v? A a?b?viv, VU, a?b?v, a*b*v,v, asbév,

96c12v?  48c18v, w2 72c'%v vavE  288c0vavE  216c%vEvE 96¢2vE 48cBv v

24,,2.,2
+6(: V]US + 2
abvz abvz ab abvz ab alb U4 abU4

192c12v?  288c 0vvE  4c*tvvd 16cBvd 24cCvvd 16¢1803 c“vg‘)
a8b8v2v4 a10b10v4 a8b8 a10b10v2 a12b12 a14-b14-v4 a16b16

Which is simplified (by [57]) to

, 4(ab)? 6 4 covs \*
v =1L, <a4b406v1 + 0 2 vt gy o + i

In the same way, we get the following recurrence equations

3 /146 2 2 4.6
rN—1 41.4 .6 4(ab)? 6 4 c6v5) (b c®  4b 6 4a a*c )
v =1L (a b*c®vi +——+=v — Vv, +— +—v —_
( 2) 2 1+ +c2 3"'(‘”,)21,4 atpt atvg az 7+Us c2 + b2 9t b4
2 61, \ 2 4.6 2 2 4.6
, 414 .6 4 (ab) 6 4 c®vg b*c 4b 6 4a a*c
v, =1L (abcv +—+= v+ — Vv, + +— v9 +
3 2 1 c2 3 " (ab)2v, ' a*b* a*vg az 7 " pgc2 bz 2 ' piyg,

3456a2b?v3 N 1296v: 256  256¢%v, 1024 1536v;  96a*b*c'?v? 1536

+ + + + +
6 8 8184,%4 2hH24,3 414 3 6H6r29,3 2 2,2
cv, c adbdv,  a?b?v; a*b*vyv; a®b®c?v; 2 V3V,

(84)

(85)

(86)

b)2 6 2 b6 b2 2 4.6 \2
(v4')‘1=L2(a4b4c6vl+4(iz) +C%v3+ : +CV5) ( iy 48 +4av9+ac) (87)

(ab)2v, a*b* atvg a2 vg c2 b2 b%vi,
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V7+ + 14

1 b*c® N 4 b? 6 4 q? N a*cs\* (88)
Vs =Rz vgc? = b2 7?7 bty

1 a*c® 4a* 6 4b%  b*cc \*

(U6 ) = LZ b4 v1 + b2 + _2173 + a2U4_ + a4 US (89)
N _ a*c® 4 q? 6 4 b2  p%c® 3 ct 4 6 212 a4b4cﬁ)

(U7 ) = Lz(b—4v1 + bz_v2+c_2v3 +a2v4+ o 175) (m+a2b2v7+czv8+4a b U9+ "1 (90)

4.6 2 2 pacs 2 6 4p4.6y2
@) = Lo (G v+ s+ Gvs b 42 vs) (Gt m vy e H AP H ) (9D)

a*b*vg = a?b? c?vg V10

;o a*ct 4a®>  6vz | 4D? b4c6v5)( c 4vy 6 212 a“b‘*c6)3
vy = Ly (5o ¥ g 4 2+ T+ ) (G S e T 4 @by + (92)
)1 = Ly (e bt dativ, + T2 (93)
v = v a*b?v
(10) 2\a*b*vg  a?b? 7 " c?vg ? V1o

From the system of equations (84-93), we conclude that :

\

W)™ = (n)F (vs')a

1 1
vy’ = (v,)2 (v5)2

@) = (0)E (vs)s > (94)

v, = (Uel)T (7710’)T

(W)™ = (06) 2 (010) 2

Vg = (V6,)_Tl (v10’)_T3 j
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Therefore, we can only select the four independent real variables
v, ,vs', v and vy,". Now the consistency (compatibility) condition satisfied if

the following remark satisfied:

Remark 4.2.1. If the vector valued function h Given in (83) has the following

form,

3p+ + + 3 31r+s r+s r+3s
o (- (), 50— (220) g r - (2, 2 (222 )
4 2 4 4 2 4

Then the consistency condition is satisfied , where p,q,7,s € R.

Proof.

From (83), Let h, =q, ht =q,hg =rand h,, =s wherep,q,r,s €R.

E ' l h 3h1+h5
Then from (94), (v3)~! = (v1")* (vs')? —> e™hz = ¢~ 4
3hi+h 3
—_— —h2= 14+ 5 —_ h2=—( p4+CI)
1 1 hi+hs
Now vy = (v;')2 (vs')z. Then, ez =e 2 , ie, hy =221

In the same way as the previous cases, we can get the other coordinates for h.

If we assume u;* = v;, then the system of equations (84-93) is reduced to

r_ 4 4 Uy 212, 3 4146, 4 6 2,, 2 c® 4
u, = 4L, 5 T 4a"b*u;” us +a b cut + — U Ut + -7 Us (95)
a*b c b*a
6 b*c* a*c® 4 p? 4 a?
14 4
us' =4/L + 96
> 2 (czuGZuw2 a*ug*  b*uypt*  a?ugduqy,  bPugug’ (96)
o 4 b>uyus® 4 a’udug  atc® 6u,us’>  b*c®
(ug)P =4 L2< N R o L (97)
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(98)

6 c® a*b*c® 4 4 a®b?
'N(-1) _— 4
u = /L + + + +
(U10) VL2 <02u62u102 a*btugt | ut | a2bPugduy, | Uglyyd

4.3 Translation-Invariant Gibbs Measures

In this section, we describe the set of translation-invariant Gibbs measures
associated with our model that corresponds to Hamiltonian (66). Then, from

definition 3.3.1, the vector field function
h = {h Bl(X),O'i(l) : l € {1, 2,.. .y 32}}

Is considered as translation-invariant one if hBl(x),ai(l) =h B, (.0, for all

y € S(x)and i € {1,2,...,32}, and the translation-invariant Gibbs measures

are the measures that corresponds to a translation-invariant function h.
As a result, the Gibbs measure for our model is translation invariant if
u;'= u;forall i € {1,5,6,10}.

Assume u; = u;, Vi € {1,5,6,10}.

Since the analysis and solving the system of equations (95)-(98) is rather tricky.
Then, we define a set A, in which this system of equations is solvable , the set
IS:
+ 4 1 1
A, = { (uq, us, Ug, Ugg) € R U = — , — = u1} (99)

Ue U1o

Then, we want to find Gibbs measures for the previous considered case. To do

this, we introduce the operator
Fu) = (F(w), Fs(w), Fe(w), Fio(w)) = R** — R**

Where u = (uq, us, Ug, Ugg) € R+4, ui = Fy(uq, us, Ug, Uqo)
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r 1 __
us = Fs(ug,us, ug, Ugg) , U = Fg(uyg, s, Ug, Ugp)
!
and u 19 = Fyo(uq, us, ug, Ugp).

As we know, The fixed points of the equation u = F(u) describe the translation-
invariant Gibbs measures of the Ising-Vannimenus model corresponding to the
Hamiltonian (66). It's clear that the set A, is invariant with respect to the operator
F, ie., F(4,) € A,. As a result, we consider this invariant subset for this

operator, which will be used to describe the Gibbs distributions.
4.4 Phase Transitions

From Remark 3.4.1, we know that if there is more than one positive fixed point
of the operator F. Then, there exist more than one Gibbs measure corresponding
to these positive fixed points. In essence, a phase transition occurs for Ising-
Vannimenus model with Hamiltonian (66) if the system of equations ((95)-(98))
has more than one solution. The number of the solutions of these equations

depends on the coupling constants and the temperature T.

Note that if it is possible to find an exact value of temperature T, such that a
phase transition occurs for all T < T, then T, is called the critical temperature
of the model .See definition 2.1.11.

Now we start to analyze the system of equations (95-98) in order to determine the

number of positive fixed point for that system.

Assume ug = ui and u; = — ,i.e., We restrict the operator F to the set A,.
6

Uio

Then, we reduce the nonlinear dynamical of equations (95-98) to the following

equation :

u;  (4c?a?b?ujus® + 4 a®b®c?u dus + a®b¥cBuyt + 6 a*btu tus? + cBug?)
us (6 b*a*us?u,? + b8cBug* + adcBu * + 4 b®a?c?udu, + 4 abh?cusu,3)
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Assume % = x,x > 0. Then, we define the following function
5
(4c?a?b?x + 4 a®bh®c?x3 + aBbBc®x* + 6 a*b*x? + ¢?)

/@) (6 b*a*x? + b8¢c® + a8cBx* + 4 b®a%c?x + 4 a®b?c?x3) x (100)

In order to investigate the phase transition of the model, we analyze the positive
fixed points of the rational function f with real coefficients as a dynamical

system. We start the analysis with Mathematica Programming help [57].
For simplicity, assume a? =a’, b2 =b’, ¢? =c¢'. Then, The function f is
reduced to

(4c'a’' b' x+ 4 a*p3c x3+a*h e xt + 6a'h i x? + c’4')

101
(6b%a*x2 +b'*c™* +atc"* x4+ 4b>a’ ¢’ x+4a’3b ¢’ x3) (101)

fx) =

The fixed points of f(x) are the roots of equation f(x) = x, the later could be
reduced to the function

g = ac"*x*+(4a’b' ¢’ —a*p* )t + (6 b%a’? —4a°b'Pc )x® +
(4b7a’ c'— 6b%a*)x?+ (b"*c"* —4a' b’ ¢’ )x—c""=0 (102)
We use Descartes” Rule of Signs ( see definition 2.2.13) to find the possible
number of positive zeroes for the polynomial g(x). Thus, we determine the

number of positive and negative solutions to the equation (102) by the following

steps :

To apply Descarts' Rule, as mentioned in definition 2.2.13, we find the negative

case for the polynomial, i.e., g(—x) which is reduced to

g(—x) = —a'*c"*x5 + (4 ab’ ¢ — a’4b’4c’4)x4 — (6 b'?a'* —4ap3c )3

+ (4 b3a’ ¢’ b'? ’2)x (b’4c’4 —4a b’ ¢’ ) x—c'*=0 (103)

Let B = (4 a’’b' ¢ — a’4b’4c’4), C = (6 b'?a'® —4ap"3c ) ,
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D= (4 b3a ¢’ —6 b’za’z) and E = (b"}c’4 —4a' b ¢ ) Then :

B=0iff b’ c’ (4—a' bc®) =0 iff b°c® ==

!

C=0iff 6b%a* —4a’p'3c’' =0 iff b' ¢ =

2a’

D=0iff 4b3a'c' —6b%a2=0 iff b ¢ =%

E=0iff b*'*—4a'b'c'=0 iff b'°c’® = 4a’

Consider the following table which counts the number of sign changes for the

positive and negative case, respectively.

Table 4.4.1 Possible number of positive and negative roots for g(x) depending on Descartes' Rule

B C D E Positive Roots Negative Roots
+ + + + 1 0,24
+ + + - 1 0,24
+ + - + Impossible
+ + - - 1 0,2,4
+ - - + Impossible
+ - + - 1,3 0,2
+ - + + 1,3 0,2
+ - - 1 0,2,4
- + + + 1,3 0,2
- + + - Impossible
- + - + Impossible
- + - - Impossible
- - - + 1,3 0,2
- - + - 1,3 0,2
- - + + 1,3 0,2
- - - - 1 0,2,4
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Since we are interested in the existence of more than one positive root for
g(x).Then, we consider these cases from Table 4.4.1 and search for the

conditionson a’, b'and ¢’ such that these cases are satisfied.

To clarify, consider the following table

Table 4.4.2 The conditions under which there is possibly 3 positive roots for g(x) ,c’ > 0

Case B| C| D E Number of conditions
number positive roots
3 a7
- 0958415 <a’' < land —— < b’ < 22
1 + _ + _ 1’3 2a: C’ C,
- 1<a < 104339 and 22 < b’ < s\/z,l,
2cC a C
- 0918559 <a’ < 0.958415 and % < b <
3[4 1
2 + - +| + 1,3 \g'?
327
- 0958415 <a'<land ——<b'< |=.
- 0<a <0918559 and [=.L1 < 3
3 - + + + 1,3 a""c' 2a'c’
- 0<a <0.918559 and b’ >%
/ 2N I
4 I N A 13 - 0918559 <a' <1 andb >\/;.C,
37
- 1<a <1.08866 and b’ > %
- a’>1.08866 and b’ > z—j
3T ’
- a’'>1.08866 and ——<b' <>
5 - - -+ 1,3
3 7
- 1<a <1.04339 and °|=.=< b’ <2
a" ¢ C
6 A I R 1,3 - 1.04339 <a’ <1.08866 and =< b’ < -

The analysis of these conditions is trivial, but to clarify this we analyze caselfrom

Table 4.4.2 in details as follows :
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Casel is satisfiedif B>0, C <0, D >0 and E < 0 which is reduced to

27

3
4 3 43 3 43 3 ,3_ 274a 3 ,3
?> b""c'"” , b'"c’ >F, b c"” > - and b'°c’" <4ad
a

' Ie:

4 27
<b3c” <= and < b3 <4da (*)
a' 8a'

3
27a’

There are two possible cases considered in solving these inequalities :

a’ 3 ,3 4
< b'c <—,.
8 a

27

1) If a’ > 1, then the intersection of the inequalities in (*) is

27a"

Also, we consider the condition < %to be satisfied —> a'* < %

—> a’ < 1.04339

So we conclude that the conditions for the this case are:

3

3a 1

!
< b < -, ¢ >0,

2c!

Q\l,.[;

1<a <1.04339 and

(o}

27
<b33< 44,

2) If a’ <1, then the intersection of the inequalities in (*) is

8a’’

27

Again,we consider the condition =25 < 4 a’ to be satisfied %% <a*

—> 0.958415 < a’

So we conclude that the conditions for this case are :

3
\/_I
—<b <—, ¢ >0

0.958415 <a' <1 and

2a’ ¢’
In the same way, we can prove the other cases.

Remark 4.4.1. The maximum number of positive roots for equation (102) that
corresponds to a shifting-invariant phases for Ising-Vannimenus Model with

Hamiltonian (66) and boundary function h (83) is three based on Descarte's Rule.

Next, we consider the following Examples on Descarte's Rule such that we
confine the values of a’, b'and ¢’ in which the phase transition possible to exists.
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Example 4.4.1

Let a’ =1.03 and c¢'=0.5. Then, if we try to find the conditions in which it is
possible to find 3 roots for the fuction g(x) (102), we conclude that the

conditions are:

1) 3.143674 < b’ < 3.20624 (from case(6) in table 4.4.2) .

2) b’ > 3.20624 (from case (4) in table 4.4.2) .

3) 3.09 < b’ <3.143674 (from case(1) in table 4.4.2).
As a result, in order to detremine phase transition region we restrict the values of
b" such that 3.09 < b’, b" + 3.143674,3.20624, i.e., whena’' =1.03,c’ = 0.5

and b" < 3.09.Then, phase transition does not exists.
Example 4.4.2

Take a’ = 0.3 < 0.91856 and ¢’ = 4. Then, in the same way as Example 4.4.1
,we find the conditions on b’ in which it is possible to find 3 roots for the

polynomial (102) and the results are :

1) 0.592816 < b’ < 1.25 (from case(3) in table 4.4.2).
2) b’ > 1.25 (from case(4) in table 4.4.2).

Then, we can exclude the values of b’ that are less than or equal 0.592816 .

Although Descartes' Rule is needed to determine the possible conditions for phase
transition to exists, but in order to determine the exact conditions for phase

transition we need further analysis as following :

Consider the first derivative for the function f (101) :
1) = 4a’b’(c’ +3a’b’x +3a’*b'"*c'x? + a’:“'b’g(,"‘Lac:"')(b"*c’4 +4a'b’3c'x + 6a’*b'*x? + 4a"3b'c'x3 + a’4c’4x4)
B (b"*c"* +4a’b3c'x + 6a’*b'*x2 + 4a’>b'c'x3 + a’*c'*x*)2
4a’(b’3c’ +3a'b"*x +3a’*b'c'x? + a’3c’4x3) (6a’2b’2x2 + 4c’(a’b’x + a’3b’3x3) + c’4(1 + a’4b’4x4))

(b"*c"* 4+ 4a’b’3c'x + 6a’*b'*x2 + 4a3b'c'x3 + a’*c'*x*)?
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Now f'(x) > 0 (f isincreasing)ifc’' >0, b'>1, a’>0and x > 0.

If b" < 1, then f is decreasing and there is only one possible solution
of g(x) (102). Thus, we can restrict ourselves to the case in which b" > 1.

As we have mentioned in chapter 3, there is more than one solution for f(x) = x
if and only if there is more than one solution to x f’' (x) = f(x), which

reduced to the following equation:

(5 a’*c"®x* —3a"*b"%c'®x* + 16a"°b'c"°x3(1 + a'*x?) — 8a°b""c'"°x3(1 + a’%x?) +
8a’b’3c’x(c’4 + 6a’*x? + 6a’*x* + 2’ c’4x6) + 6b’2(3a’2 "*x2 4+ 8a'*c"*x* +
3a’6c’4x6) 2b’6(3a’2 %2 4+ 8a'c"*x* + 3a’°® 6) +p* (36a’4 44 16c’2(a’2 2

+a'®x®) +c"*(1+ a’8x8))> =0 (104)

Then, by analyzing this equation using Mathematica Programming [57], there are

two positive roots for this equation if the following conditions satisfied:

Letc’ > 0 and y(c") = the positive root of the following equation for a specific

value of ¢’ > 0:
—5c"* —12¢'y —6y? +4c'y* +3c"y* = 0,y >0 (105)

Then, there are two Positive roots for equation (104) iff a’ > 0,c¢’ > 0andb’ >
y(c"). Assume, if these conditions are satisfied , the roots of polynomial (104) are
x; and x, such that 0 < x; < x,. Thenthere are more than one fixed point
forthe function f(x) if f'(x;) <1< f'(x,). As a result, this construction

provides the following proposition:
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Proposition 4.4.1. The equation

3,3 4,4 4 2,2 4
(4c’a’b’x+4 a” b’ " B3+a" b " xt+6a’ b x%4c’ )

7z (106)

6b"%a*x2+b" ¢ +a'*c" x4 +4 b'3a’ ¢’ x+4a"3p' ¢’ x3)

withx >0, a’" >0, ¢’ > 0and b’ > 0 has one positive solution ifb" < 1. If

b" > y(c") such that y(c") = the positive root of the equation
—5c"* —12¢'y —6y%24+4c' y3+3c"*y* =0, y>0,

Then, there exist n,(a’,b’,c’) , n,(a’,b’,c’) >0 such that equation (106 )

has at least two positive roots if n,(a’,b’,c’) < 1< n,(a’,b’,c"), where

! 1o f i*
ni(aib ’C)z%

1

Where x;*,i = 1,2 are the positive solutions for the equation

(5 a*c'®x* —3a"* '8 x* + 16a’3b’c’5x3(1 + a’zxz) — 8a’3b’7c’5x3(1 + a’zxz)
+8a’b’3c’x(c’4 + 6a’*x? + 6a’*x* + a’6c’4x6) + 6b’2(3a’zc’4x2 +8a’*c"?x4
+ 3a’6c’4x6) — 2b’6(3a’2c’4x2 + 8atcx*+ 3a’6c’4x6) +p'* ( 36a’*x* +

16c’2(a’2x2 + a’6x6) + c’8(1 + a’8x8))> =0, and f(x) is the function in (101).

Remark 4.4.2. If the function f in equation (101) changes it's concavity from up
to down around x = «, where a > 0, and if n,(a,b,c) =1 or n,(a,b,c) =
1.Then, there are exactly 2 positive roots for equation (34). Otherwise , if
n,(a,b,c) <1< n,(a,b,c), then there are 3 positive roots under the same

concavity conditions.

As a result, we conclude that Ising-Vannimenus Model with Hamiltonian (66)
exhibits a phase transition if there are more than one positive root for equation

(106) due to proposition 4.4.1 Conditions.
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4.5 Numerical Examples of Phase Transition

In this chapter, we present some numerical examples by using an elementary
analysis , i.e., we obtain the fixed points of the function f that given in section 4.4
for a specific values of ¢’, b’ and a’. Thus, we use Wolfarm Mathematica [57] to
solve this equation and try to find the conditions for phase transition to exists due
to proposition 4.4.1. We only deal with positive fixed points, because of the

positivity of exponential functions.

We try to check the existence of phase transition for different values of the
coupling constants /, Jp, Jo, and the temperature T, i.e., for different values of

a’, b’ and ¢’, in the following Examples :
Example 4.5.1

Let Jo, =—0.2 and T = 2, then ¢’ = 0.45. Then from proposition 4.4.1 we
conclude that there are two positive roots x; andx, for equation (104) if
b’ > 3.42051 such that y(0.45) = 3.42051.

Let b’ = 3.43 > 3.42051, then there is a phase transition if
f'(x;) <1 and f'(x,) > 1.
By using Mathematica Programming [57], this condition is satisfied iff
0.9994158351066276 < a’ < 1.0005845067783965
Take a’' = 0.9995, then the roots of polynomial (104) are
x; = 0.67619 and x, = 1.48035

As a result, there are 3 translation invariant Gibbs measures, i.e., there exists 3
positive fixed points for the function f in equation (101) and these fixed points

( phases) are
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x = 046181, x = 1.30138 and x = 1.66284
See Figure 4.5.1.

Note that f'(0.46181 ) = 0.99365 < 1. Then, from Remark 2.2.3 we conclude
that the positive fixed point x = 0.46181 is a stable one. As a result , the Gibbs
measure at this point is extreme, and the same thing for x = 1.66284 such
that f'(0.46181 ) = 0.99849 < 1. which means we have two extreme Gibbs
measure. Also, f'(1.30138) =1.00123 > 1, thus x = 1.30138 is not stable fixed
point of f(x) and the corresponding Gibbs measure for this point need not be

extreme.
Example 4.5.2

Let ¢’ = 0.97, then from Proposition 4.4.1, same as the previous Example, there
is two positive roots x; and x, for equation (104)if b’ > 0.992233 such
that y(0.97) = 0.992233.

Take b' = 2, then the phase transition exists if f'(x;) <1< f'(x,). This

condition is satisfied iff
0.8146866021188426 < a’' < 1.2274658714150852
Leta’ = 1.2, then the positive roots of equation (104) are
x; = 0.269121 and x, = 2.58042

As a result of Proposition 4.4.1, we have more than one positive fixed point for
the function f, and these points are x = 0.195253,x = 0.375999 and x =
9.74376.

Thus, there are 3 translation invariant Gibbs measures corresponding to that
points when ¢’ = 0.97, b’ = 2and a’ = 1.2. It's clear from Figure 4.5.2 that the
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first and third fixed points are stable, but the second one is unstable. We can make

sure by using first derivative test as Example 4.5.1.
Example 4.5.3

Let ¢’ = 2, then there are two positive roots x; and x, for equation (33) if
b’ > 1.21224 suchthat y(2) = 1.21224.

Consider b' = 1.4, then there is a phase transition if
0.7906262026419042 < a' < 1.264820210433788
Lettake a’ = 0.8, then the positive roots of equation (104) are
x; = 0.70685 and x, = 2.21050

Then, we have more than one positive fixed point for the function f and these

points are
x = 0.29259,x = 1.96282 and x = 2.49463

It's clear from Figure 4.5.3 that the first and third fixed points are stable, but the
second one is unstable. We can make sure by using first derivative test as

mentioned in Remark 2.2.3.

Remark 4.5.1. If we take a’ = 0.7906262026419042 in Example 4.5.3 such
that f'(x,) = 1 by [57] in this case. Then, there are exactly two fixed points for

fx):

x = 0.291872 and x = 2.236709

Thus, there are two translation invariant Gibbs measures corresponding for these
points. That's what we noted in Remark 4.4.2 (see Figure 4.5.4).
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4.6 Comparing the Results of Descartes’ Rule with the Results of
Proposition 4.4.1

As we have mentioned in section 4.4, Descartes' rule is needed to determine the
intervals in which it's possible to find 1 or 3 fixed points for f(x). In contrast,
Proposition 4.4.1 gives exact results about the existence of phase transition, i.e.,
more than one fixed point for the function f are surely exists. As a result, it's
clear that the values for a’, b'and ¢’ that satisfying proposition 4.4.1 conditions
are surely contained in Descartes' rule intervals for the existence of phase

transition.

To clarify, consider Example 4.4.2 such thata’ = 0.3 and ¢’ = 4. Then, from
Proposition 4.4.1 and by analyzing equation (106) using Mathemaica
Programming, the phase transition exists iff b’ € [ 1.829331, ). Note that
[ 1.829331, ) < (1.25, ), where (1.25, ) is the interval of b’ that we have
found from Descartes' rule conditions that is related to case(4) in table(4.4.2). So,
Descartes' Rule helps to confine the intervals where the function f has one or
three positive fixed points but on the other hand proposition 4.4.1 gives the exact

conditions for the existence of more than one positive fixed point for the function

f.
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Figure 4'_5'1' The existence of 3 positive fixed points of the Figure 4.5.2. The existence of 3 positive fixed points of the
function f(x) for a’ = 0.4,b' = 3.43 and ¢’ = 0.9995 function f(x) fora’ = 1.2,b' = 2 and ¢’ = 0.97.

Figure 4.5.3. The existence of 3 positive fixed points of the Figure 4.5.4. The existence of 2 fixed points of the function
function f(x) for a' =0.8,b' =1.4and ¢' = 2. f(x) fora’ = 0.7906262026419042,b' = 1.4andc’ = 2.
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Chapter Five

The Third Model:

5.1 A g-State Potts Model with Next-Nearest-Neighbor Ternary
Interactions on a Third-Order Cayley Tree

It is natural to consider models with ternary interactions, i.e., interactions of triple
neighbors as we have done in chapter 3. Monroe (1992) [45, 46] studied the Ising
and the Potts models with ternary interactions only. Recently, Ganikhodjaev et al.
(2011) [11,12] studied the Potts model with competing ternary interactions
actions J, and J, and NN interactions J on the Cayley tree of second order with
three states space {1,2, 3}. In (2012) [24], the phase diagrams for the Potts model
with restricted competing NN interactions J and ternary interactions J, on a
Cayley tree of arbitrary order k with 3 state space is constructed. In this section,
we prove the existence of phase transition analytically for the same model with an
arbitrary number of states (q), g € N on Cayley tree of order 3, i.e, we develop
the model in [24] for g state space and determine its' effect on the phase transition

conditions.

5.1.1 Model Construction

Consider a Cayley tree of order 3, let W, = { x1,%,, x5} and let [; =< x(©), x; >
L, =< x©@ x, >and I3 =< x(®,x; >be 3 edges emanating from x(©. It is
evident that a semi-infinite Cayley tree I'S splits into 3 components , i.e., 3 single-

trunk Cayley trees T'K (1;), i = 1,2,3. Let V%4 be the set of vertices of a single-
trunk Cayley tree TX (), and V' =VinV, be the set of vertices x € Vi

n
with d(x, @) < n.
Consider the Potts model (See Section 2.3.2) with spin values in
& =1{1,23,..,q},g€EN,q=2 (107)
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, 1.e., the spin variables a(x), x € V takes these values.

Then, relevant Hamiltonians with competing NN interactions J, and TPNNN

interactions J, have the forms

H(U) =—J 2 60‘(7()0‘()/)0’(2) —J Z 6a(x)a(y) (108)
>x,y,z< <x,y>

Where J;, ] € R are coupling constant, § in the second sum is the usual
Kronecker symbol and § in the first sum in (108) is the generalized Kronecker

symbol defined as

5 (L if 00 =00) =0

s(@)oe@ = otherwise

Conditional Gibbs measures with fixed boundary conditions

In this section, we will produce recurrence relations by fixing boundary
configurations a™(V \ V,,) for the ball V, such thata™(V \ V) = {o(x) € @ :

x € VIV, }, @ is the state space in (107) and n > 0. Let a"(V \ V,,) be a fixed
boundary configuration, i.e,a"(V\V,) =i, vn>0, i € ®. From [25], the
notion of total energy H(a(V,)|a(V\V,)) of configuration o(V,) under

boundary condition (V' \ V,) and partition function Z,, (6(V \ V,)) in volume

17, under boundary condition (V' \ V) is introduced as the following :

H(oW)|GW\ ) = —Jr X5xy.2< 86, ()0, (0)0n(z) — ] 2 <x3> O ()0 ()

X,¥,Z€Vy x,y €V

— Je 2>xy.2< 86, ()00 (05n2) — 1 X x> 86 ()T ()
x,yEVy,
ZEV\V, yEV\Vn
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Z,GUA\V) = ) ew(=f H(oW|aW \ k)
a(Vp)EDVn
Then, the conditional Gibbs measure y,, of a configuration o(13,) that defined on
the ball v, , n > 0 is defined as

exp(~B H(c(Vn)[5(V \ Vn))
Zyp (5(V\ V)

Hv, (G(Vn) |6(V \ Vn)) =

Here, the configuration o(1;), the partition function Z, (6(V \1;)) and the
conditional Gibbs measure py,. (a(V,)|a(V \ ;) in volume (ball) ¥, will be

denoted as o, Z™ and p,,, respectively. In this section, we fixed the boundary
condition a(V '\ V},) = 1,V n > 0 and then build the recurrence equations for the

conditional partition functions under this boundary condition.

In order to produce the recurrence equations, we use partition function method in
the same way as [1, 24, 25]. This method depends on the relation of the partition
function on the ball V,,,; to the partition function on its subsets V;,. Given the
initial conditions on V;, the recurrence equations will indicate how their influence
propagates down the tree. We should take into account the partial partition
functions for all possible configurations of the spins in two successive

generations , i.e., all possible configurations on the ball V;.

We consider the following partition functions:

- ZM(i, ) which represents a partition function on ani with the configuration
(ij)onanedge < x©,x > wherex € Wyandi,j = 1,2, ,q.

- ZM (iy, 14,15, i3) is a partition function on V,, where the spin in the root x(
isi, and the 3 spins in the W, are iy, i, and i, respectively. Clearly iy,
i;,i, and i; € @ (107).

From [21], it's clear that we can write the partition function in term of its

component from single-trunk Cayley tree (see definition 2.2.3)
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Z(n)(io; i, Iy, i3) = }?":1 Z(n)(io' ij) (109)
There are g*, q = 2, different partition function Z™ (i, i, i, i3) on the ball V;.

The partition function Z™ in volume V,, be written as

q
Z(n) = 2 Z(n) (io; i11 iZ' l3)

i01i1'i21i3=1

We consider the partition function in equation (108) , with a fixed spin i, in the
root x(©), where i, = 1,2, 3, ...q and let m; be the number of spin {1} and m, be

the number of spin {2} and mjthe number of spin {3} and ........ my the
number of spin {q} on the same level W; such that m; + m, +---+m, =3 . It

IS evident that

ZM(1,iy,1,,i)=(ZM™(1,1)™ (ZM(1,2))™2 .....(Z™M (1, q))™a )
ZM(2,i;,1,,13)=(Z™(2,1))™ (ZM (2,2)™2 .....(Z™M (2, q))™ > (110)

ZM(q,1y,15,13)=(Z™(q,1))™ (Z™(q,2))™2 .....(Z™(q, q))™
/

In the same way as [24], we assume that J, # 0, and we fix the boundary

condition to be one, i.e., @, = 1 where o, ={d(x) € ®: x € VII},}.

Remark 5.1.1.1 Consider all partition functions in volume V,% under the

boundary condition @, = 1. Then we conclude that

\
zM(1,2) =zM@13) == zM(1,q) =2z™(g,d) ,whereg #d,1< g <gq,
z™2,1) =zM3E1) = =2z2M(q1) ,1<d<gq >(111)
z™(2,2) =zM™(3,3)=-..=2zM(q,q)

/
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Whereq e N,g=>2,n>1and g,d € .

Proof.
Assume that ¢ = e#/, b = ePJt, and assume we have q states such that the states

spaceis® ={1,2,3,........,.q},,q €N, g = 2. Letg,d € {2,3,........,q},g # d
We prove this remark by induction Yn > 1 as following :

-Forn = 1, it's clear that

zW(1,2) =zM(1,3) =....= zW(1,q) =zV(g,d) = 1\
zM2,1)=2zM031) = =2z0(q1) =3 (112)
zM(12,2)=zM3B3)=-..=2W0(q,q) =
(1)(1 1) — b3 4
VA , C
/
Clearly it's satisfied for n = 1.
- Assume it'strue forn =k, k > 1, i.e,,
z®(1,2) =z0(1,3) =..... = z¥(1,q) = 2B, m)
z®2,1) =z03B1) = =2z0(1)
z8(2,2) =z®3,3) =---..= z¥(q, q),
-We show it'strue forn =k + 1
It's clear that z*+1V(2,1) = z&k*D(3,1) = .- = z(k*+D (g, 1) under the boundary
conditiona,, = 1.
To prove the other relations, take an arbitrary g € {2,3, ........,q}, g = 2. Then,

z(k“)(l,g) — (Z(k)(g,g))3 + (Z(k)(g, 1))3 + Z (Z(k)(g,m))S

m#gm#=1

76



+ 3 Z (2%, m))2 (#®g.9)) +3 z (z(")(g,g))2 (2%(g,m)

m#g m#g
+33 3 (:®gm) (:©@.Dn) + 622 2, (96w) (=) (= @m)
mrgg lqtlm mqtg
l#g liumiumil

Where m,l,u € ®.

From the assumption when n = k. It's clear that z®**D(1, g) is the same value
Vge{234,......,q9}, g = 2. Now consider the following relations:

20+0(g,d) = (29(, d))3 + (29, 1))3 + 2 (z(k)(d,m))3 +

m*d
m*1
3 ®) (q, )2 ®(d,d)) +3 &) (d, d) : &) (d, m)
> (Oam) (©@n) +3Y (Hao) (Ham)
+BZZ((")(d D) (2% d,m) +6ZZ Z @9 (d,w) (20, 1) (209 (d,m))
lid'Tlr;n(zi l:td mid

lzu m#Elm+u

720+ (g, g) = ¢[ b® (z(")(g,g))3 + 3 b2 z (Z(”)(g,g))z (z(”)(g,m))

m#*g

+3b ) (200g,m) (27 (0.0)) + 6b ZZ ™ (2™(g, @)™ (g, D)™ (g, m))

m#g m#
l:tg 9

+Z(z(”)(g, l))3 + 3 Z Z (2, l))z (2™ (g,m))

l#q l+m=#q m+#q

+6ZZ Z (2% (g, ) (2®(g,) (20 (g, m))]

lzg M#*g
1y MELM#U

Then, basing on our assumption , it's clear the equality satisfied forn = k + 1.

As a result, the remark is proved by induction.
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As aresult of the relation (111), we can reduce the system (110) into the

following system of 4 independent variables :

u, ™ = z™M(1,1,11) = 3\/(2(")(1,1))3 =zM(1,1)

u,™ =3/z2M(1,2,2,2) = 2z (1,2)

u;™ = Yz (2,1,1,1) = z™(2,1)

u,™ =Yz (2,2,2,2) = z™(2,2)

Assume w, = ul” and uj, = ul", wheren > 1, k = 1,2,3,4.

Then, we establish the following recurrence equations for the Potts model with

Hamiltonian (108) with g state space , g = 2. These equations are:

uy =c (b3u® +3b%(q - Duy u 2 +3b (g — D*uy uy? +u,3((g— 1)+
q-—1 q—1
6("5)+ ("5 )

= ¢ (b3u 3 +3b%(q — Duy u? +3b (g — 1)%uy up? +uy3(qg — 1)3)

Then, u;” = c(bu; + (@ — Duy)3 (113)
uy = uj + 3uus + 3uf uz + 3(q — 2)%uqgui + (@ — 2)%u; +uj +
3(q — 2)u,uj + 3(q — 2)uyus + 3(q — 2)%uzus + 6(q — 2)uyuzuy, .
Then, u, = ((q — 2)u, + uz +uy)3 (114)
In the same way, we get
(115)

uy = (ug + (g — Duy)?®

uy = c(ud + b3ui +3bu, u? + 3 b%uius + 3(q — 2)uul + 3(q — 2)%udus +

3b% (q — 2)u, uz + 3 b (q — 2)2usu, + (g — 2)3u3 + 6 b(q — 2)uyusus )
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Then, uy =c((q —2)u, + us + b uy)? (116)
Now Define the following operator
Fu®):u® = (uf®,uf”, uf”,uf) € R S um+D) = (™, uf™ D, 0w 0) e R (117)
Thus, the recurrent equations (113-116) can be rewrite as u™*) = F(u™ ),n > 1.
Let define the operator F on the following shifting-invariant set
As = { (uy, Uy us uy) €RY : uy =u, and us = u,},

Remark 5.1.1.2.[24, 26] It's known that the set of Gibbs measures that
corresponds to solving the operator F (117) on the shifting invariant set A; is

called Paramagnetic or high symmetry phases.

Thus, to investigate the paramagnetic phases, we reduce the system of equations

(113-116) into only two recurrent equations as follows:

u, D = c(bu;™ + (q — 1)u§n))3 (118)
ugn“) =(u,™ + (q - 1)u§n))3 (119)
ul(n+1)

Letx,., = — D Then, the system of equations (118-119) is reduced to the

2

following nonlinear dynamical recurrent equations

_ c(bxp+(@-1)°
il =T K-

n>0 (120)

It's easy to conclude that corresponding limit Gibbs measure is fully determined
by fixed points of recurrent Equation (120), i.e., solutions of equation F(u) = u.

So let define the following function f : R* - R* such that
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_(bx+(@-D)
~ (x+(q-D)°

f(x) (121)

Then, if there is more than one positive solutions for f(x) = f a phase transition

exists [4], i.e., there exists more than one paramagnetic phase for our model.

5.1.2 Phase transition

In this section we prove the existence of phase transition by analyzing the fixed

points of the function f in equation (121).

It's is clear that f(x) is continuous Vx>0 ,f(0)=1>0 and f is a bounded

function since lim,_,, f(x) = b3. Asaresult, the curve y = f(x) must intersect
aliney =mx, m= % ¢ > 0. Therefore, this construction provides at least one

element of the translation-invariant paramagnetic set of Gibbs measures

corresponding to the model (108) for any x € R*. Now

3 (b—-1)(q—1)(q—1+bx)?
(-1+g+x)*

flx) =

Note that f'(x) > 0(f is increasing) iff b > 1, g>1andc >0, so we

restrict ourselves for the case when b > 1.

The second derivative:

6 (b—1)(q—1)(2—2q+b(q—1—x))(—1+q+bx)_0
(g —1+x)° B

fr'eo =

Then, (2-2q+b(q—1-x))=0 —> x4y = (q—l)(l—%) >0

It's clear that the inflection point x;,r > 0 iff b > 2, so we consider b > 2.
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Forb > 2, it'sclearthat f"(x) >0 (fisconcaveup) iff x < x;f
and  f"(x) <0 (f is concave down) iff x > x;,;

Then, there is at most 3 Positive fixed points for f(x) (121) .

As we know from Preston [50], there is more than one solution for f(x) = x iff
there is more than one solution for x f'(x) = f(x) which is reduced to the
following equation:

_ (q—1+bx)?(bx?-2 (b—2)(q-Dx+(q-1)?) _
(g—1+x)* -

0 (122)

Now we find the conditions for the existence of two positive roots for equation
(122).

Consider the quadratic equation b x%2 —2 (=2 + b)(—-1+ gq)x + (g — 1)? = 0.
Then there is more than one real solution for this equation iff the discriminant

A > 0, it's clear that

A=4(b—-2)*(q—1)*—-4b(q—1)*=4(q—-1)* (b*-3b+4) =
4(g—1*(b—4)(b+1)>0iff b >4 where b > 0.

As a result, under these conditions we have two positive roots for equation (122)
which are

2—b—2q+bg \/4—5b+b2—8q+10bq—2b2q+4q2—5bq2+b2q2
X1 = -
b b?

2—b—2q+bq 4 —5b + b%? —8q + 10bg — 2b%q + 4q? — 5bq? + b?q?
Xy = b + b2

X1, %, > 0. Thus, we can conclude the following proposition,
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Proposition 5.1.2. The equation

x _ (bx+(g-1)°

¢ (x+(q-1))3 (123)

with x >0,c>0,b>0andqg = 2,q € N has one positive solution if b < 1.
If b > 4 then there exists n,(b,q), n,(b,q) > 0 such that equation (123) has

three positive roots if n,(b,q) < %< n,(b,q) and has two positive solutions if

eithern,(b,q) = % or n,(b,q) = % where

2
—_p— _ 2_ _2p2 2_ 21p242
3(q—1)<—1+q+b(2 b lz)q+bq \/4 5b+b4—8q+10bq 12,2 q+4q“—-5bq“+b<q )) (—1+b))

b =
nl( ’ q) (—1+qH 2—-b-2q+bq \[4—5b+b2—8q+10bq—2b2q+4q2—5bq2+b2q2)4
' b b2
2
—p— _ 2_ —2p2 2_cha2+bh2a2
3(q—1)<—1+q+b<2 b ;q+bq=\/4 5b+b“—-8q+10bq ;g q+4q“—-5bq~+b4q )) (=1+b))
b =
772( ,Q) (_1+qi2—b—2q+bqi 4—5b+b2—8q+10bq—2b2q+4q2—5bq2+b2q2)4
' b ' b2
Proof.

Consider the function f (121). If b < 1, then f is decreasing and there is only

one positive root for equation (123).

If b > 4, then f is increasing , changes it's concavity from up to down and there
are two positive roots for x f'(x) = f(x) in equation (122) such that the roots

are x; and x, that we have founded in the previous page. Then, from Preston [50]

we conclude that there are 3 positive roots for equation (123) if f'(x;) < % <

f'(x;) and there are two positive solutions if f'(x;) =% or f'(xy) =%. By

substituting x; and x,, the proof is readily completed.
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Note that the inequality n,(b,q) < %< n,(b,q) could be reduced to the
following inequality

2—b—2q+bq  [4—5b+b?—8q+ 10bq — 2b%q + 4q> — 5bq® + b*q?
(—1+4q+ 29 q+J q q—2b% t4q q 2%y
<c<

2
_ — — 2 _ —_ 2 2 _ 2 242
3@-4)(—1+q+b<2 b fq+bq+J4 5b+b 8q+1Mwb3bq+4q Mw-+bq)>(_1+m

2—b—-2q+b 4 —5b + b? — 8q + 10bq — 2b?q + 4> — 5bq? + b?q?
(~14q+ 2q q_J q 1 2bq+4q q° + b2,

2
—h — — 2 _ — 2 2 _ 2 242
3@—4)(—1+q+b<2 b 2q+bq_J4 5b + b2 — 8q + 10bq — 2b%q + 4q Mw-+bq)>(_1+m

(124)

b b2

From Proposition 5.1.2, we conclude that the phase transition exists if b > 4, i.e.,

eflt >4 — B ], >1n(4) but S =% —>T< ;ﬁ , J+ > 0. Hence, we obtain

the following Theorem

Theorem 5.1.2. Let J, > 0 be the coupling constant that corresponds to PTNNN

Je

interactions and Te, =~

. If T > T,., then the model (108) has unique

paramagnetic phase and if T < T, then there are three translation-invariant

paramagnetic Gibbs measures for the model , i.e., The phase transition exists.

Remark 5.1.2. If we take the limit of the function f in equation (121) as

(bx+(g—-1)°
(x+(q-1))3

equation (123) and the solution is x = c. As a result, the paramagnetic Gibbs

q— o, ie, limg,e = 1. Then there is only one solution for

measure in this case is unique and the phase transition does not exist.

We consider some numerical examples for the existence of phase transition
related to the model (108). In addition, we consider different values for the state
space g = 2 and show the effect of increasing the number of states on phase

transition.
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Example 5.1.3

Considerg =6 and J, = 2. Then T, = ﬁ = 1.4427, so phase transition exists

2
If T <1.4427.LetT = 1.11622, then b = er11622 = 6. Thus, from proposition
5.1.2 and inequality (124) we conclude that there are 3 phases (phase transition

exists ) if
0.115871 <c¢ < 0.166479

Let ¢ =0.12 (J = —2.36668). Then, there are 3 solutions for the equation

f(x) = % , and these solutions are

x = 0.2064714 , x = 3.9056299 and x = 8.8983138

As a result, there are 3 translation invariant paramagnetic Gibbs measures

corresponding to these roots. See Figure 5.1.3.

as|

L 1 L L L 1 L L L 1 L L L 1 L " 3
2 4 & :

Figure 5.1.3. The existence of 3 translation-invariant paramagnetic
phases wheng =6,T = 1.11622,J, = 2and ] = —2.36668.
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Now for the same value of b, i.e., for b = 6, we consider different values for the
state space g, g = 2 and see the effect of increasing the number of state space on

the values of ¢ where the phase transition exists as the follows:

For g = 3 and according to proposition 5.1.2, there exists 3 positive roots for
equation (123) if 0.0463484 < ¢ < 0.0665916

For g = 4,then 0.069522 < ¢ < 0.0998875

For g = 5, then 0.0847529 < ¢ < 0.1331832

Forg = 6,then 0.1158710 < ¢ < 0.1664791

Forq = 7,then 0.1390453 < ¢ < 0.1997750

Forq = 8,then 0.1622196 < ¢ < 0.2330708

For g = 100, then 2.2942482 < ¢ < 3.2962868 .......
For g = 1000, then 23.15104991 < ¢ < 33.2625303

Now we take different value for b, suppose b = 4.5. Again, we try the following

cases .
Forq = 3, 0.0958231 < ¢ < 0.1017976
Forq =4, 0.1437354 < ¢ < 0.1526965

Forq =5, 0.1916469 < ¢ < 0.2035955 .......

4(b—4)(8+b)\/(4_5b+b;z)(_1+q)2

Note that the length of the interval (124) is L(b,q) =

27 b3

and it's clear that for a fixed value of b, the length of the interval increases as g
increases. In addition, the derivative for the left hand side for the interval (124)

with respect to gqis
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3
_ 2V (14012 _ 2V —14002
<2—2q+b<—1+\/(4 5b+bb2)( 1+q) :q)><2—2q+b(—2+\/(4 5b+bb2)( 1+q) IZq))
3
_ 2V (14012
b4(—1+q)<1—q+b<—1+ (s 5b+bb2)( 1+q) +q>>

Note that d(p,q) > 0,Vvb >4 6 q = 2, i.e., the value of the interval starting

d(p,q) =

point increases when g value increases. So we conclude the following remark :

Remark 5.1.3. For a fixed values of the coupling constants J,and] for the
model (108). Then, an increase in the value of g (state space) increases the
phase transition range (paramagnetic region), but the value of the critical

temperature decreases.
5.1.4 Periodic Gibbs Measure

It's known that investigating the existence of periodic points is one from the
interesting problems in non-linear dynamic systems [27]. In statistical physics,
these periodic points reveal the phase types corresponding to the given model [1].
In this section, we prove the existence of 2-periodic Gibbs measures for our
model (108).

Definition5.1.4. [1] A point u = (uy,uy,us,u,) € R* s called a periodic
fixed point of the operator F if there exists p € N such that FP (u) = u where
FP is the pt" iterate of F.

It's known that the smallest positive integer p satisfying the above is called the
prime period or least period of the point u. The set of periodic points with prime

period p denoted by Per, (F).

Let describe the periodic points with p = 2 for operator F (117). Then, in this

case the equation F(F(u)) = u can be reduced to a description of 2-periodic
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points of the function f defined previously (121), i.e., to a solution of the

equation f(f(x)) = x.

Remark5.1.4. [1] The 2-periodic positive fixed point of the operator F(117)
defined on the set A; described a paramagnetic periodic Gibbs measure with
p=2.

c (b x+(q—1))3
(x+(q-1))3

trivially a solutions for the equation f(f(x)) = x. Thus to exclude this case, i.e.,

Consider f(x) = . It's clear that the solutions for f(x) =x are

to find Per, (F) we will consider the equation:

FFO)) = x _
fGO —x

0 (125)

Hence, the solution for this equation are the fixed points with prime period =2, i.e.,
we will getthe set M = { (uq, Uy, us,uy) € RY f(f(x)) = x,f(x) # x}.
Now equation (125) is reduced to

1
((—1 +q)(—1+q+x)P+c(—-1+qg+ bx)3)

s (=14 g+ x)3(15b7c3 (=1 + q)*x* + b%c3x® + 6b%x°c3(—1 + q)

3b2c(-1+ @3 (x(-1+q+x)3(—1+qg+3x) +c(-1+ q)(—1+ q® + 3q(—1 + x)? + 3x — 3x% — 4x3 + 3¢% (-1 + x)))
+3bc(—1+ @)*(1 + q* — 6x + 2(6 + ¢c)x? — 10x> + 3x* + 2q(—2 + 9x — (12 + ¢)x? + 5x3) + 6¢*(1 — 3x
+2x) + @3 (=4 +6x)+ (—1+ g3+ g5+ (=6 —-3c+cDx+ 5B +2c)x2 —4(5 + 3c)x3 + 3(5 + 20)x* — (6 + ©)x°

+x°+3q[—2+ (10 + 4c — c®)x — 102 + ¢)x? + 4(5 + 2¢)x® — 2(5 + c)x* + 2x°] + 3¢?[5 + (=20 — 6¢ + cH)x
—102 + )x? +4(5+20)x3 = 2(5+ c)x* + 2x°) + 3¢*(5 + (20 — 6¢ + c®)x + 10(3 + c)x? —4(5+¢) x% + 5x%)
+q3(—=20 + (60 + 12¢ — ¢?)x — 10(6 + ¢)x? + 20x3] + 3¢*(5 — (10 + c)x + 5x2) + +q3(—20 + (60 + 12¢ — cH)x

—10(6 + ¢)x? +20x3) + 3¢*(5 — (10 + c)x + 5x2) + 6¢°(—1 + x]) + b3c(—1 + @)?(c?(-1+ @)* + x?> (14 q+x)?
(—14+q+3x)+10c(—1 + @)x(—1+ g3 +3q(—1 + x)? + 3x — 3x%2 — x3 + 3¢%(—1 + x))) + 3b*c?x (2c(—1+ q)°
—(-1+@)%x(4 —4q® —12q(-1 + x)? — 12x + 12x% + x% = 12¢*(—1 + x))) + 3b5c2x2(5c(—1 + @)* + 2(-1+ q)%x

(1+¢*>—3x+3x24+q(—2+3x))) + bSc2(—1 + @)x3(20c(-1 + @)? + x(1 + q*> = 3x + 3x2 + q(—2 +3x + q(—2 + 3x))))
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Since the previous equation is complicated, we use Mathematica [57] to investigate
the conditions for the existence of more than one positive root , and the results that

there are two positive roots (two periodic Gibbs measures with p = 2) if

0<bhb< % and w;(b,q) < c < w,(b,q), q = 2 where (126)

— 3 2(_— — 2
8+24b(—1+q)+3b2(—1+q)+8b3(—1+q)+4b4\/( 1+b)°@2Z +b) Igs”‘“’)( 1+9)° g,

wl(blq) =- 27b4

—8— 24b(~1+q) — 3b*(~1+q) — 8b*(~1 +q) + 4b4J(_1 L 2y

(‘)Z(va) = 27b4

Thus we have proved the following

Proposition 5.1.4. The equation (125) has no positive solutions if b > i, and if
0<b <i then there exist w,(b,q), w,(b,q) such that the equation has two
positive solutions if w,(b,q) < c < w,(b,q)and q = 2.

Jt
In(0.25)

Theorem 5.1.4. Let J, < 0, then there exists a critical temperature T,, =

0 such that if T < T,, and the conditions of the proposition5.4.1 are satisfied, then
there are two periodic Gibbs measures with p=2 for the model (108), otherwise
there is no periodic phases with p=2, i.e., no phase transition exists for period 2

paramagnetic phases.

Example 5.1.4

Letg=3and b = % Then from (126) there are two periodic Gibbs measures with

period 2 if

J
5.4783715 < ¢ < 2990.6697767 — 5.4783715 < et < 2990.6697767

J J
In(5.4783715) < < In(2990.6697767)
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Let ¢ = 6, then the fixed points for equation (125) are {0.8173582, 2.4924612},

and these points corresponds to periodic Gibbs measures with period 2. See
Figure 5.1.4.

0.04F
0.03f
002

0.01 F

-0.01 [

~0.02 |

Figure 5.1.4. The existence of two periodic Gibbs measures (two
positive roots for equation (125)) when b = % c=6and q =3.

5.2 A 3-State Potts Model with Next-Nearest-Neighbor Ternary and
One-level Next-Nearest-Neighbor Interactions on a Second-
Order Cayley Tree

In this section, we consider a Potts model with NN, TPNNN and OLNNN
interactions on a Cayley tree of order 2. As we have done in section 5.1, we

prove analytically for the first time the existence of phase transition for this

model.

5.2.1 Model Construction

Consider a Cayley tree of order 2, let W, = {x;, x,} and let [; =< x©, x; >
and I, =< x©@,x, > be 2 edges emanating from x(®. Then this semi-infinite

Cayley tree I'Z could be splits into 2 single-trunk Cayley trees I'Z (;), i =1, 2.
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Let V4 be the set of vertices of a single-trunk Cayley tree T'? (1;), i =1, 2, and
V,' =VinV, be the set of vertices x € V4 withd(x,x®) < n. See Figure
52.1.

x(©
0 I
X1
L L
X1 X2
X3 X 4
x(©
X3 X4 X5 X6 X2 L,
X5 X6
Figure 5.2.1.The semi-infinite Cayley tree I'? decomposes into two single
trunk Cayley trees : T'Z (1;) and T'Z (1,).

Consider the Potts model with spin values in @ ={1,2,3}, i.e., the spin

variables o(x), x € V, take these values.

Then, the relevant Hamiltonians with competing NN interactions /, TPNNN

interactions J, and OLNNN interactions J,, have the forms

H(G) = _]tz So(x)a(y)a(z) _Jz 50(x)a(y) _]oL Z 50(x)a(y) (127)
>x,y,z< <x,y>

<x,y>

Where J.,/,J,. € R are coupling constant, § in the second and third sum is the
usual Kronecker symbol and & in the first sum is the generalized Kronecker

symbol.
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In the same way as the model in section 5.1, we fix the boundary condition
a(V\V,)=1, vn>0 and then build the recurrence equations for the

conditional partition functions under this boundary condition .

Now we use partition function method to construct a relation between the
partition function on the ball V,,,.,; to the partition function on its subsets V;,.
Given the initial conditions on V;, the recurrence equations indicate how their

influence propagates down the tree.

Then, it can be easily proved that under the interactions in (127) and with the
boundary condition &, = 1, the partition functions in volume V%, i =1, 2,

satisfy the following relations :
zM™(1,2) =zM(1,3) = zM™(2,3) =zM™(3,2)
zM(2,1) = zM™(3,1)
zM(2,2) = zM(3,3)

The proof for these relations could be done in the same way as Remark 5.1.1.1

with fixing the value of g to be 3.

Assume d = ePlor h = eBlt| ¢ = P/ and
u, ™ = 3Yzm™m(1,1,1) =2zM(1,1)
u,™ = Yz™(1,2,2) = z™M(1,2)

u, ™ = 3/z<n>(2,1,1) =zM(2,1)
u,™ = 3/z<n>(2,2,2) = z™(2,2)

After a direct calculation, we get the following recurrence equations:
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2 2
U — (d b2u™ 4 4 b u, ™ u,®™ 42 (d + 1) u? ) (128)

2 2 2
wd™ = (dul™" + 20, ™ u, ™ 4 20, ™ 4™ 4 20, ™ 4, ™ 4 g M 4 g 129
2 3 2 3 47 U3 4 U 4 2
2 2
u{M = (d u™” 4 40, ™ 0y, ™ 4 20d + Dul ) (130)

2 2 2 2
uinﬂ) =c (d ugn) +2 ugn) u, ™ +2bu;, ™y, ™ 4 2pu,™y,™ 44 ugn) + b%d uin) ) (131)

We define an operator F (117) on the system of recurrent equations (128-131)
such that this system can be rewritten as u™*V = F(u™ ), n > 1. We define

this operator on the following shifting invariant set:
A={(uy,uyus,uy) €ERY s uy =u, and uz = u,},

From Remark 5.1.1.2, we conclude that the set of Gibbs measures that
corresponds to solving the operator F (117) on the shifting invariant set A are

called Paramagnetic Shifting-Invariant Phases.

Therefore, to investigate the paramagnetic phases, we will reduce the system of
equations (128-131) into only two recurrence equations by defining the operator F

on the set A. The equations are:

2 2
u, D = ¢ (d bzugn) +4bu,™u,™ +2@d+ 1)u§”) ) (132)
2 2
1, D) = (d w40, ™ 4, 4 2(d + Dul® ) (133)

(n+1) . .
Letx,,; = %.Then, the system of equations (132-133) is reduced to the
u

2

following nonlinear dynamical system of recurrent equation

c (d b2x,%+4b xn+2(d+1))
(2(d+1)+d xp2+4xy)

,n>1 (134)

Xn+1 =
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In order to determine the corresponding limiting Gibbs measure , we find the
fixed points of recurrence equation (134), i.e., solutions of equation F(u) = u.

So, define the following function f : R* - R*™ such that

c(db*x*+4bx+2(d+ 1)
2(d+ 1) +dx? + 4x)

fx) = (135)

Then, if there is more than one positive fixed point for f(x), a phase transition
exists [1], i.e., there is more than one translation invariant paramagnetic phase for

our model.

5.2.2 Phase Transition

In this section, we prove the existence of phase transition for Potts model with
the Hamiltonian (127) by analyzing the fixed points of the function f (135).
It's clear that f(x) is continuous Vx >0, f(0) = ¢>0 and f is a bounded
function.  As a result, the curve y = f(x) must intersect the line y = x.
Therefore, this construction provides at least one element of the translation-
invariant paramagnetic set of Gibbs measures, corresponding to the model (127)

for any x € R*. Let start with the first derivative, for x > 0:

4c (b2dx(1+d +x) — (1 + d)(2 + dx) + b(2 — d(=2 + x7)))

A (2 +4x+d(2 + xz))2

_4c(@bb—-1Dx*+d(d+1DB*-Dx+2(1+d)(b-1)
B (2(d + 1) + d x2 + 4x)?

Notice that f'(x) > 0 (f is increasing) iff b > 1,d > 0andc > 0, so we

restrict ourselves for the case when b > 1.
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Now, the second derivative is:

()
_ 4c(2b(—8 — 2d(4 + 3x) + d?x(—6 + x?)) + (1 + d) (16 + 2d(—1 + 6x) + d?(—2 + 3x?)) + b?d(2 + d*(2 — 3x?) + d(4 — 3x? — 2x*)))
h (2 +4x 4+ d(2 + x2))3

=0

Then, there is an inflection point x;,r > 0 such that
f"(x) >0 (fisconcave up) if x < xpnf
and f"(x) < 0(f isconcave down) if x > x;,r

8—d—d?
d+d?

Iff (0 <d < 1.5615528 and b > ) or (d> 15615528 and b > 1)

According to Preston [50], there is more than one solution for f(x) = x iff there
Is more than one solution for x f'(x) = f(x), which is reduced to the following

equation:

c(4+8d+4d?+16(1+d)x+(16b+6d—2b%d+6d?—2b%*d?)x?+8bdx3+b?d?x*)
(2+2d+4x+dx2)2

=0  (136)

Then from [57], we conclude that there are two positive roots for the previous

equation iff

b 2ﬁ(4+3d+3d2+\/2+3d+3d2

) and the roots are
d(1+d)

_ —4+V2/(-1+b)(-8+ 3+ b)d + (3 + b)d?)
= 2bd

1]32 —6d — 6d2 +2b2d(1 +d) —4b(4 + d + d?) — 8vV2,/(—1 + b)(—8 + (3 + b)d + (3 + b)d?)

2 b2d?

 —4+V2(—1+b)(—8 + (3 + b)d + 3 + b)d?)
X2 = 2bd -

1\/32 —6d —6d2 + 2b%2d(1 +d) — 4b(4 + d + d?) — 8V2,/(—1 + b)(—8 + (3 + b)d + (3 + b)d?)

2 b2d?
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>1,vd>0.

2 2 —A—Ad2
It's clear that 2ﬁ<4+3d+3d +V2+43d+3d ) S 8—d—d

d(1+d) d+d?
Then, we can get the following proposition

Proposition 5.2.2. The equation

c (d b%x?+4 b x+2(d+1))
X =
(2(d+1)+d x2+4x)

(137)

with x >0, c>0, b >0and d > 0 has one positive solution if b<1. If

2 2
b > 2\/7(4+3d+3d +V2+3d+3d
d(1+d)

) , then there exists n,(b,d,c), n,(b,d,c) > 0such

that equation (137) has three positive roots if n,(b,d,c) < 1< n,(b,d,c) and
has two positive solutions if either n,(b,d,c) = 1 or n,(b,d,c) =1, where
mb,d,c) = f'(x1), n2(b,d,c) = f"(x3)and

. —4+V2J(=1+b)(-8+ (3+b)d + (3 +b)d?)
1 = 2bd

2 h2dz

1J32 —6d — 6d%+2b2d(1+d) — 4b(4 + d + d*) — 8V2,/(—-1+ b)(-8 + 3 + b)d + (3 + b)d?)
2

. —4+V2/(—1+ b)(—8 + (3 + b)d + (3 + b)d?)
Y2 = 2bd +

1\/32 —6d —6d?+2b?d(1+d)—4b(4 +d +d?) — 8«/2/(—1 +b)(—8+ (3+ b)d + (3 + b)d?)
2 b2d?

Proof.

Consider the function f (135), if b < 1. Then f is decreasing and there is only

one positive root for equation (137).

Ifb> Zﬁ(4+3d+3d2+vZ+3d+3d2

FIEEP) ) then f is increasing , changes it's concavity

from up to down around x;, ¢ and there are two positive roots for x f'(x) = f(x)
in equation (136), the roots are x;* and x,*, then from Preston [50] it's clear that

there is 3 positive roots for equation (137) if f'(x;") <1 < f'(x,*) and there
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is two positive solutions if f'(x;*) =1 or f'(x,*) = 1. The proof is readily

completed.
244/
From Proposition 5.2.2, if b>2\/§<4+3d+32(;(§;3d+3d2>, then by

substituting b = ef’t and d = eP/oL, we get

ePle > 242 (4+3eBJOL+3eZBJOL+\/2+3€BJOL+3eZB]OL

1
e'BJOL(1+eB]OL) ) ) but ﬁ = ; >0

1

_— T<]t

1 200 B
ln(zﬁk4+3 e +3e +

2+3e T +3e )
JoL JoL
eT |1+e T

Then, we obtain the following theorem:

Theorem 5.2.2. Let J; > 0, Jo, € R be the coupling constants that corresponds
to PTNNN and OLNNN interactions respectively, and let T > 0 be the

temperature. Then if

T<J; -

JoL 2]0L\[ JoL 2JoL
+

4+3e T +3e T 2+3e T +3e T
ln(zﬁ JoL JoL )
eT<1+eT>

there are three translation-invariant paramagnetic Gibbs measures, i.e., there

exists a phase transition. Otherwise, the phase transition does not exist.

We give a numerical example on phase transition for model (127) according to
Theorem 5.2.2 and proposition 5.2.2.

Example 5.2.3

Let d = 2, then according to proposition 5.2.2, the phase transition exists if
b > 5.77485177.
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Assume b = 5.8, then, x; = 0.664086398 and x; = 0.778876078.
As aresult , there are 3 positive roots for equation (137) if
£'(0.664086398 ) < 1 < f'(0.778876078)
——> 8.06371795¢c <1< 8.065427602 c
—> 0.123985988 < ¢ < 0.124012274
Let c = 0.1240022, then the three fixed points (phases ) are
x = 0.63061104, x = 0.71025045 and x = 0.83057251

We conclude that there are 3 translation-invariant paramagnetic Gibbs measures

corresponds to these positive roots. See Figure 5.2.3.

05r

||I|||I|||I|||I|||||||I||||||_r
0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 5.2.3. The existence of 3 translation invariant
paramagnetic phases for model (127) when d =2,b = 5.8
and ¢ = 0.1240022.
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5.3 A 3-State Potts Model with Next-Nearest-Neighbor Ternary and
One-Level 3-Tuple Interactions on a Third-Order Cayley Tree

In this Section, we develop the model in section 5.2 such that we consider Potts
model with NN interactions, TPNNN interactions and OL 3-tuple interactions on
a Cayley tree of order 3, see definition 2.2.12. As we have done in section 5.1

and 5.2, we prove the existence of phase transition analytically for this model.

5.3.1 Model Construction

Consider a Cayley tree of order 3, Let W; = {x;, x,,x3} and let [; =< x(®), x; >
L, =< x©@, x, >and l; =< x(©, x; > be 3 edges emanating from x(®. Then
this semi-infinite Cayley tree '3 could be splits into 3 single-trunk Cayley trees
I'3 (1), i =1,2,3. Then V% are the set of vertices of a single-trunk Cayley tree
r3a,),i=1,23.

Consider that model with spin values in @ = {1,2,3}. Then, the relevant
Hamiltonians with competing NN interactions J, TPNNN interactions J, and OL

3-tuple interactions J, have the forms

H(o) = _]tz 50(96)0(3/)0(2) _]Z 50(96)0(3/) —Jo z Sa(yl)a(yz)a(n) (138)
>x,y,z< <x,y>

Yi€S(x)
i=1,2,3

Where J:,/,], € R are coupling constant.

In the same way as the models in section 5.1 and 5.2, we will fix the boundary
condition a(V'\ ,,) = 1,V n > 0 and then build the recurrence equations for the

conditional partition functions under this boundary condition.

Remark 5.3.1. We can fixed the boundary condition for any value from state
space ® , i.e.,, a(V\V,) =i, i =1,2,3 and the results will be the same for all
[ €.
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As we have done before, we use partition function method to construct a relation
between the partition function on the ball V.., to the partition function on its
subsets V;,. Now it can be easily proved that under the interactions in (138) and
with the boundary condition o, = 1, n = 1. Then, the partition functions in

volume V},"

, 1 =1,2,3 satisfied the following relations :
2™ (1,2) = 2™ (1,3) = 2™ (2,3) = 2 (3,2) )
z™(2,1) = zM(3,1) > (139)

z™(2,2) = zM(3,3)

_/
The proof for these relations could be done in the same way as Remark 5.1.1.1.

Assume d = ePlo, b = ePlt, ¢ =ePJ and

u, ™ = 3\/2(”)(1,1,1,1) =zM(1,1)

u, ™ =3/2M(1,2,2,2) = z0M(1,2)

u; W = ?’\/z(n>(2,1,1,1) =zM™(2,1)

u, ™ = i/z<n>(2,2,2,2) =z(M(2,2)

Then, we know that the construction of conditional partition function for
Hamiltonian (137) under the condition a(V \ V},) = 1 is defined by

ZnGU\R) =D = > em(-fHEWIGV\K) =1)  (140)

o(Vp)EDVn

Where
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H(O’(Vn)lﬁ(v \ Vn) = 1) = _]fz>x,y,z< 60n(x)an(y)an(z) _]z <x,y> 5an(x)an(y)

X,Y,Z€Vy X,y €Vp
— Jo Z Sotrnotows ~ Je Z Sonona —J z Sonoa  (141)
yles(x) >x,y,z< <x,y>
i=1,2,3 X,YEV, x €V,
XEVp_q zeV\ YEV\Vn

Then, from (139-141) and after a direct calculations we get the following

recurrence equations for the o,, = 1 boundary conditions
u,' =c(h>dud +12buy u,?2 + 6 b%ui u, + (2d + 6)u,?)

u,’ = (dud +3uyuz? +3up uz? + 3 us? uz + 3 uy? ug

+6usu Uy +3us U, +3ugusi +dul +dud)
uy' = dul +6uiu, +12usu + (6 +2d)uj)

uy =c(db3ud+d u,®+duid +3buz?uy+3b%u’us +

3b%u, us? +3uy us? + 3 uy?us + 6 buy uy uz + 3buyus)

Where u, = ugn) and u; = ugnﬂ), s=1,2,3,4.

In order to get the shifting-invariant paramagnetic phases for this model, we
define the operator F (117) on the previous set of recurrence equations. In the
same way as the previous sections (5.1 and 5.2), this operator will be restricted on

the shifting-invariant set
A= { (ul,uZ,U3,U4) € R+4 UL = Uy and Uz = uZ}

As a result, to investigate the paramagnetic phases, we reduce the system of
recurrence equations into only two recurrent equations by defining the operator
F on the set A. which trivially reduced to the following nonlinear dynamical

system of recurrence equation:
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_c(Pdx,® +6b7x,° +12bx, +(2d +6))
It S T X 6,2 +12x, +(6 +2d))

ul(n+1)

(n+1) *
U,

Where x,,; = Define the function f:R* - R*

c(b3dx3+6b%x*+12bx+(2d +6))
(dx3+6x2 +12x +(6 +2d))

fx) = (142)

In order to determine the corresponding limiting Gibbs measure, we will find the
fixed points of the function (142) , i.e., solutions of equation F(u) = u. Then,
if there is more than one positive fixed point for f(x), there is more than one

translation-invariant paramagnetic phase for our model.

5.3.2 Phase Transition

In this section, we prove the existence of phase transition for Potts model with

the Hamiltonian (138) by analyzing the fixed points of the function f (142).

It's clear that f(x) is continuous Vx >0, f(0) = ¢ >0and f is bounded
function. As a result, the curve y = f(x) must intersect a line y = x and a
Gibbs measure is exist, now let us search for the conditions of phase transition as
we used to do before :

(1+b+b>)d*x*> +12(1 +x)(1 + bx) + d(4 + 4(1 + b)x)
(6(1+x)%2+d(2+ x3))?

f'(x) = 6¢ (b —1)(

(B(1+ b+ b*)x? +4b(1 + b)x3 + b%x*)
(6(1+x)2+d(2+x3))?

It's clear that f' (x) > 0 iff b > 1. Note that this condition appears in all
Jt
T

transition does not exists, i.e., for the phase transition to be exists,

Potts models that we have studied, then we conclude if = < 0, the phase

J- and T must have the same signs. Now let consider the second derivative
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1

(6(1+x)2+d2+x%)’
+12(1+x)(1+bx) +d(4 +4(1+b)x+3(1 + b + b*)x* + 4b(1 + b)x3
+b%2xM) +2(6(1+x)2+d2+x3)(B+d)(2+dx) + b*dx(3+d + 6x
+2x%) + b(6+ 12x + d?’x + d(2 + 3x + 6x2)))) =0

700 6(b — 1)c(=6(4 + 4x + dx?)((1 + b + b?)d?x?

From Mathematica [57],iIf (0 <b < 3andd > %) or (h>3andd > 0)
. Then, there is an inflection point x;,,, > 0 such that
f"(x) >0 (fisconcave up) if x < xppf
and f"(x) <0 (f is concave down) if x > x;,¢
According to Preston [50], there is more than one solution for f(x) = x iff there

IS more than one solution for x f'(x) = f(x), which reduced to the following

equation

c (36(1+x)(1+3x—(—4+b)bx2+b2x3)+12d(2+4x—(—3+b2)x2—(—2+b3)x3—b(—3+b2)x4+b2x5)+d2(4—4(—2+b3)x3+b3x6))
(6(1+x)2+d(2+x3))°

= 0(143)

Then from [57], we conclude that there are two positive roots for the previous

equation iff one of the following cases is satisfied:
Letc > 0,

Case 1: If 1.587401 < b < 4.600482, then there are two positive roots for
equation (143) iff d > d*(b) where d*(b) is the second smallest real root for
the polynomial (144) .

—419904b? + 1306368b% — 1399680b* + 559872b°> — 46656b° + (1119744b — 3685824h>

+5365440b% — 4758912b* + 2612736b° — 699840b° + 46656b7 )y + (—186624 — 1150848b
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+3748032b2% — 3499200h3 + 451008b* + 1613520b° — 1251936b° + 291600b7 — 15552h8)y?

+ (324864 + 103680b — 393984h% — 1093824b3 + 1710720b* — 436752b° — 533520h° +

358992h7 — 55728b% + 1728b°)y> + ( —108864 + 48384b — 288576b% + 601344b> — 6480b*
—340416b° + 34560b° + 166428b7 — 60480b® + 4212b%)y* + (—69696 + 8640b + 121536b
—8640b% — 189216b* + 23040b° + 52272b° + 26028b” — 31176b%)y> + (44288 + 13248b +
11520b% — 59280b3 — 10944b* + 37872b° — 588bh° — 3276b7 — 8568b8 + 2485b%) y© + (3904

—4032b — 10944b? + 7296b> + 7200b* + 7632b° — 6000b°® — 1548h7 — 1224b® + 848b%)y’
+(—6528 — 576b — 1152b% + 6048b% + 720b* +576b° — 1800b° — 144b7 — 72b® + 174b%)y®

+(—1280 + 960b3 — 240b° + 20b%)y°  +(—64 + 48b3 — 12b° + b9y =0, (144)

Case 2: If 4.600482 < b <9, then there two positive roots for (143) iff

d > d**(b) > 0 where d**(b) the first real (positive) root for the polynomial
(144).

Case 3: If b =9, then the roots exists Vd > 0.
Then, we conclude the following proposition:
Proposition 5.3.2. The equation

c (b®dx3+6b%2x?+12 b x+(2d +6))
(dx3+6x2+12x+(6+2d))

(145)

Withx >0, ¢ >0, b>0and d > 0 has one positive solution if b < 1. If

one of the following conditions are satisfied:

a) 1.587401 < b < 4.600482 and d > d*(b) .

b)  4.600482< b <9 and d > d**(b).

c) b>9,vd>0.

Then, there exists n.(b,d,c) , n,(b,d,c) >0 such that equation (145)
has three positive roots if n,(b,d,c) < 1< n,(b,d,c) and has two positive
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solutions if either n,(b,d,c) = 1 or n,(b,d,c) =1, wheren,(b,d,c) =
f'(x7) and n,(b,d,c) = f'(x3) such that x; and x, are the positive solutions of
the equation

(36(1 4+ x)(1+ 3x — (—4 + b)bx? + b?x3) + 12d(2 + 4x — (=3 + b?)x? — (=2 + b3)x3
—b(=3+b)x* + b%x> + d*(4 — 4(=2 4+ b*)x® + b3x®)) = 0

and d*(b), d**(b) are the second and the first smallest real roots for equation

(144), respectively.

From the previous proposition, we conclude that if b > 1.587401 ,i .e., if

Je

In(1587401)’ J: > 0, then phase transition exists. So we get the following

Theorem :

Theorem 5.3.2. Let J; > 0 be the coupling constant that corresponds to TPNNN.

Je , the model (138) has three translation-

Then, if T < T, where T,, = In(L58740D)

invariant paramagnetic Gibbs measures, i.e., there is a phase transition on the
paramagnetic phases.

Example 5.3.3

Consider the first case in proposition 5.3.2, let b= 1.7 € (1.587401
,4.600482) . Then by manipulating equation (144) in Mathematica [57] we get

that the roots for this equation are

Y ={-21.430312 — 7.225800 i, —7.023260 — 0.012553 i, —21.430312
+ 7.225800i,—-7.023260 + 0.012553 i ,—0.738280 — 0.010296i,
—0.7382710 + 0.010296 ¢ ,0.905232 — 0.097915i ,0.905232
+ 0.097915i ,1.096656,35.476585}

It's clear that d*(1.7) = 35.476585 . So we will take d > 35.476585.
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Let d = 36. Then x; = 0.972753,x; = 1.036391, so according to proposition

5.3.2 there are 3 phases (phase transition exists) if

f'x)) < 1< f'(x3) » 0451097 < ¢ < 0.451128. Let ¢ = 0.45111, then
the 3 positive roots (that corresponds for 3 paramagnetic Gibbs measures) for

equation (144) are { 0.948862,1.007542,1.058814 }. See Figure 5.3.3.

1.0}

— X

0.5 1.0 1.5

Figure 5.3.3. The existence of 3 translation-invariant paramagnetic

phases for model (137) whend =36,b = 1.7and ¢ = 0.45111.

Note that f'(0.948862) = 0.996458 < 1 and f'(1.058814) = 0.997069 <
1. Then, the fixed points x = 0.948862,1.058814 are stable and the

corresponding paramagnetic measures for this points are extreme.
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Chapter Six

Conclusion and Comments

In this thesis, we have solved five different models of lattice spin systems. In the
first model, we have obtained the set of Gibbs states for Ising-VVannimenus model
on a Cayley tree of order three with TPNNN interaction. We have constructed the
set of recurrence equations corresponding for the model and satisfying
consistency condition (14). In addition, We have studied and analyzed the
existence of translation-invariant measures by finding the fixed points for the
operator F (40) defined on the set A; = { (uy,up us,ug) € R*™ 1wy uy = ug ug}.
We have concluded that under accurate conditions on the coupling constants and
the temperature, it's possible to find three translation-invariant Gibbs measures ,

two of them are extreme one's . As a result, the phase transition exists.

In the second model, the same strategy in the first model has been used to explain
the existence of translation invariant Gibbs measures for the Vannimenus model

on Cayley tree of order four with OLNNN interactions. We have concluded that
If % > 0, and under specific conditions on J and J,,, the phase transition exists

with at most 3 translation invariant phases .

Finally, three Potts Models have been analyzed such that the existence of
translation-invariant paramagnetic phases is proved. Firstly, we have analyzed the
Potts model with NN and TPNNN Interactions on a Third-order Cayley Tree with

q State Space. By using partition function method, we have concluded that for
T > T. where T,, =h]l—t4, there exist 3 paramagnetic phases , i.e., the phase

transition exists. In addition, the existence of 2-periodic Gibbs measures for this
model has been proved. The second model is the same as the first one with g = 3

and OLNNN interactions on Cayley tree of order two, the existence of phase
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1)

2)
3)
4)

5)

transition has been proved. The third model is a development for the second one

on a Cayley tree of order three with OL 3-tuple interactions. We conclude that if

Jt ; :
<m,]t>0, then there exist 3 paramagnetic phases (Phase

transition).

Describing the set of all Gibbs measures corresponding to a given Hamiltonian is
still a great problem. The complete description for this set has not been done yet,
even for simple Hamiltonians. Although we have analyzed the shifting-invariant
Gibbs measures corresponding for the Hamiltonians of our models, but there are
still many unsolved problems related to these models which are suggested as a

possible future work:

Defining the operator F on a different set and finding the corresponding Gibbs

measures (this includes invariant and non-invariant sets).

Finding all periodic Gibbs measures corresponding to our models.
Constructing the phase diagrams for the models in this thesis.
Developing the models for arbitrary order Cayley tree.

Developing the first and second models for a memory of length n, n > 2.

6) The results obtained in our thesis can inspire to study Ising and Potts models over

multi-dimensional lattices or the grid Z¢.

7) Trying to relate our results with physical or biological applications.
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Appendix

+ Analysis of the second derivative for the function in equation (45)

(1+a?b*x)3
x(b*+a2x)3’ "V x]

In[1]:=D[D]

6a*b®(1+a’b*x) 18a*b*(1+a’b*x)? 6a?b*(1+a’b*x)? | 12a*(1+a’b*x)® = 6a?(1+a’b*x)®  2(1+a’b*x)3
x(b*+a?x)3 x(b*+a?x)* x?(b*+a?x)3 x(b*+a?x)5 x?(b*+a?x)* x3(b*+a?x)3

Out[1]=

In[2]:=Simplify[%1]

2(10a*x?+a®b?°x3-4a8b10x*+a®b1?x3(—9+a*x?)+a’b*x(5+18a*x?)+b8(1+9a8x*))
x3(b*+a?x)5

out[2]=

2(10a*x?+a®b?%x3-4a8b10x*+a®b1%x3(—9+a*x?)+a’b*x(5+18a*x?)+b®(1+9a8x*
In[3]:= Reduce[{Z (Ora X)) ( )b ( )
x3(b*+a?x)

==0,b >

0,a > 0}, x, PositiveReals]

Out[3]= a > 0&&((b == 1.16 - &&x == Root[b8 + (5 a2 b4 — a2 b12) #1 + (10 a4 — 5 a4 b8 +
a4 b16) #12 + (8 ab b4 — 4 a6 b12) #13 + a8 b8 #14&,1])||(b > 1.16 - &&(x == Root[b8 +
(5a2 b4 — a2 b12)#1 + (10 a4 — 5 a4 b8 + a4 b16)#12 + (8 ab b4 — 4 a6 b12)#13 +

a8 b8 #14&,1] ||x == Root[b8 + (5 a2 b4 — a2 b12) #1 + (10 a4 — 5 a4 b8 + a4 b16) #12 +

(8 ab b4 — 4 a6 b12) #13 + a8 b8 #14&,2])))

2(10a*x?+a®b?°x3-4a8b10x*+a’b?2x3(—9+a*x?)+a?b*x(5+18a*x?)+b®(1+9a8x*))
x3(b*+a?x)’

In[4]:=Reducel[{

0,a > 0}, x, PositiveReals]

>0,b >

Out[4]= a> 0&&((0 < b < “1.16 - &&x > 0)||(b == ©1.16 - &&(0 < x < Root[b8 + (5 a2 b4 —
a2 b12) #1 + (10 a4 — 5 a4 b8 + a4 b16) #12 + (8 ab b4 — 4 a6 b12) #13 + a8 b8 #14&,1]||x >
Root[b8 + (5 a2 b4 — a2 b12) #1 + (10 a4 — 5 a4 b8 + a4 b16) #12 + (8 a6 b4 — 4 a6 b12) #13 +
a8 b8 #14&,1]))||(b > ©1.16 - &&(0 < x < Root[b8 + (5 a2 b4 — a2 b12) #1 + (10 a4 — 5 a4 b8 +
a4 b16) #12 + (8 ab b4 — 4 a6 b12) #13 + a8 b8 #14&,1]||x > Root[b8 + (5 a2 b4 — a2 b12) #1 +
(10 a4 — 5 a4 b8 + a4 b16) #12 + (8 a6 b4 — 4 a6 b12) #13 + a8 b8 #14&,2])))

+ Analysis of Example 3.4.1

In[1]:= b=2
Out[1]=2

—6a*(1+4(——=V/6545 \/7+ilz)a2)216(255)
In[2]:=n, =

_(16+Z(—1—6\/654\/; 251y 42)4(~251+3v6545 \f 2)

tea?

24480a*(1+4(—-/6545 / +2319a2)2

16a2

(162 2Va5a5 [ B+ 22y (251436585 [ Zga2)

out[2]=—
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24480a4<1+4< —\/ﬁf 251) )2

In[3]:= Simplify|—
<16+ ( — /6545 | ¢ 126512>a2> <—251+3\/6545\/%a2>
4194304a4(—81+\/6545\/}4a2)
out[3]=
—140378419+1722747\/6545\/%az

6a‘*16(255)(1+az16(1(3\/654\/T +220)?

In[4]:=n, = o1
(251+3v6545 faz)(16+a2(4(gx/654 \/7 +22)*

out[4]=

24480a4(1+4(i\/6545/ +126L12) 2y2
(16+3(-\6545 / THieaz)a?)*(251+3V6545 / La?)

24480a* (1+4(V6545 | p+o7)a?)?

J
A6+ GVESTS [ftfage)a? Q514346575 [0

In[5]:= Simplify[

4194304a*(81+6545 /aiﬂfaz)
140378419+1722747/6545 /;—4112

Out[5]=

4194304a*(—81+/6545 /aiﬂfaz) 4194304a4(81+\/6545\ga2)
= <1< =
—140378419+1722747/6545 /a—4a2 140378419+1722747\/6545\/;az
out[6]= ©0.801 <a<“1.25 -

In[6]:= Reduce| ,a, PositiveReals]

2312,.2,0N3
In[7]:=Reduce[x == Qta’hcx) x, PositiveReals]

x(b2c2+a?x)3’

out[7]= x == 0.023103967072251066||x == 2.4239428766425655||x == 30.200381861255842

In[8]:=Plot [{x, M} x, 0,30.3}]

x(b%2c%+a?x)3

Out[8]=

L=
T

En
L=
T
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(1+a?b*x)?(b*a*x%+(4a?-2a%b®)x+b*)
x?(b*+a?x)*

In[9]=FPrime[x_] =

(1+12.96x)%(16—411.48x+10.497600000000002x2)

Out[9]:=— (16+0.81x)%x2

In[10]=FPrime[0.023104]
Out[10]:=-0.312213
In[11]= FPrime[2.423943]
Out[11]:=1.57955
In[12]=FPrime[30.200382]

out[12]:=0.17864

+ Analysis of Example 3.4.2

In[1]:= ¢ = 0.46

out[1]= 0.46

In[2]:= b>l\/l2+cz+%c4+c8
out[2]= b > 1.763957

In[3]:= b =3

out[3]=3

In[4]:=Solve[(c? + a?bh?x)?(1 + a?b?c*x)?(—8a*c*x? + 4a*b8c*x? — 5a?b?*c?(1 + ¢cH)x(1 + a*x?) +
a?b®c?(1+ cHx(1 + a*x?) — 2b*(a*x? + a*c®x? + c*(1 + a*x?)?)) == 0,x]

5.136824697217314 0.5250997689561017 0.5250997689561017 0.19467279086664457
Out[4]= {x - —ZINCHOTITIY 1y, OSIS0NTOWOIONT, 1y,  OS20TEWSOIONT, 1y,  LIACTETNB006MSTy
O 02351111111111111 0.02351111111111111 0.038254879641317234 26.140456050996725
{x - bx - bx = b{x = i

a? a? a?

25.392a?(1+1.9044a%x)?(0.2116 +9a?x)?(34.702400000000004a?x+9.40297104(1+a*x?))

(1+1.9044a%x)3(0.2116 +9a2x)3
(940.2116a2x)3(1.9044 +a2x)3

In[5]:=FPrime[x ] =

(9+0.2116a2x)*(1.9044 +a2x)*

25.392000000000003a?(1+1.9044a%x)?(0.2116 +9a?x)?(34.702400000000004a%x+9.40297104(1+a*x?))

(1+1.9044a%x)3(0.2116 +9a2x)3
(9+0.2116a2x)3(1.9044 +a2x)3

out[5]=

(9+0.2116a2x)*(1.9044 +a2x)*

In[6]:= FPrime[~—> ]|

Out[6]=0.164463a>

In[7]:= Fprime[—%'l‘;"f%“]
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Out[7]= 6.080395 a?

In[8]:=Reduce[6.080395 a? < 1 < 6.080395 a?, a, PositiveReals]
Out[8]= 0.40554 < a < 2.46585
In[9]:=a = 0.6

out[9]= 0.6

In[10]:=Reduce[x = \/(1+“2b262x)3(c2+a2b2x)3

x, PositiveReals
(b2+a%c2x)3(b2c2+a2x)3 '’ ]

Out[10]= x == 0.00141813||x == 9.44772283||x == 534.710233

+ Analysis of equation (63)

In[1]:= Reduce[{(c? + a?b?x)?(1 + a?b?c?x)?(—8a*c*x? + 4a*b8c*x? — 2b*(a*x? + a*cBx? +
c*(1+ a*x?)?) = 5a?b%c?(1 + cMHx(1 + a*x?) + a?b®c?(1 + ¢H)x(1 + a*x?)) == 0,a > 0,b >
0,c > 0}, x, PositiveReals]

out[1]=

(0<c<“0.454 &&((b==Root[-25+14c*-25 c®+(1+34 c*+c®) #1'&,2]8&a>08&&(x==Root[2
b* c*+(5 a* b®> c*-a®> b® c’+5 a’ b® c®-a® b® ¢°) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* *
#1°&,1]| | x==Root[2 b* c*+(5 a® b®> c®-a’ b® c*+5 a’ b*> c®-a®> b® c®) #1+(2 a* b*+8 a*
c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c?-a® b® c®+5 a® b? c®-a® b° )
#1°+2 a® b* ¢* #1%&,3]))||(Root[-25+14 c*-25 c®+(1+34 c*+c®) #1°&,2]<b<Root[-4
c?+(-1-c*) #1%+2 c* #1°8,2]88a>08&(x==Root[2 b* c*+(5 a® b> c*-a® b® c*+5 a’ b c°-
a’ b® c®) #1+(2 a* b™+8 a* c™+4 a* b* c*-4 a* b® c*+2 a* b* c®) #1%+(5 a°® b* c*-a° b°
c’+5 a° b® c®-a® b® c®) #1°+2 a® b* c¢* #1%&,1]||x==Root[2 b* c*+(5 a® b* c*-a’ b°
c®+5 a® b c®-a% b® c®) #1+(2 a* b™+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%4(5
a® b’ c®-a°® b® c®+5 a® b® c®-a° b® c®) #1°+2 a® b* c* #1%&,2]||x==Root[2 b* c*+(5 a’
b*> c*-a* b® c*+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b’
c®) #1°+(5 a® b”> c®-a® b® c?+5 a°® b® c®-a® b® c®) #1°+2 a® b* * #1%&,3]||x==Root[2
b* c*+(5 a* b®> c*-a®> b® c®+5 a’ b® c®-a® b® ¢®) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 & b* *
#1°8,47)) | | (b==Root[-4 c’+(-1-c*) #1°+2 c* #1°&,2]&&%a>08&(x==Root[2 b* c*+(5 a*
b*> c*-a* b® c*+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b*
c®) #1%+(5 a°® b® c*-a® b® c®+5 a® b c®-a® b® c®) #1°+2 a® b* c* #1%&,1]||x==Root[2
b* c*+(5 a*> b®> c*-a® b® c’+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b® c®-a® b® c®) #1°+2 & b* ¢
#1°8,2]| | x==Root[2 b* c*+(5 a® b> c®>-a® b® c*+5 a’ b> c®-a® b® c®) #1+(2 a* b*+8 a
c*+4 a* b* ¢*-4 a* b® *+2 a® b* c®) #1%+(5 a® b’ c?-a® b® c®+5 a® b® cf-a® b® ¢°)
#1°+2 a® b* c’ #1°8,41)) | | (Root[-4 c®+(-1-c*) #1°+2 c?
#1°8,2]<b<1/c88a>08&(x==Root[2 b* c*+(5 a’> b> c*-a® b® c*+5 a’ b®> c®-a® b® c°)
#1+(2 a* b*+8 a* c*+4 a* b* *-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c*-a® b°® c*+5 a°
b*> c®-a® b® ¢®) #1°+2 a® b* c* #1%&,1]||x==Root[2 b* c*+(5 a® b* c*-a® b® c*+5 a’ b?

4
4
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c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a°® b c*-a°
b® c*+5 a° b’ c®-a® b® c®) #1°+2 a® b* c* #1%&,2])) || (b>=1/c&&%a>08&(x==Root[2 b*
c*+(5 a® b* c®-a® b® c*+5 a® b* c®-a® b® c®) #1+(2 a* b™+8 a* c*+4 a* b* c*-4 a* b®
c*+2 a* b* &) #1%4(5 a® b? c?-a® b® %45 a® b? cf-a® b® ¢f) #1%2 a® b* ¢’
#1°8,3]| | x==Root[2 b* c*+(5 a* b* c*-a® b® c*+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a*
c*+4 a* b* ¢*-4 a* b® c*+2 a® b* ®) #1%+(5 a® b’ c?-a® b® c®+5 a® b? cf-a® b® )
#1°+2 a°® b* * #1%,41)))) ||

(70.454<=c<70.669 & ((b==Root[-4 c’+(-1-c*) #1%+2 c* #1&,2]8&&a>08&&x==Root[2
b* c*+(5 a* b®> c*-a® b® c’+5 a’ b® c®-a® b® c°) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* *
#1°8,1]) | | (Root[-4 c*+(-1-c*) #1%+2 c® #1%&,2]<b<1/c&&a>08&(x==Root[2 b* c*+(5
a’ b® c?-a’ b® c*+5 a® b? c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a*
b* c®) #1%4(5 a° b* c*-a® b® %5 a® b® c®-a® b® c®) #1*+2 &% b* !
#1°8,1]| | x==Root[2 b* c*+(5 a* b* c*-a® b® c*+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a*
c*+4 a* b* c*-4 a* b® c*+2 a* b* &) #1%+(5 a® b® c?-a® b® c®+5 a® b? cf-a® b°® )
#1°+2 a® b* c* #1%&,2])) || (b>=1/c&&a>0&&(x==Root[2 b* c*+(5 a* b*> c*-a’ b°® c*+5 a°
b> c®-a® b°® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ) #1%+(5 a® b?
c’-a® b® c*5 a® b® c®-a® b® c®) #1°+2 a® b* c* #1%&,3]||x==Root[2 b* c*+(5 a® b’
c®-a® b® c®+5 a® b® c®-a® b°® c®) #1+(2 a* b™+8 a* c*+4 a* b* *-4 a* b® c*+2 a* b’
c®) #1°+(5 a°® b? c*-a° b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* * #1'&,4]1)))) ||

(c=="0.669 - &&((b==1/c&&a>0&&x==Root[2 b* c*+(5 a® b®> c*-a’ b® c*+5 a’ b®> c®-a°
b® c®) #1+(2 a* b™+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a°® b®> c*-a® b°
c’+5 a® b® c®-a°® b® c®) #1°+2 a® b* c* #1%&,3])||(b>1/c&&a>08&(x==Root[2 b* c*+(5
a’ b? c?-a®> b® c®+5 a® b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® *+2 &'
b* c®) #1%4(5 a° b*> c*-a® b® %5 a® b® c®-a® b® ) #1*+2 &% b* !
#1°8,3]| | x==Root[2 b* c*+(5 a* b* c®-a® b® c*+5 a’ b c®-a® b® c®) #1+(2 a* b*+8 a*
c*+4 a* b* ¢*-4 a* b® c*+2 a® b* ®) #1%+(5 a® b® c?-a® b® %5 a® b? cf-a® b°® )
#1°+2 a® b* c* #1%8,4]1))))||(90.669 - <c<=71.50 &&((b==Root[-4 c*+(-1-c*) #1*+2
c® #1°8,2]88a>088x==Root[2 b* c*+(5 a® b> c?-a® b® c*5 a’ b> c®-a” b® c®) #1+(2 a*
b*+8 a* c’™+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c*-a® b® c*+5 a® b c®-a® b°
c®) #1°+2 a® b* <t #1%%,3]) || (b>Root[-4 c’+(-1-c*) #1°+2 c’
#1&,2]8&a>08&(x==Root[2 b* c*+(5 a’ b®> c*-a® b® c*+5 a’ b’ c®-a* b® c®) #1+(2 a*
b*+8 a* c’™+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c*-a® b® c*+5 a® b c®-a® b°
c®) #1°+2 a® b* ¢* #1%8,3]||x==Root[2 b* c*+(5 a® b® c*-a® b® c®+5 a’ b* c®-a’ b°
c®) #1+(2 a* b*+8 a* c*+4 a* b* ¢*-4 a* b® c*+2 a* b* ¢®) #1%+(5 a°® b? c*-a°® b® c*+5
a® b® c®-a® b® c®) #1°+2 a® b* * #1'&,41)))) ||

(71.50 ~<c<=2.20 - 8&&((b==Root[-4 c*+(-1-c*) #1%+2 c*> #1%&,2]8&&a>08&&x==Root[2
b* c*+(5 a*> b®> c*-a® b® c’+5 a’ b® c®-a® b® c°) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* *
#1°&,1]) | | (Root[-4 c*+(-1-c*) #1°+2 c* #1°&,2]<b<c&8&a>08&(x==Root[2 b* c*+(5 a’
b®> c*-a* b® c*+5 a’ b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b’
c®) #1%+(5 a° b® c*-a® b® c®+5 a® b® c®-a® b® c®) #1°+2 a® b* c* #1%&,1]||x==Root[2
b* c*+(5 a*> b®> c*-a® b® c’+5 a’ b® c®-a® b® c°) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® ®) #1°+2 a® b* *
#1°8,27)) | | (b>=c&8a>08&&(x==Root[2 b* c*+(5 a’ b®> c®>-a® b® c*+5 a’ b> c®-a’ b® c°)
#1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c*-a® b°® c*+5 a°
b*> c®-a® b® c®) #1°+2 a® b* c* #1%&,3]||x==Root[2 b* c*+(5 a® b* c*-a’ b® c*+5 a’ b?
c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a°® b c*-a°
b® c’+5 a® b® c®-a° b® c®) #1%+2 a°® b* ¢ #1%8,4]))))
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[1(c>@2.20 - 8&&((b==Root[-25+14 c*-25 c®+(1+34 c*+c®) #1°&,2]88&a>08&&(x==Root[2
b* c*+(5 a* b®> c*-a® b® c’+5 a* b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® ®) #1°+2 & b* ¢
#1°&,1]| | x==Root[2 b* c’+(5 a® b®> c*-a’ b® c*+5 a’ b®> c®-a® b® c®) #1+(2 a* b*+8 a
c*+4 a* b* ¢*-4 a* b® c*+2 a® b* ®) #1%+(5 a® b’ c?-a® b® c®+5 a® b? cf-a® b® cf)
#1°+2 a® b* * #1°&,3]))||(Root[-25+14 c*-25 c®+(1+34 c*+c®) #1°&,2]<b<Root[-4
c?+(-1-c*) #1%+2 c* #1°8,2]88a>08&(x==Root[2 b* c*+(5 a® b* c*-a® b® c*+5 a’ b® c°-
a’ b® c®) #1+(2 a* b™+8 a* c™+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1°+(5 a°® b* c*-a° b°
c’+5 a° b® c®-a® b® c®) #1°+2 a® b* ¢* #1%&,1]||x==Root[2 b* c*+(5 a® b* c*-a’ b°
c®+5 a® b c®-a% b® c®) #1+(2 a* b™+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%4(5
a® b? c?-a° b® c®+5 a°® b? c®-a® b® c®) #1°+2 a® b* ¢* #1'&,2]||x==Root[2 b* c*+(5 a*
b*> c*-a* b® c*+5 a’ b* c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b’
c®) #1%+(5 a°® b®> c?*-a® b® c’+5 a® b c®-a® b® c®) #1°+2 a® b* c* #1%&,3]||x==Root[2
b* c*+(5 a*> b®> c*-a® b® c’+5 a’ b® c®-a® b® c®) #1+(2 a* b*™+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* *
#1°8,47)) | | (b==Root[-4 c’+(-1-c*) #1°+2 c® #1°&,2]&8%a>08&(x==Root[2 b* c*+(5 a*
b*> c*-a* b® c*+5 a? b® c®-a® b® c®) #1+(2 a* b*+8 a* c*+4 a* b* c*-4 a* b® c*+2 a* b’
c®) #1%+(5 a® b® c®-a°® b® c®+5 a°® b* c®-a°® b® c®) #1°+2 a® b* c* #1'&,1]]||x==Root[2
b* c*+(5 a* b®> c*-a®> b® c’+5 a’ b® c®-a® b® ¢°) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® ®) #1°+2 a® b* *
#1°8,2]| | x==Root[2 b* c*+(5 a* b* c*-a® b® c*+5 a’ b> c®-a® b® c®) #1+(2 a* b*+8 a*
c*+4 a* b* c*-4 a* b® c*+2 a* b* ®) #1%+(5 a® b® c?-a® b® c®+5 a® b? c®-a® b°® )
#1°+2 a® b* c’ #1°8,41)) | | (Root[-4 c’+(-1-c*) #1°42 c?
#1°8,2]<b<c&&a>08&(x==Root[2 b* c*+(5 a’ b®> c®-a® b® c*+5 a’ b® c®-a® b® c°) #1+(2
a* b*+8 a* c*+4 a* b* c*-4 a* b® c™+2 a* b* ¢®) #1%+(5 a® b® c*-a® b® c*+5 a® b? c®-a°
b® c®) #1°+2 a® b* ¢* #1%&,1]||x==Root[2 b* c*+(5 a® b®> c*-a® b® c*+5 a’ b* c®-a’ b°
c®) #1+(2 a* b™+8 a* c*+4 a* b* *-4 a* b® c*+2 a* b* c®) #1%+(5 a® b® c*-a°® b® %45
a® b? c®-a°® b® c®) #1%+2 a® b* * #1%&,2]))||(b>=c&&a>08&(x==Root[2 b* c*+(5 a’ b’
c®-a® b® c®+5 a® b® c®-a® b® c®) #1+(2 a* b™+8 a* c*+4 a* b* *-4 a* b® *+2 a* b’
c®) #1°+(5 a® b® c®-a°® b® c®+5 a® b® c®-a°® b® c®) #1°+2 a® b* c* #1&,3]||x==Root[2
b* c*+(5 a* b®> c*-a®> b® c®+5 a’ b® c®-a® b® ¢®) #1+(2 a* b*+8 a* c*+4 a* b* *-4 a*
b® c*+2 a* b* c®) #1%+(5 a® b® c*-a® b® c*+5 a® b* c®-a® b® c®) #1°+2 a® b* *
#1'8,41))))

4
4
4

+ For determine the value of Root (like Root[—4c?+ (—1-ch#12+
2c¢?#1*&,2]),we use the following code

In[2]:= Solve[—4c? + (=1 — c¢*)x? + 2¢%x* == 0,x]

N 4 8 4/ 4 8
out[2]= {x—>—%\[Ciz+cz—$},{x—>l\/ciz+cz—$},

a2 i I
Cz+c + 2 },{x—>2 Cz+c + 2

11 V1 + 34c* + 8 11 V1 + 34c* + 8
x- —< 1

Since we deal with positive roots we choose

1)1 V1 + 34c* + 8
X—>- [S+c2+ >
c

2 c
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+ Analysis of Example 4.5.1

In[1]:= c = 0.45

Out[1]=0.45
In[2]:= Reduce[—5c* — 12cy — 6y? + 4cy3 + 3c*y* == 0, y, PositiveReals]

out[2]=y = 3.420514006466678
In[3]:= b = 3.43
out[3]=3.43

In[4]:= Reduce[5 a* c® x*-3a" b® c® x*16a’ b c® x*(1+a® x?)-8a’> b’ ¢’ x’(1+a’ x*)+8a
b> ¢ x(c*+6a’ x*+6a* x*+a°® c* x®)+6b’(3a’ c* x*+8a* ¢ x*+3a° ¢* x%)-2b°(3a* c* x’+8a*

c’x*+3a® * x®)+b*(36a* x*+16c%(a® x*+a® x°)+c®(1+a® x®))==0 ,x,PositiveReals]

out[4]= a > 0&&(x == Root[8.21513811242005 x 103* + 2.102680052929581 x 103¢a#1 +
1.99395497 x 1037a?#1% + 1.698184095294822 x 1037a3#13 — 9.723533167137456 x
1037 a*#1* + 1.698184095294822 x 1037a°#1° + 1.993954970053613 x 1037 a®#1° +
2.102680052929581 x 103%a’#17 + 8.21513811242005 X 1034a®#18&,3]||x ==
Root[8.21513811242005 x 103* + 2.102680052929581 x 103°a#1 + 1.993954970053613 X
1037a%#12% + 1.698184095294822 x 1037 a3#13 — 9.723533167137456 x 1037 a*#1* +
1.698184095294822 x 1037a°#1° + 1.993954970053613 x 1037a®#1° + 2.102680052929581 X
103%a”#17 + 8.215138112 x 103*a®#18&,4])

(4cabx+4a3b3cx3+a*b*ctx*+6a?b?x?+c%)
(6bZ2a2x2+b*ct+atctx*+4b3acx+4ad3bcx3)’

In[5]:=D|

Out [5 ] _ a(19068.42443 +473093.3546697245ax+3525157.780262701a?x%+6306664.4388a3x3+3525157.7802627a*x*+473093.35466972436a5x5+19068.424427733335a5x6)
(138.41287201000003 +1771.3517475994513ax+1721.4302697759488a2x2+150.56241426611794a3x3+1.a*x*)?

In[6]:=FPrime[x | =

a(19068.42443 +473093.3546697245ax+3525157.780262701ax*+6306664.4388a° x> +3525157.7802627a* x* +473093.35466972436a°x°+19068.424427733335a°x°)

(138.41287201000003 +1771.3517475994513ax+1721.4302697759488a2xz+150.56241426611794a3x3+1.a4x4)2

out[6]=
a(19068.42443 +473093.3546697245ax+3525157.780262701a?x%+6306664.4388a°x>+3525157.7802627a*x*+473093.35466972436a°x5+19068.424427733335a°x°)
(138.41287201000003 +1771.3517475994513ax+1721.4302697759488a%x2+150.56241426611794a3x3+1.a*x*)?

In[7]:=Reduce[FPrime [Root[8.21513811242005 x 103* + 2.102680052929581 x 103¢a#1 +

1.993954970053613 X 1037a?#12% + 1.698184095294822 x 1037a3#13 — 9.723533167137456 X
1037a*#1* + 1.698184095294822 x 1037a®#1° + 1.993954970053613 x 1037 a®#1° +

2.102680052929581 x 103%a’#17 + 8.21513811242005 X 1034a8#18&,3]] < 1, a, PositiveReals]

Out[7]=0 < a < 1.0005845067783963
In[8]:=Reduce [Fprime [Root[8.21513811242005 x 103* + 2.102680052929581 x 1036a#1 +
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1.993954970053613 X 1037 a?#12% + 1.698184095294822 x 1037 a3#13 — 9.723533167137456 X
1037a*#1% + 1.698184095294822 x 1037a°#1° 4+ 1.993954970053613 x 1037 a®#1° +

2102680052929581xiMﬁ6a7#17+—821513811242005Xiuﬁ4a8#18&A]]>iLa,PoﬂﬁveReMs]

Out[8]:= a > 0.9994158351066273

+ Analysis of the model 5.3

*The positive roots for equation (143)

In[1]:=
¢ (36(1+x) (143x—(~4+b)bx?+b2x%) +12d (2+4x —(=3+b2)x% ~(~2+b3)x® ~b (=3+b2)x* +5?x%) +d2 (4-4(~2+b¥)x* +b3x°))
Reduce[{ 3
(6(1+x)2+d(2+x3))
==0,c>0,b > 0,d > 0}, x, PositiveReals]
out[1]=

(¥71.59 - <b<©2.85 ~-8&& ((d==Root[-419904 b’+1306368 b>-1399680 b*+559872 b°-
46656 b°+(1119744 b-3685824 b’+5365440 b>-4758912 b*+2612736 b°-699840 46656
b’) #1+(-186624-1150848 b+3748032 b>-3499200 b*+451008 b*+1613520 b’-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b°-533520 b®+358992 b’-55728 b5+1728 b°) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1%+(-
69696+8640 b+121536 b’-8640 b’-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b®+848 b’) #17+(-6528-576 b-1152 b*+6048 b*+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b°) #1°+(-64+48 b3-12 b°+b°)
#1'%8,2]8&c>088&x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b> d
#1°+b> d*> #1%,1]) ||

(d>Root[-419904 b*+1306368 b*-1399680 b*+559872 b>-46656 b°+(1119744 b-3685824
b’+5365440 b*-4758912 b*+2612736 b>-699840 b®+46656 b’) #1+(-186624-1150848
b+3748032 b?-3499200 b?+451008 b*+1613520 b>-1251936 b®+291600 b’-15552 b?)
#1°+(324864+103680 b-393984 b’-1093824 b’+1710720 b*-436752 b’-533520 b®+358992
b’-55728 b®+1728 b’) #1’+(-108864+48384 b-288576 b’+601344 b’-6480 b*-340416
b’+34560 b°+166428 b’-60480 b%+4212 b’) #1%+(-69696+8640 b+121536 b*-8640 b -
189216 b*+23040 b’+52272 b°+26028 b’-31176 b+4356 b’) #1°+(44288+13248 b+11520
b’>-59280 b’-10944 b*+37872 b°-588 b°-3276 b’-8568 b®+2485 b’) #1°+(3904-4032 b-
10944 b’+7296 b’*+7200 b*+7632 b’-6000 b°-1548 b’-1224 b%+848 b’) #1’+(-6528-576
b-1152 b’*+6048 b’+720 b*+576 b’-1800 b°-144 b’-72 b%+174 b’) #1%+(-1280+960 b’-
240 b%+20 b°) #1°+(-64+48 b3-12 b®+b’) #1'%&,2]8&c>08&(x==Root[36+24 d+4
d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4
b*> d*) #1°+(36 b°+36 b d-12 b’ d) #1%°+12 b> d #1°+b> d* #1°&,1] ||
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x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b* d) #1°+(144
b+24 d-12 b® d+8 d*>-4 b® d*) #1°+(36 b*+36 b d-12 b® d) #1%+12 b? d #1°+b> d°
#1°%,2]1)))) ||

(b=="2.85 -8&&((d==Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b®-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b°) #1%+(-
6969648640 b+121536 b’-8640 b>-189216 b"+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°®-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b’-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'%8,4]8&c>088&x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b*> d
#1°+b> d* #1°%,1]) ||

(d > Root[-419904 b*+1306368 b>-1399680 b*+559872 b°-46656 b°+(1119744 b-
3685824 b%+5365440 b*-4758912 b*+2612736 b°-699840 b°+46656 b’) #1+(-186624-
1150848 b+3748032 b?-3499200 b>+451008 b*+1613520 b>-1251936 b°+291600 b’-15552
b®) #1°+(324864+103680 b-393984 b*-1093824 b’+1710720 b*-436752 b°-533520
b®+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576 b*+601344 b’-6480 b’-
340416 b°+34560 b®+166428 b’-60480 b%+4212 b’) #1%+(-69696+8640 b+121536 b*-
8640 b’-189216 b*+23040 b’+52272 b®+26028 b’-31176 b®+4356 b’) #1°+(44288+13248
b+11520 b®-59280 b*-10944 b*+37872 b’-588 b®-3276 b’-8568 b%+2485 b°) #1°+(3904-
4032 b-10944 b’+7296 b*+7200 b*+7632 b°-6000 b°-1548 b’-1224 b®+848 b’) #1'+(-
6528-576 b-1152 b’+6048 b’+720 b*+576 b°-1800 b°-144 b’-72 b%+174 b°) #1%+(-
1280+960 b’-240 b®+20 b’) #1°+(-64+48 b’-12 b°+b’) #1'%°&,4]8&&c>08&(x==Root[36+24
d+4 d*+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b*> d) #1°+(144 b+24 d-12 b® d+8
d’>-4 b’ d*) #1°+(36 b’+36 b d-12 b’ d) #1%+12 b> d #1°+b> d* #1°%,1] ||
x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b* d) #1°+(144
b+24 d-12 b® d+8 d*-4 b® d?) #1°+(36 b*+36 b d-12 b® d) #1°+12 b*> d #1°+b® d°
#1°%,2]1)))) ||

(92.85 - <b<48&((d==Root[-419904 b’+1306368 b’>-1399680 b*+559872 b°-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b’-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b"-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b’) #1%+(-
69696+8640 b+121536 b*-8640 b>-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b>-59280 b>-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b*+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b®+848 b’) #1’+(-6528-576 b-1152 b’+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b’) #1%+(-1280+960 b’-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'%8,2]8&c>088&x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d°-4 b? d®) #1°+(36 b°+36 b d-12 b’ d) #1%°+12 b* d
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#1°+b> d*> #1°&,1])||(d>Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b®-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b°) #1%+(-
6969648640 b+121536 b’-8640 b*-189216 b"+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b’-588 b°®-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b’) #1%+(-1280+960 b’-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b%)
#1'°8,2]8&C>08&(x==Ro0t[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b’*+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b> d
#1°+b® d® #1°&,1]||x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12
b> d) #1°+(144 b+24 d-12 b® d+8 d*>-4 b®> d*) #1°+(36 b’+36 b d-12 b® d) #1*+12 b?
d #1°+b* d* #1°§,21)))) ||

(4<=b<“4.60 - &&((d==Root[-419904 b?*+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b)
#1+(-186624-1150848 b+3748032 b?-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1%+(-
69696+8640 b+121536 b’-8640 b>-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b>-59280 b*-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b*+7200 b*+7632 b’-6000 be-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b’) #1%+(-1280+960 b>-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'°8,2]8&C>088x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b’
d) #1%+(144 b+24 d-12 b® d+8 d*-4 b® d®) #1°+(36 b’+36 b d-12 b d) #1°+12 b’ d
#1°+b> d* #1°¢,5]) ||

(Root[-419904 b’+1306368 b>-1399680 b*+559872 b°-46656 b°+(1119744 b-3685824
b’+5365440 b>-4758912 b*+2612736 b°-699840 b°+46656 b’) #1+(-186624-1150848
b+3748032 b®-3499200 b’+451008 b*+1613520 b>-1251936 b®+291600 b’-15552 b®)
#1%+(324864+103680 b-393984 b*-1093824 b3+1710720 b*-436752 b>-533520 b°+358992
b’-55728 b®*+1728 b°) #1°+(-108864+48384 b-288576 b’*+601344 b*-6480 b*-340416
b’+34560 b®+166428 b’-60480 b%+4212 b’) #1%+(-69696+8640 b+121536 b>-8640 b>-
189216 b*+23040 b’+52272 b°+26028 b’-31176 b®+4356 b’) #1°+(44288+13248 b+11520
b*>-59280 b’-10944 b*+37872 b°-588 b°-3276 b’-8568 b°+2485 b’) #1°+(3904-4032 b-
10944 b*+7296 b’+7200 b*+7632 b’-6000 b°-1548 b’-1224 b%+848 b’) #1’+(-6528-576
b-1152 b’*+6048 b’+720 b*+576 b’-1800 b®-144 b’-72 b®+174 b’) #1%+(-1280+960 b’-
240 b°+20 b’) #1°+(-64+48 b>-12 b°+b’) #1'°8&,2]<d<=188C>08&(x==Root[36+24 d+4
d’+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4
b*> d®) #1°+(36 b*+36 b d-12 b’ d) #1%+12 b> d #1°+b> d* #1°&,5]||x==Root[36+24
d+4 d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b> d) #1°+(144 b+24 d-12 b’ d+8
d*-4 b’ d*) #1°+(36 b’+36 b d-12 b’ d) #1%+12 b> d #1°+b’> d* #1°&,6])) ||
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(d>18&c>08&(x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b*> d)
#1°+(144 b+24 d-12 b? d+8 d*-4 b’ d?) #1°+(36 b°+36 b d-12 b’ d) #1%°+12 b* d
#1°+b> d* #1°%,1] ||

x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b’ d) #1°+(144
b+24 d-12 b’ d+8 d*-4 b® d*) #1°+(36 b’+36 b d-12 b® d) #1'+12 b> d #1°+b> d°
#1%%,2]1)))) ||

(b=="4.60 -8&&((d==Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1%+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b°+4212 b°) #1%+(-
69696+8640 b+121536 b*-8640 b?-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b>-59280 b*-10944 b*+37872 b°-588 b°-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b°) #1°+(-64+48 b3-12 b°+b°)
#1'%&,1]8&c>088&x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b’*+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b*> d
#1°+b> d* #1°&,5]) || (Root[-419904 b°+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b’+34560 b°+166428 b’-60480 b%+4212 b’) #1%4+(-
69696+8640 b+121536 b?-8640 b>-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b>-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b*+7200 b*+7632 b’-6000 be-
1548 b’-1224 b®+848 b’) #17+(-6528-576 b-1152 b*+6048 b*+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'°8,1]<d<=188&C>08&(x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36 b*+36 d-
12 b®> d) #1%+(144 b+24 d-12 b® d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b*> d) #1°+12
b> d #1°+b> d*> #1°&,5] || x==Root[36+24 d+4 d’*+(144+48 d) #1+(108+144 b-36
b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b® d+8 d*-4 b? d*) #1°+(36 b°+36 b d-12 b’
d) #1'+12 b> d #1°+b*> d* #1%§,6])) ||(d>188&c>08&&(x==Root[36+24 d+4 d’*+(144+48
d) #1+(108+144 b-36 b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b® d+8 d*-4 b’ d?)
#1°+(36 b’+36 b d-12 b’ d) #1%+12 b> d #1°+b> d* #1°&,1]||x==Root[36+24 d+4
d’+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4
b’> d*) #1°+(36 b°+36 b d-12 b’ d) #1%*+12 b*> d #1°+b> d* #1°&,2])))) ||

(74.60 ~<b<9& &((d==Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b>-4758912 b*+2612736 b°-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b’-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
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b’+601344 b’-6480 b"-340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1%+(-
6969648640 b+121536 b’-8640 b>-189216 b"+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b’) #1%+(-1280+960 b’-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'%&,1]8&C>088&x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b?
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b®> d*) #1°+(36 b*+36 b d-12 b> d) #1%°+12 b> d
#1°+b> d* #1°&,3]) || (Root[-419904 b°+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b>-1251936
b®+291600 b’-15552 b®) #1%+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b°-533520 b®+358992 b’-55728 b®*+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b°) #1%+(-
69696+8640 b+121536 b’-8640 b’-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b®*+848 b’) #17+(-6528-576 b-1152 b*+6048 b*+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b°) #1°+(-64+48 b3-12 b°+b°)
#1'°&,1]<d<Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656 b°+(1119744 b-
3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’) #1+(-186624-
1150848 b+3748032 b>-3499200 b’+451008 b*+1613520 b>-1251936 b°+291600 b’-15552
b®) #1°+(324864+103680 b-393984 b*-1093824 b’+1710720 b*-436752 b°-533520
b®+358992 b’-55728 b®+1728 b’) #1’+(-108864+48384 b-288576 b*+601344 b’>-6480 b*-
340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1°+(-69696+8640 b+121536 b*-
8640 b>-189216 b*+23040 b’+52272 b®+26028 b’-31176 b+4356 b’) #1°+(44288+13248
b+11520 b®-59280 b*-10944 b*+37872 b’-588 b®-3276 b’-8568 b%+2485 b’) #1°+(3904-
4032 b-10944 b*+7296 b*+7200 b*+7632 b’-6000 b®-1548 b’-1224 b%+848 b’) #17+(-
6528-576 b-1152 b’+6048 b’+720 b*+576 b’-1800 b°-144 b’-72 b+174 b’) #1%(-
12804960 b’-240 b%+20 b’) #1°+(-64+48 b>-12 b%+b’) #1'°&,2]8&c>08&&(x==Root[36+24
d+4 d’+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b> d) #1°+(144 b+24 d-12 b’ d+8
d*-4 b®> d*) #1°+(36 b*+36 b d-12 b® d) #1%+12 b> d #1°+b® d°
#1°&,3]| | x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b’ d)
#1°+(144 b+24 d-12 b® d+8 d*-4 b’ d?) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b* d
#1°+b® d*> #1°%,4])) || (Root[-419904 b’+1306368 b*-1399680 b*+559872 b’>-46656
b%+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b>-699840 b°+46656 b)
#1+(-186624-1150848 b+3748032 b’-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b’) #1%+(-
69696+8640 b+121536 b’-8640 b’-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b>-59280 b>-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #1’+(-6528-576 b-1152 b°+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b’) #1°+(-64+48 b>-12 b°+b’)
#1'%8,2]<=d<=18&Cc>08&(x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b’*+36
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d-12 b® d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b® d*) #1°+(36 b*+36 b d-12 b? d)
#1412 b®> d #1°+b> d* #1°&,5]||x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36
b*+36 d-12 b®> d) #1°+(144 b+24 d-12 b® d+8 d*-4 b® d*) #1°+(36 b°+36 b d-12 b’
d) #1%+12 b d #1°+b’> d* #1°%,6])) || (d>18&c>08&&(x==Root[36+24 d+4 d’*+(144+48
d) #1+(108+144 b-36 b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d?)
#1°+(36 b’+36 b d-12 b’ d) #1%+12 b*> d #1°+b> d*> #1°&,1]||x==Root[36+24 d+4
d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4
b® d?) #1°+(36 b*+36 b d-12 b® d) #1%°+12 b? d #1°+b> d* #1°&,271)))) ||

(9<=b<“265. 8&((@<d<Root[-419904 b*+1306368 b>-1399680 b*+559872 b°-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b>-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b°-533520 b®+358992 b’-55728 b*+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1%+(-
69696+8640 b+121536 b’-8640 b?-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b*+7200 b*+7632 b’-6000 be-
1548 b’-1224 b®+848 b’) #17+(-6528-576 b-1152 b*+6048 b*+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b’-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'%8,2]8&C>08&(x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b*+36 d-12 b’
d) #1%+(144 b+24 d-12 b® d+8 d*>-4 b® d®) #1°+(36 b’+36 b d-12 b’ d) #1°+12 b’ d
#1°+b> d* #1°8,3] || x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b*+36 d-
12 b? d) #1%°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b? d) #1%+12
b> d #1°+b> d*> #1°&,4])) || (Root[-419904 b’+1306368 b*-1399680 b*+559872 b°-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b>-699840 b°+46656 b)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b>-1093824 b’+1710720 b*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’>+601344 b’-6480 b*-340416 b’+34560 b°+166428 b’-60480 b%+4212 b°) #1%4+(-
69696+8640 b+121536 b’-8640 b?-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b°) #1°+(44288+13248 b+11520 b>-59280 b*-10944 b*+37872 b°-588 b°-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b*+7200 b*+7632 b’-6000 be-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b’) #1°+(-64+48 b’-12 b°+b’)
#1'°8,2]<=d<=188&C>08&(x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b*+36
d-12 b?> d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b® d*) #1°+(36 b*+36 b d-12 b® d)
#1412 b®> d #1°+b> d* #1°&,5] || x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-
36 b’+36 d-12 b®> d) #1°+(144 b+24 d-12 b® d+8 d*-4 b’ d?) #1°+(36 b*+36 b d-12
b> d) #1%°+12 b®> d #1°+b> d* #1°¢,6])) ||

(d>18&c>08&(x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b*> d)
#1°+(144 b+24 d-12 b® d+8 d*-4 b’ d?) #1°+(36 b*+36 b d-12 b’ d) #1°+12 b* d
#1°+b> d* #1°&,1]||x==Root[36+24 d+4 d°+(144+48 d) #1+(108+144 b-36 b°+36 d-12
b> d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b’+36 b d-12 b’ d) #1*+12 b®
d #1°+b® d* #1%&,2])))) ||
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(b>=7265. ~&&((0<d<Root[-419904 b’+1306368 b>-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b®-3499200 b’+451008 b*+1613520 b°-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b>-1093824 b’+1710720 b"*-
436752 b>-533520 b°+358992 b’-55728 b%+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b°+166428 b’-60480 b%+4212 b°) #1%+(-
6969648640 b+121536 b’-8640 b*-189216 b"+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b’-588 b°®-3276
b’-8568 b®+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b%+848 b’) #17+(-6528-576 b-1152 b*+6048 b’+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b’-240 b°+20 b°’) #1°+(-64+48 b’-12 b°+b%)
#1'°8,418&C>08&(x==Ro0t[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b’*+36 d-12 b’
d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’ d) #1%°+12 b> d
#1°+b® d® #1°&,3]||x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12
b> d) #1°+(144 b+24 d-12 b’ d+8 d*>-4 b® d*) #1°+(36 b’+36 b d-12 b® d) #1*+12 b?
d #1°+b> d* #1°&,4]))||(Root[-419904 b*+1306368 b’-1399680 b*+559872 b’-46656
b®+(1119744 b-3685824 b’+5365440 b’-4758912 b*+2612736 b’-699840 b°+46656 b’)
#1+(-186624-1150848 b+3748032 b*-3499200 b’+451008 b*+1613520 b>-1251936
b®+291600 b’-15552 b®) #1°+(324864+103680 b-393984 b?-1093824 b’+1710720 b*-
436752 b°-533520 b°+358992 b’-55728 b®+1728 b’) #1°+(-108864+48384 b-288576
b’+601344 b’-6480 b*-340416 b°+34560 b®+166428 b’-60480 b%+4212 b°) #1%+(-
69696+8640 b+121536 b’-8640 b’-189216 b*+23040 b°+52272 b°+26028 b’-31176
b®+4356 b’) #1°+(44288+13248 b+11520 b*-59280 b’-10944 b*+37872 b°-588 b°-3276
b’-8568 b%+2485 b’) #1°+(3904-4032 b-10944 b’+7296 b’+7200 b*+7632 b’-6000 b°-
1548 b’-1224 b®+848 b’) #17+(-6528-576 b-1152 b*+6048 b*+720 b*+576 b’-1800 b°-
144 b’-72 b%+174 b°) #1%+(-1280+960 b>-240 b°+20 b°) #1°+(-64+48 b3-12 b°+b°)
#1'°8,4]<=d<=18&c>08&(x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36 b’+36
d-12 b® d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b®> d*) #1°+(36 b*+36 b d-12 b? d)
#1°+12 b> d #1°+b> d* #1°&,5]||x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36
b’>+36 d-12 b*> d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b*+36 b d-12 b’
d) #1%+12 b? d #1°+b> d* #1°¢,6])) ||

(d>18&c>08&(x==Root[36+24 d+4 d’+(144+48 d) #1+(108+144 b-36 b’+36 d-12 b> d)
#1°+(144 b+24 d-12 b® d+8 d*-4 b®> d*) #1°+(36 b*+36 b d-12 b*> d) #1%°+12 b®> d
#1°+b® d® #1°&,1]||x==Root[36+24 d+4 d*+(144+48 d) #1+(108+144 b-36 b*+36 d-12
b®> d) #1°+(144 b+24 d-12 b’ d+8 d*-4 b’ d*) #1°+(36 b’+36 b d-12 b’ d) #1%+12 b’
d #1°+b> d* #1°%,2]))))

+ Analysis of the second derivative for the function in equation
(142)

1
In[2]:= Reduce[{(G(Hx)z+d(2+x3))3 6(—1+b)c(—6(4 + 4x + dx?)((1 + b + b?)d?x? + 12(1 +

)1+ bx)+d(4+4(1+b)x+3(1+b+b>x?+4b(1+b)x®+ b%x*))+2(6(1 +x)2+d(2 +
3N(B + d)(2 + dx) + b2dx(3 + d + 6x + 2x2) + b(6 + 12x + d%x + d(2 + 3x + 6x2)))) >
0,b > 1,c > 0,d > 0}, x, PositiveReals]
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Out[2]= (1<b<“1.22 &% ((Root[-1679616 b*+(2239488 b+1119744 b’+1679616 b’)
#1+(-373248-2612736 b+746496 b*-1306368 b’-629856 b*) #1°+(373248-466560 b-
124416 b*-762048 b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b’+107784 b>-41040
b*-54432 b>-918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®)  #1°+(1152+864 b-864 b*-1656 b’+432 b*+2160 b’+1800 b°)
#17+(400+1056 b+2112 b*+2368 b’+2112 b*+1056 b°+400 b®) #1°%+(32+96 b+192 b*+224
b’+192 b*+96 b°+32 b®) #1°&,5]<d<(9-3 b)/(1+b)&&c>0&&R00t[108-36 b+24 d-24 b
d-4 d°-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d*>-2 b d*-2 b?
d’) #1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1’+(72 b+48 d+24 b d-
18 b? d+16 d*+16 b d*+2 b®> d?) #1°+(36 b d+6 d*+6 b d*+6 b> d*+2 d*+2 b d*+2 b?
d’) #1%+(6 b d*+6 b*> d?) #1°+b> d*> #1°&,1]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d’-2 b d’-2 b* d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d’+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b*> d* #1°%,2]) ||

(d>=(9-3 b)/(1+b)&&c>08&A<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b? d-12 d*-12 b d®>-12 b® d*>-2 d>-2 b d*>-2 b* d?) #1+(108+108 b+72 d-
36 b* d+12 d*-12 b d*-12 b® d*) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b*> d*) #1°+(36 b d+6 d°+6 b d°+6 b*> d*+2 d’+2 b d’+2 b* d*) #1°+(6 b d*+6 b> d?)
#1°+b* d* #1°8,21))) ||

(b==91.22 &% ((Root[-1679616 b>+(2239488 b+1119744 b’+1679616 b’) #1+(-
373248-2612736 b+746496 b*-1306368 b*-629856 b*) #1°+(373248-466560 b-124416
b’-762048 b+373248 b*+104976 b°) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b’-41040
b*-54432 b>-918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®)  #1°#(11524864 b-864 b*-1656 b’+432 Db*+2160 b’+1800 b°)
#17+(400+1056 b+2112 b’+2368 b’+2112 b*+1056 b°+400 b®) #1°%+(32+96 b+192 b*+224
b’>+192 b*+96 b°+32 b®) #1°&,4]<d<(9-3 b)/(1+b)&&c>0&8&Ro0t[108-36 b+24 d-24 b
d-4 d’-4 b d*+(216+54 d-18 b d-18 b? d-12 d*-12 b d*-12 b? d*-2 d*-2 b d*-2 b?
d®) #1+(108+108 b+72 d-36 b®> d+12 d*>-12 b d*>-12 b*> d*) #1*+(72 b+48 d+24 b d-
18 b® d+16 d*+16 b d*+2 b® d*) #1’+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b?
d®) #1%+(6 b d*+6 b*> d?) #1°+b> d* #1°&,1]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d>+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b> d*-2 d’-2 b d?-2 b* d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1*+(6 b d*+6 b*> d°) #1°+b*> d* #1°&,2])]|

(d>=(9-3 b)/(1+b)8&&c>0880<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b* d-12 d*-12 b d*>-12 b* d*-2 d*-2 b d’>-2 b* d’) #1+(108+108 b+72 d-
36 b® d+12 d*-12 b d*-12 b®? d*) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b> d*) #1°+(36 b d+6 d°+6 b d’+6 b> d*+2 d’+2 b d’+2 b* d?) #1°+(6 b d*+6 b> d?)
#1°+b* d* #1°%,21))) ||

(71.22 -<b<©1.29 --&&((Root[-1679616 b*+(2239488 b+1119744 b’+1679616 b?)
#1+(-373248-2612736 b+746496 b*-1306368 b>-629856 b*) #1°+(373248-466560 b-
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124416 b*-762048 b’+373248 b*+104976 b’) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b’-41040
b*-54432 b°-918 b°®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®)  #1°+(1152+4864 b-864 b*-1656 b’+432 b*+2160 b’+1800 b°)
#17+(400+1056 b+2112 b’+2368 b’+2112 b*+1056 b°+400 b®) #1%+(32+96 b+192 b*+224
b’+192 b*+96 b’+32 b°) #1°&,4]<d<=Root[-1679616 b*+(2239488 b+1119744
b’>+1679616 b?)  #1+(-373248-2612736 b+746496 b>-1306368 b>-629856 b*)
#1°+(373248-466560 b-124416 b>-762048 b*+373248 b*+104976 b)
#1°+(124416+787968 b+59616 b*+360288 b’+301968 b*-27216 b’-6561 b°) #1%+(-
100224+98496 b-94176 b°+107784 b>-41040 b*-54432 b°-918 b®) #1°+(-28080-34848
b-63648 b>-34128 b’-41616 b*-12816 b°+2943 b®) #1°+(1152+864 b-864 b>-1656
b’>+432 b*+2160 b°+1800 b®) #17+(400+1056 b+2112 b’*+2368 b’+2112 b*+1056 b°+400
b®) #1%+(32+496 b+192 b*+224 b*+192 b*+96 b’+32 b°) #1°&,5]&&c>0&&R00t[108-36
b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d*-
2 b d>-2 b? d®) #1+(108+108 b+72 d-36 b> d+12 d*>-12 b d*>-12 b*> d*) #1°+(72 b+48
d+24 b d-18 b® d+16 d°+16 b d*+2 b® d*) #1°+(36 b d+6 d°+6 b d°+6 b®> d*+2 d’+2 b
d>+2 b®> d’) #1%+(6 b d*+6 b> d*) #1°+b> d* #1°&,3]<x<Root[108-36 b+24 d-24 b d-4
d*-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b® d*-2 d*-2 b d*-2 b? d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1*+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b* d*) #1°+b* d* #1°&,4])||

(Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b’) #1+(-373248-2612736
b+746496 b*-1306368 b’-629856 b?) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b*+360288 b’*+301968 b*-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b>-41040 b*-54432 b°-
918 b®) #1°+(-28080-34848 b-63648 b>-34128 b?-41616 b*-12816 b°+2943 b°)
#1°+(1152+864 b-864 b*-1656 b’+432 b*+2160 b’+1800 b°) #1’+(400+1056 b+2112
b’+2368 b’+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b*+224 b3+192 b*+96 b°+32
b®) #1°&,5]<d<(9-3 b)/(1+b)&&c>0&%R00t[108-36 b+24 d-24 b d-4 d*-4 b
d*+(216+54 d-18 b d-18 b*> d-12 d*-12 b d*-12 b* d*-2 d’-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d’+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b® d* #1°&,1]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d’-2 b d’-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b* d* #1°&,2])

|| (d>=(9-3 b)/(1+b)&&c>0&8&O<x<R00t[108-36 b+24 d-24 b d-4 d’-4 b d*+(216+54
d-18 b d-18 b* d-12 d*>-12 b d*-12 b® d*-2 d>-2 b d*-2 b* d’) #1+(108+108 b+72
d-36 b®> d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b* d+16 d*+16 b d*+2
b’> d*) #1°+(36 b d+6 d°+6 b d°+6 b> d’+2 d’+2 b d’+2 b* d*) #1%°+(6 b d*+6 b> d?)
#1°+b® d* #1°&,2]1))) ||

(b=="1.29 8&&((Root[-1679616 b*+(2239488 b+1119744 b°+1679616 b’) #1+(-
373248-2612736 b+746496 b*-1306368 b’-629856 b*) #1°+(373248-466560 b-124416
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b’>-762048 b’+373248 b*+104976 b°) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b’-41040
b*-54432 b°-918 b°®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®) #1°+(1152+864 b-864b°-1656 b’+432 b*+2160 b°+1800 b®) #1'+(400+1056
b+2112 b’+2368 b’+2112 b*+1056 b°+400 b®) #1%°+(32+96 b+192 b’+224 b’+192 b*+96
b°+32 b®) #1°&,4]<d<(9-3 b)/(1+b)&&c>0&%R00t[108-36 b+24 d-24 b d-4 d*-4 b
d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d’-2 b d’-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b* d?) #1°+(36 b d+6 d°+6 b d*+6 b*> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b® d* #1°&,3]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d>+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b> d*-2 d’-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b* d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b* d*) #1°+b*> d* #1°%,4]) ||

(d==(9-3 b)/(1+b)&&c>0880O<x<R0o0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b® d-12 d*-12 b d*-12 b® d*-2 d*>-2 b d*>-2 b? d’) #1+(108+108 b+72 d-
36 b® d+12 d*-12 b d*-12 b? d*) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b®> d*) #1°+(36 b d+6 d°+6 b d’+6 b> d*+2 d’+2 b d’+2 b> d?) #1°+(6 b d*+6 b> d?)
#1°+b® d* #1°%,4]) ||

(d>(9-3 b)/(1+b)&&c>08&0B<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b® d-12 d*-12 b d*-12 b® d*-2 d*>-2 b d*>-2 b? d’) #1+(108+108 b+72 d-
36 b* d+12 d*-12 b d*-12 b® d?) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b®> d*) #1°+(36 b d+6 d°+6 b d’+6 b> d*+2 d’+2 b d’+2 b> d?) #1°+(6 b d*+6 b> d?)
#1°+b> d* #1°,21))) ||

(91.29 -<b<="1.55 --&&((Root[-1679616 b*+(2239488 b+1119744 b’+1679616 b?)
#1+(-373248-2612736 b+746496 b*-1306368 b>-629856 b*) #1°+(373248-466560 b-
124416 b*-762048 b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b’-41040
b*-54432 b>-918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®) #1°+(1152+864b-864 b>-1656 b’+432 b*+2160 b°+1800 b®) #17+(400+1056
b+2112 b°+2368 b*+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96
b°+32 b®) #1°&,4]<d<(9-3 b)/(1+b)&&c>08%R00t[108-36 b+24 d-24 b d-4 d*-4 b
d>+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b> d*-2 d’-2 b d?-2 b* d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b® d* #1°&,3]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d’+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b*> d*-2 d’-2 b d*>-2 b* d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*>-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d*) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d’+6 b> d*) #1°+b* d* #1°&,4]) ||

((9-3 b)/(1+b)<=d<=Root[-1679616 b’*+(2239488 b+1119744 b’*+1679616 b’) #1+(-
373248-2612736 b+746496 b’*-1306368 b’-629856 b*) #1°+(373248-466560 b-124416
b’>-762048 b’+373248 b*+104976 b°) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b’-41040
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b*-54432 b>-918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®) #1°+(1152+864 b-864 b*-1656b’+432 b*+2160 b°+1800 b°) #1’+(400+1056
b+2112 b°+2368 b’*+2112 b*+1056 b°+400 b°) #1%+(32+496 b+192 b*+224 b’+192 b*+96
b°+32 b®) #1°&,5]&&C>08&0B<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b* d-12 d*-12 b d*>-12 b® d*>-2 d>-2 b d*>-2 b? d’) #1+(108+108 b+72 d-
36 b* d+12 d*-12 b d*-12 b®> d?) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b®> d*) #1°+(36 b d+6 d°+6 b d°+6 b*> d*+2 d’+2 b d’+2 b* d*) #1%°+(6 b d*+6 b> d?)
#1°+b* d* #1°%,4]) ||

(d>Root[-1679616 b*+(2239488 b+1119744 b°+1679616 b’) #1+(-373248-2612736
b+746496 b?-1306368 b>-629856 b*) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b°+360288 b’+301968 b"-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b>-41040 b*-54432 b°-
918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816 b°+2943 b°)
#1°+(1152+864 b-864 b’-1656 b>+432b%+2160 b’+1800 b®) #17+(400+1056 b+2112
b’+2368 b’+2112 b*+1056 b’+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b°+32
b®) #1°&,5]8&c>0880<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d°+(216+54 d-18 b d-
18 b? d-12 d*-12 b d*-12 b* d*-2 d*-2 b d*-2 b* d°) #1+(108+108 b+72 d-36 b’
d+12 d*>-12 b d*-12 b*> d®) #1°+(72 b+48 d+24 b d-18 b’ d+16 d*+16 b d*+2 b*> d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d*+2 b® d’) #1%'+(6 b d*+6 b d*) #1°+b’
d* #1°%,21))) ||

(71.55 -<b<“1.70 -8&&((Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b>)
#1+(-373248-2612736 b+746496 b>-1306368 b>-629856 b*) #1°+(373248-466560 b-
124416 b*-762048 b’+373248 b*+104976 b’) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%°+(-100224+98496 b-94176 b’*+107784 b’-41040
b*-54432 b>-918 b®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b°+2943 b®) #1°+(1152+864b-864 b>-1656 b’+432 b*+2160 b°+1800 b®) #17+(400+1056
b+2112 b®+2368 b*+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96
b>+32 b®) #1°&,2]<d<(9-3 b)/(1+b)8&&c>0&8Ro0t[108-36 b+24 d-24 b d-4 d*-4 b
d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d’-2 b d’-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d’+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b®> d* #1°&,3]<x<Root[108-36 b+24 d-24 b d-4 d*-4 b
d>+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b> d*-2 d’-2 b d?-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d’+6 b®> d*) #1°+b* d* #1°&,4]) ||

((9-3 b)/(1+b)<=d<=Root[-1679616 b’+(2239488 b+1119744 b’*+1679616 b’) #1+(-
373248-2612736 b+746496 b’-1306368 b’-629856 b*) #1°+(373248-466560 b-124416
b®-762048 b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b°+360288
b’+301968 b*-27216 b’-6561 b°) #1%°+(-100224+98496 b-94176 b’+107784 b’-41040
b*-54432 b>-918 b°®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b>+2943 b®) #1°+(1152+864b-864 b*-1656 b’+432 b*+2160 b°+1800 b°) #1’+(400+1056
b+2112 b°+2368 b’*+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b’+224 b’+192 b*+96
b°+32 b°) #1°&,3]&8&c>08&0<x<R0o0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
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18 b d-18 b* d-12 d*-12 b d*-12 b® d*-2 d*>-2 b d?-2 b® d’) #1+(108+108 b+72 d-
36 b* d+12 d*-12 b d*-12 b® d?) #1°+(72 b+48 d+24 b d-18 b® d+16 d°+16 b d*+2
b®> d*) #1°+(36 b d+6 d°+6 b d°+6 b> d*+2 d’+2 b d’+2 b* d*) #1%°+(6 b d*+6 b> d?)
#1°+b* d* #1°8,41) ||

(d>Root[-1679616 b*+(2239488 b+1119744 b°+1679616 b’) #1+(-373248-2612736
b+746496 b?-1306368 b>-629856 b*) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b°+360288 b’+301968 b"-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918 b°) #1°+(-28080-34848 b-63648b*-34128 b’-41616 b*-12816 b’+2943 b°)
#1°+(1152+864 b-864 b>-1656 b’+432 b*+2160 b’+1800 b°) #17+(400+1056 b+2112
b’+2368 b’+2112 b*+1056b°+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b’+32 b®)
#1°&,3]88&C>0880<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b d-18
b®> d-12 d*-12 b d*-12 b® d*-2 d’-2 b d’-2 b*? d’) #1+(108+108 b+72 d-36 b* d+12
d>-12 b d*-12 b®> d®) #1%4(72 b+48 d+24 b d-18 b®> d+16 d*+16 b d*+2 b*> d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d*+2 b® d’) #1%+(6 b d*+6 b d°) #1°+b’
d* #1°&,2])))

|| (91.70-<=b<="1.80--&&(((9-3b)/(1+b)<d<=Root[-1679616 b’*+(2239488 b+1119744
b’>+1679616 b?)  #1+(-373248-2612736 b+746496 b>-1306368 b>-629856 b*)
#1°+(373248-466560b-124416\b*-762048b°+373248 b*+104976 b>) #1°+(124416+787968
b+59616 b’+360288 b’+301968 b*-27216 b°-6561 b®) #1%+(-100224+98496 b-94176
b’+107784 b’-41040 b*-54432 b>-918 b°) #1°+(-28080-34848 b-63648 b*-34128 b’-
41616 b*-12816 b°+2943 b°) #1°+(1152+864 b-864 b*-1656 b’+432 b*+2160 b°+1800
b®) #17+(400+1056 b+2112 b%*+2368 b’+2112 b*+1056 b’+400 b®) #1°%+(32+96 b+192
b’+224 b’+192 b*+96 b’+32 b°) #1°&,3]8&c>0880<x<Ro0t[108-36 b+24 d-24 b d-4
d*-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b® d*-2 d’-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b’
d+16 d’+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d’+6 b> d*) #1°+b> d* #1°&,4])||(d>Root[-1679616 b’+(2239488 b+1119744
b’>+1679616  b’)  #1+(-373248-2612736  b+746496b*-1306368 b’-629856  b*)
#1°+(373248-466560b-124416b%-762048 b>+373248 b*+104976 b®) #1°+(124416+787968
b+59616 b’+360288 b’+301968 b*-27216 b°-6561 b®) #1%+(-100224+98496 b-94176
b’+107784 b’-41040 b*-54432 b>-918 b°) #1°+(-28080-34848 b-63648 b>-34128 b’-
41616 b*-12816 b°+2943 b°) #1°+(1152+864 b-864 b?-1656 b>+432 b*+2160 b°+1800
b®) #17+(400+1056 b+2112 b*+2368 b*+2112 b*+1056 b°+400 b®) #1%+(32+96 b+192
b’+224 b?*+192 b*+96 b’+32 b®) #1°&,3]8&c>08&80<x<Root[108-36 b+24 d-24 b d-4
d*-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b® d*-2 d’-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b®> d+12 d*-12 b d*-12 b* d*) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d*) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b®> d*) #1°+b* d* #1°&,2])))||

(71.80 -<b<=2 && (((9-3 b)/(1+b)<d<=Root[-1679616 b*+(2239488 b+1119744
b’>+1679616 b?)  #1+(-373248-2612736 b+746496 b>-1306368 b>-629856 b*)
#1°+(373248-466560b-124416b°-762048 b*+373248 b*+104976 b®) #1°+(124416+787968
b+59616 b°+360288 b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176
b’+107784 b’-41040 b*-54432 b>-918 b°) #1°+(-28080-34848 b-63648 b°-34128 b’-
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41616 b*-12816 b°+2943 b°) #1°+(1152+864 b-864 b>-1656 b’+432 b*+2160 b°+1800
b®) #1’+(400+1056 b+2112 b%*+2368 b’+2112 b*+1056 b’+400 b®) #1°%+(32+96 b+192
b’+224 b?*+192 b*+96 b’+32 b®) #1°&,1]8&c>08&80<x<Root[108-36 b+24 d-24 b d-4
d>-4 b d*+(216+54 d-18 b d-18 b® d-12 d*-12 b d*-12 b®> d*-2 d*>-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b* d?) #1°+(36 b d+6 d°+6 b d*+6 b*> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b> d*) #1°+b®> d* #1°%,4]) || (d>Root[-1679616 b*+(2239488
b+1119744 b*+1679616 b’) #1+(-373248-2612736 b+746496 b*-1306368 b>-629856
b*) #1°+(373248-466560b-124416b*-762048b°+373248b*+104976b°)

#1°+(124416+787968 b+59616 b’+360288 b’+301968 b*-27216 b’-6561 b°) #1%+(-
100224+98496 b-94176 b*+107784 b>-41040 b*-54432 b°-918 b®) #1°+(-28080-34848
b-63648 b>-34128 b’-41616 b*-12816 b’+2943 b®) #1°+(1152+864 b-864 b>-1656
b’+432 b*+2160 b°+1800 b°) #1'+(400+1056 b+2112 b*+2368 b’+2112 b*+1056 b°+400
b®) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b’+32 b°) #1°&,1]8&c>0880<x<Root[108-
36 b+24 d-24 b d-4 d*>-4 b d*+(216+54 d-18 b d-18 b? d-12 d*-12 b d*-12 b* d*-2
d>-2 b d>-2 b®> d’) #1+(108+108 b+72 d-36 b®> d+12 d*-12 b d*>-12 b* d?) #1%+(72
b+48 d+24 b d-18 b? d+16 d°+16 b d*+2 b* d*) #1°+(36 b d+6 d°+6 b d*+6 b* d*+2
d>+2 b d®+2 b® d*) #1%+(6 b d*+6 b> d?) #1°+b*> d* #1%°&,2]))) ||

(2<b<©2.28 -&&(((9-3 b)/(1+b)<d<18&c>08&B<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4
b d°+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2 d*-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*-12 b* d*) #1*+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b*> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b* d*) #1°+b* d* #1°&,4]) || (d==18&c>08&0B<x<Ro0t[128-64 b+(256-32
b-32 b?) #1+(192+96 b-48 b?) #1%+(64+112 b-16 b?) #1°+(8+44 b+8 b?) #1*+(6 b+6
b®) #1°+b> #1°&,6]) || (1<d<=Root[-1679616 b*+(2239488 b+1119744 b’+1679616 b’)
#1+(-373248-2612736 b+746496 b*-1306368 b’-629856 b*) #1°+(373248-466560 b-
124416 b*-762048 b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b’+360288
b’+301968 b*-27216 b’-6561 b°) #1%+(-100224+98496 b-94176 b’+107784 b>-41040
b*-54432 b>-918 b°®) #1°+(-28080-34848 b-63648 b>-34128 b’-41616 b*-12816
b>+2943 b®) #1°+(1152+864b-864 b*-1656 b’+432 b*+2160 b°+1800 b°) #1’+(400+1056
b+2112 b®+2368 b*+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96
b°+32 b®) #1°&,1]&&Cc>08&0B<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-
18 b d-18 b* d-12 d*-12 b d*-12 b® d*-2 d*>-2 b d*>-2 b? d’) #1+(108+108 b+72 d-
36 b* d+12 d*-12 b d*-12 b®> d*) #1°+(72 b+48 d+24 b d-18 b’ d+16 d°+16 b d*+2
b> d*) #1°+(36 b d+6 d°+6 b d*+6 b®> d*+2 d’+2 b d*+2 b®> d*) #1%+(6 b d*+6 b*> d?)
#1°+b® d* #1°%,4])| |

(d>Root[-1679616 b*+(2239488 b+1119744 b°+1679616 b’) #1+(-373248-2612736
b+746496 b°-1306368 b’-629856 b?*) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b®) #1°+(124416+787968 b+59616 b*+360288 b’+301968 b*-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918b°) #1°+(-28080-34848b-63648b*-34128b%-41616b"-12816b°+2943b°) #1°+(1152+864
b-864 b’-1656 b’+432 b*+2160 b°+1800 b°) #1’+(400+1056 b+2112 b’*+2368 b’+2112
b*+1056 b’+400 b®)  #1%+(32496 b+192 b%+224 b’+192 b*+96 b°+32 b®)
#1°8,1]8&Cc>0880<x<Root[108-36 b+24 d-24 b d-4 d*-4 b d’+(216+54 d-18 b d-18
b> d-12 d*-12 b d*-12 b® d*-2 d’-2 b d*>-2 b* d’) #1+(108+108 b+72 d-36 b* d+12
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d*-12 b d*-12 b* d?) #1°+(72 b+48 d+24 b d-18 b’ d+16 d’+16 b d*+2 b®> d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d’+2 b? d’) #1%'+(6 b d*+6 b d*) #1°+b’
d® #1°¢,21))) ||

(b==92.28 -8&&(((9-3 b)/(1+b)<d<18&&c>0&&O<x<Root[108-36 b+24 d-24 b d-4 d*-4
b d°+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b? d*-2 d*-2 b d*-2 b* d?)
#1+(108+108 b+72 d-36 b’ d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b’
d+16 d’+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d*+6 b* d*) #1°+b* d* #1°&,4]) ||

(d==18&C>0880<x<Root[128-64 b+(256-32 b-32 b?) #1+(192+496 b-48 b?)
#1°+(64+112 b-16 b*) #1+(8+44 b+8 b*) #1%+(6 b+6 b?) #1°+b> #1°%,6])| |

(1<d<=Root[-1679616 b*+(2239488 b+1119744 b’*+1679616 b’>) #1+(-373248-2612736
b+746496 b’-1306368 b’-629856 b?) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b’) #1°+(124416+787968 b+59616 b*+360288 b’+301968 b*-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918b°) #1°+(-28080-34848b-63648b>-34128b%-41616b"-12816b°+2943b°) #1°+(1152+864
b-864 b*-1656 b’+432 b*+2160 b’+1800 b®) #1'+(400+1056 b+2112 b’*+2368 b’+2112
b*+1056b°+400b°%#1%+(32+96b+192b%+224b%+192b%*+96b°+32b°) #1°&,3]
8&C>0880<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b d-18 b® d-12
d>-12 b d*-12 b® d*-2 d?>-2 b d*-2 b® d®) #1+(108+108 b+72 d-36 b* d+12 d*-12 b
d*-12 b? d?) #1°+(72 b+48 d+24 b d-18 b* d+16 d*+16 b d*+2 b* d*) #1°+(36 b d+6
d’+6 b d*+6 b®> d°+2 d’+2 b d’+2 b? d*) #1%+(6 b d*+6 b*> d*) #1°+b* d* #1°&,4]) ||

(d>Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b’) #1+(-373248-2612736
b+746496b”-1306368b°-629856b") #1°+(373248-466560 b-124416 b*-762048 b’+373248
b*+104976 b®) #1°+(124416+787968 b+59616 b’+360288 b’+301968 b*-27216 b’-6561
b®) #1%+(-100224+98496 b-94176 b°+107784 b>-41040 b*-54432 b>-918 b°) #1°+(-
28080-34848 b-63648 b*-34128 b’-41616 b*-12816 b°+2943 b°) #1°+(1152+864 b-864
b’>-1656 b’+432 b*+2160 b’+1800 b°) #1’+(400+1056 b+2112 b’*+2368 b’*+2112 b*+1056
b°+400b°) #1%+(32+96b+192b%+224b%+192b*+96b°+32 b®) #1°&,3]8&C>08&0<x<R0o0t[108-
36 b+24 d-24 b d-4 d°-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2
d>-2 b d*-2 b®> d’) #1+(108+108 b+72 d-36 b®> d+12 d*-12 b d*>-12 b® d*) #1%+(72
b+48 d+24 b d-18 b> d+16 d’+16 b d*+2 b®> d*) #1°+(36 b d+6 d*+6 b d*+6 b> d’+2
d>+2 b d’+2 b> d®) #1%+(6 b d*+6 b> d*) #1°+b*> d* #1°&,2]))) ||

(92.28 - <b<=38&(((9-3 b)/(1+b)<d<1&&c>0&80<x<Root[108-36 b+24 d-24 b d-4 d*-
4 b d*+(216+54 d-18 b d-18 b* d-12 d*>-12 b d*>-12 b* d*>-2 d>-2 b d*-2 b> d?)
#1+(108+108 b+72 d-36 b® d+12 d*-12 b d*>-12 b* d*) #1*+(72 b+48 d+24 b d-18 b’
d+16 d°+16 b d*+2 b*> d?) #1°+(36 b d+6 d°+6 b d*+6 b> d*+2 d’+2 b d’+2 b* d?)
#1°+(6 b d’+6 b> d*) #1°+b* d* #1°&,4]) ||

(d==18&Cc>0&&0<x<Ro0t[128-64 b+(256-32 b-32 b*) #1+(192+96 b-48 b?)
#1°+(64+112 b-16 b*) #1°+(8+44 b+8 b*) #1*+(6 b+6 b>) #1°+b* #1°%,6])| |

(1<d<=Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b?) #1+(-373248-2612736
b+746496 b*-1306368 b’-629856 b?) #1°+(373248-466560 b-124416 b*-762048
b’+373248 b*+104976 b>) #1°+(124416+787968 b+59616 b*+360288 b’+301968 b*-
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27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918 b®) #1°+(-28080-34848 b-63648 b*-34128 b’-41616 b*-12816 b°+2943 b°)
#1°+(1152+864 b-864 b*-1656 b’+432 b*+2160 b’+1800 b°) #1’+(400+1056 b+2112
b’+2368 b’+2112 b*+1056 b°+400 b°) #1%+(32+96 b+192 b*+224 b’*+192 b*+96 b°+32
b®) #1°&,1]8&c>08&0O<x<Root[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b d-
18 b? d-12 d*-12 b d*-12 b* d*-2 d’-2 b d*-2 b? d’) #1+(108+108 b+72 d-36 b’
d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b* d+16 d°+16 b d*+2 b* d?)
#1°+(36 b d+6 d°+6 b d*+6 b* d*+2 d’+2 b d’+2 b* d*) #1%°+(6 b d’+6 b*> d*) #1°+b’
d*> #1°&,471)

|| ( d>Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b?) #1+(-373248-2612736
b+746496 b?-1306368 b>-629856 b*) #1°+(373248-466560 b-124416 b’-762048
b’+373248 b*+104976 b’) #1°+(124416+787968 b+59616 b*+360288 b’+301968 b*-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918 b®) #1°+(-28080-34848 b-63648 b>-34128 b?-41616 b*-12816 b°+2943 b°)
#1°+(1152+864 b-864 b*-1656 b’+432 b*+2160 b’+1800 b°) #1’'+(400+1056 b+2112
b’+2368 b’+2112 b*+1056 b’+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b°+32
b®) #1°&,1]8&c>08&0O<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b d-
18 b? d-12 d*-12 b d*-12 b* d*-2 d*-2 b d*-2 b* d°) #1+(108+108 b+72 d-36 b’
d+12 d*-12 b d*-12 b* d®) #1°+(72 b+48 d+24 b d-18 b* d+16 d°+16 b d*+2 b* d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d*+2 b® d’) #1%'+(6 b d*+6 b d*) #1°+b’
d* #1°8,21))) | |

(b>38&((0<d<18&C>088&A<x<Ro0t[108-36 b+24 d-24 b d-4 d*-4 b d*+(216+54 d-18 b
d-18 b* d-12 d*>-12 b d*-12 b* d*>-2 d*-2 b d*-2 b® d*) #1+(108+108 b+72 d-36 b’
d+12 d*>-12 b d*-12 b*> d®) #1°+(72 b+48 d+24 b d-18 b®> d+16 d*+16 b d*+2 b*> d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d*+2 b® d’) #1%+(6 b d*+6 b d*) #1°+b’
d*> #1%¢,4]) ||

(d==18&c>0 && O<x<Root[128-64 b+(256-32 b-32 b?) #1+(192496 b-48 b?)
#1%+(64+112b-16b) #13+(8+44 b+8b%) #1%+(6 b+6b*) #1°+b> #1°&,6]) || (1<d<=Root] -
1679616 b’+(2239488 b+1119744 b’+1679616 b>) #1+(-373248-2612736 b+746496 b’-
1306368 b>-629856 b* #1°+(373248-466560 b-124416 b>-762048 b*+373248 b*+104976
b>) #1°+(124416+787968 b+59616 b°+360288 b’+301968 b*-27216 b’-6561 b®) #1%+(-
100224+98496 b-94176 b*+107784 b>-41040 b*-54432 b°-918 b®) #1°+(-28080-34848
b-63648 b?-34128 b’-41616 b*-12816 b°+2943 b°) #1°+(1152+864 b-864 b*-1656
b’+432 b*+2160 b°+1800 b°) #1'+(400+1056 b+2112 b*+2368 b’+2112 b*+1056 b°+400
b®) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b’+32 b®) #1°&,1]8&c>08&& O<x<Root[108-
36 b+24 d-24 b d-4 d°-4 b d*+(216+54 d-18 b d-18 b* d-12 d*-12 b d*-12 b* d*-2
d>-2 b d>-2 b®> d’) #1+(108+108 b+72 d-36 b®> d+12 d*-12 b d*>-12 b* d*) #1%+(72
b+48 d+24 b d-18 b* d+16 d°+16 b d*+2 b? d*) #1°+(36 b d+6 d°+6 b d*+6 b> d’+2
d>+2 b d’+2 b®> d’) #1*+(6 b d*+6 b* d*) #1°+b* d* #1°&,4])||

(d>Root[-1679616 b*+(2239488 b+1119744 b*+1679616 b?) #1+(-373248-2612736
b+746496 b’-1306368 b’-629856 b*) #1°+(373248-466560 b-124416 b>-762048
b’+373248 b*+104976 b>) #1°+(124416+787968 b+59616 b°+360288 b’+301968 b*-
27216 b’-6561 b®) #1%+(-100224+98496 b-94176 b*+107784 b*-41040 b*-54432 b°-
918 b®) #1°+(-28080-34848 b-63648b°-34128 b’-41616b*-12816 b°+2943 b°)

134



#1°+(1152+864 b-864 b>-1656 b’+432 b*+2160 b’+1800 b°) #17+(400+1056 b+2112
b’+2368 b’+2112 b*+1056 b’+400 b°) #1%+(32+96 b+192 b*+224 b’+192 b*+96 b°+32
b®) #1°&,1]8&c>0880<x<Root[108-36 b+24 d-24 b d-4 d*-4 b d°+(216+54 d-18 b d-
18 b®> d-12 d*-12 b d*-12 b* d*-2 d’-2 b d’-2 b®> d’) #1+(108+108 b+72 d-36 b’
d+12 d*-12 b d*-12 b*> d®) #1°+(72 b+48 d+24 b d-18 b’ d+16 d*+16 b d*+2 b® d?)
#1°+(36 b d+6 d*+6 b d*+6 b® d*+2 d’+2 b d*+2 b® d’) #1%'+(6 b d*+6 b d°) #1°+b’
d* #1°&,2])))

+ Analysis of Example 5.3.3

In[1]:= b=1.7
Out[1]=1.7

In[2]:=

—419904b? + 1306368b3 — 1399680b* + 559872h° — 46656b° + (1119744b —
3685824b? + 5365440b3 — 4758912b* + 2612736b° — 699840b° + 46656b7)y +
(—186624 — 1150848b + 3748032h% — 3499200h° + 451008b* + 1613520b° —
1251936b° + 291600b7 — 15552h%)y? + (324864 + 103680b — 393984h? —

1093824b% + 1710720b* — 436752b°> — 533520b° + 358992h7 — 55728b8 +

1728b°%)y? + (—108864 + 48384b — 288576b> + 601344b> — 6480b* — 340416b° +
34560b° + 166428b7 — 60480h8 + 4212b%)y* + (—69696 + 8640b + 121536b2 —
8640b% — 189216b* + 23040b° + 52272h° + 26028b7 — 31176b° + 4356b°)y° +

(44288 + 13248b + 11520bh% — 59280b3 — 10944b* + 37872b% — 588b° — 3276b7 —
8568b% + 2485b°)y® + (3904 — 4032b — 10944b? + 7296b3 + 7200b* + 7632b° —
6000b° — 1548b7 — 1224b° + 848b°)y” + (—6528 — 576b — 1152b? + 6048b°% + 720b* +
576b° — 1800b° — 144b7 — 72b® + 174b°)y® + (—1280 + 960b% — 240b° + 20b°)y° +
(—64 + 48b3 — 12b° + b°)y'°

Out[2]= 337615. —15813.943891201168y — 1164367.812928319y2 + 245823.61610793322y° +
1150198.106012963y* — 327878.0257328283y5 — 196429.24365663505y° —
23401.29814878397y7 — 675.5236182419976y° + 15.220969940000487y° +
0.7610484969999902y1°

In[3]:= Reduce[337615. — 15813.943891201168y — 1164367.812928319y?% +
245823.61610793322y3 + 1150198.106012963y* — 327878.0257328283y°> —
196429.24365663505y° — 23401.29814878397y” — 675.5236182419976y° +
15.220969940000487y° + 0.7610484969999902y1° == 0, x]

Out[3]= y == -21.430312221711723 — 7.225800470752546i||y ==
—21.430312221711723 + 7.225800470752546i||y ==
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—7.023260245462958 — 0.012552824637644264i||y ==

—7.023260245462958 + 0.012552824637644264i||y ==

—0.7382798495226569 — 0.01029616255255004i||y ==

—0.7382798495226569 + 0.01029616255255004i||y ==

0.9052317152276892 — 0.09791517436598843i||y ==

0.9052317152276892 + 0.09791517436598843i||y == 1.096655982249612||y ==
35.47658522068879

In[4]:=d =36

out[4]= 36

In[5]:=Reduce[36(1 + x)(1 + 3x + 3.9099999999999997x2 + 2.8899999999999997x3) + 1236(2 + 4x +
0.11000000000000032x2 — 2.9129999999999994x3 + 2.8899999999999997x° —
x*1.7(—=0.11000000000000032)) + 1296(4 — 11.651999999999997x3 + 4.912999999999999x°) ==

0,x, R, o]

Out[5]= x == 0.9727532185202368]||x == 1.0363909589027955

In[6]:= FPrime[x_] =

4.199999999999999c(7244.639999999999x2+12(1+x)(1+1.7x)+36(4+10.8x+ 16.77x2+18.36x3 +2.8899999999999997x4))

(6(1+x)2+36(2+x3))2

4.199999999999999(:(7244.639999999999x2+12(1+x)(1+ 1.7x)+36(4+10.8x+ 16.77x%+18.36x3 +2.8899999999999997x%))

Out[6]= (6(1+x)2+36(2+x3))2

In[7]:=FPrime[0.9727532185202368]
out[7] =2.2166657c

In[8]:=FPrime[1.0363909589027955]

Out[8]=2.21682c

In[9]:=Reduce[2.2166657c < 1 < 2.21682c, c, PositiveReals]
Out[9]=0.451097 < ¢ < 0.451128

In[10]:= ¢ = 045111

Out[10]=0.45111

c(b3dx3+6b%x%+12bx+(2d+6))
(dx3+6x2+12x+(6+2d))

In[11]:=Reduce[x == , X, PositiveReals]

Out[11]=x == 0.9488619401440187||x == 1.0075420674671194||x == 1.0588138196681063

c(b3dx3+6b%x%+12bx+(2d+6))

In[12]:=Reduce[x == (dx3+6x2+12x+(6+2d))

, X, PositiveReals]

Out[11]=x == 0.9488619401440187||x == 1.0075420674671194||x == 1.0588138196681063
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In[12]:=

0.45111(78 + 20.4x + 17.339999999999996x2 + 176.86799999999997963)
78 + 12x + 6x2 + 36x3

Plot[{ ,x},{x,0,1.6}]

out[12]=

=1
T

0.5 1.0 1.5

In[13]:=Show[%?21, AxesLabel — {HoldForm[x], HoldForm[f]}, PlotLabel — None, LabelStyle —
{GrayLevel[0]}]

Out[13] =

In[14]:=FPrime[0.948862]
Out[14]= 0.996458
In[15]:=FPrime[1.058814]

Out[15]= 0.997069
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+ Simplifying the recurrence equations

Example : the simplifying process for equation (83)

. . 256a8b8L 256a'°p10clL,v 96a12p12c12,v2  16al*b14c18L,v3
In[1]:=Simplify[al®ht®c?*L,v] + —+ —+ ——+ =
V. V. V. (%
2 2 2 2
1152a8bh8c*Lv v 288a1%p10c10L,v2y
—213 4 215 + 216a8b8cBL,v?v3 +
1.72 2]
3456a4b4L2v§+1728a6b6c2L2v1v§ + 864athtL 3 +3456a2b2L2v§’+1296L2v§ 256L, = 256C°Lyv,
c4p2 . a 2V1V3 6 8 884 2p2,3
5 2 cov, c a®b%vy a“b“vy
1024L, 1536L,v3 +96a4b4c12L2vf+1536L2+768a2b2c6L2v1+1152c4L2v1v3 4608L,v;3 3456L,v3 n
a*b4v,vd  abbbc2v3 v?2 v2v?2 vyv2 v? a?b2c2v,v2  atbtctv?
2Y4 4 4 274 2Y4 4 2V 4
16a'°p10c*8L,v3  1024a*b*L, . 768a°b®cOL,v; . 192a®b8c1?L,v? n 288a°b°c 0L, v?v; = 4608a?b?L,vy
Vg v3v, v3v, VU, Vg c2viv,
2304a*b*c*L,vivs | 1728a?b%c?Lviv2 | 6912L,v2  3456L,v3 818 .24 3 256a2bh?c®L,vs
+ + 4a°b°c*Lyvivg + ————=
Voly Uy ctvyv, aZb2cby, V5
192a*b*c12L,v,v5 = 48a°bOc18L,v3v 1152¢*L,v3v 576a2b%c10L,v v5v
vz 2V1 5+ . 2V1 5+72a4b4C16L2v12v3v5 + 1]22 3Vs — 2V1V3Vs
2 2 2 2
1728¢%L,v2vs | 864L,v3vg n 256¢%Lyvs  192¢12L,v vs | 768cCLyvs | 1152¢*Lovavs
a?b?v, a*b* al0ploy3 a*b*v? abbbv,v? a8b8v?
48a%b%c8L,v?vs  768cPLyvs | 384c1?Lyvivs | 576¢10L,vivgvs | 2304ctLovgvs | 1728¢%L,vivs
v, azb2viv, Uy, a?b?v, a*btv,v, abbbv,
96c 2L,v2 | 48c'8LyvvE | 72 0LyvyvavE | 288¢ 0Lyvgv2 | 216¢%L,vIvE | 96¢ 2L,vE | 48c'8LvyvE | 192¢1?L,vE
a*b*v? a2b?v, a*b* abbbv, a8p8 al2p12y? abbbv, a8b8v,v,
288¢10L,v;v2 4c24L2v1v.§+16c18L2v§ 24c10L,v;3v3 +16c18L2v§ c“sz;‘]
a10b1°v4 a8b8 a10b101]2 a12b12 a14b14v4 a16b16

1536a®b®L,v
~ 2 3_|_

2
c?v;

24a?bh12c10L,v3v, +

+

432c8L,v v3v5 +

+

+ 6c* Lyv2vE +

4
L, (4a6b662 v4+v) (4a2b2c2+a8b8c8v1 v4+6a4b4v3 v4+cBv4v5))
al6p®cBydyt

Out [1]=
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