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Hybrid Fuzzy Differential Equations and Different Numerical
Solutions

By: Marah Subuh
Supervised by Prof. Dr. Saed Mallak and Prof. Dr. Basem Atilli
Abstract

In this thesis, hybrid fuzzy differential equations (HFDES) are considered and
solved under Hukuhara derivative by several numerical methods. We study
hybrid fuzzy differential equations with different fuzzy initial conditions using
different types of fuzzy numbers (triangular, trapezoidal and triangular shaped
fuzzy numbers). To the best of our knowledge, it is the first time to use
trapezoidal and triangular shaped fuzzy numbers as$ initial conditions. We have
solved the HFDE’s under generalized Hakuhara using different numerical
methods with a model to illustrate each methods. A Matlab code was built for
each of the methods to find the exact solution and to approximate the solution
numerically and represent it graphically. Finally, accurate results were obtained
for most numerical methods used with different types of fuzzy numbers as
initial conditions.
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Chapter One

Introduction

Hybrid systems are dedicated to modeling, design, and validation of interactive
systems of computer programs and continuous systems. That is, complicated
systems which have discrete event dynamics, as well as, continuous time
dynamics, can be modeled by hybrid systems. The differential systems
containing fuzzy valued functions and at the same time interacting with a
discrete time controller, these systems are named hybrid fuzzy differential
systems [27, 51].

In most situations of our life, uncertainty can appear with real world problems.
To recognize these problems, Lotfi A. Zadeh in 1965 defined the fuzzy logic
and the concept of fuzzy set by working on the problem of computer
understanding of natural language which led to the definition of the fuzzy
number [20, 55]. Fuzzy numbers have been used to obtain better results in
problems where decision making and analysis are involved. A Fuzzy number,
which is an extension of a real number, has its own properties which can be
related to number theory [18].

Fuzzy logic is a very powerful tool in dealing with complex problems.
Engineers and scientists generally encounter problems which are impossible to
solve numerically using traditional mathematical rules. By making use of fuzzy
logic, one can characterize and control a system whose model is not known or is
ill-defined. Fuzzy logic is extremely useful for many people involved in
research and development [6, 49, 53].

The fuzzy differential calculus was developed by different authors, like Dubois
[21], Puri and Ralescu [48], Kaleva [32] and Seikkala [52]. While the concept
of the fuzzy derivative was first introduced by Chang and Zadeh [17], it was
followed up by many researchers see [3, 33]. Bede and Gal in [8] proposed a
new concept of derivative based on the Hukuhara difference, later on, Puri and
Ralesu [48] defined Hukuhara derivative.

The role of differential equations in the modelling of real world phenomena, is
very vast. Though on a broader view, the initial conditions are considered to be
exactly defined within a model, certain errors in observation, measurement, or
experimented data may lead to fuzzy, incorrect or incomplete information[18].

1



Fuzzy differential equations (FDEs) can be used to over-rule such uncertainties
or lack of precision. In 1987, Kandel and Byatt [38] presented the fuzzy
differential equations and fuzzy Hukuhara derivative and generalization [4, 5, 8,
9, 16, 25, 36, 37, 50].

Of particular interest is the use of Hybrid Fuzzy Differential Equations
(HFDEsS) as a natural way to model control systems with embedded uncertainty.
There are several numerical methods to solve HFDEs. The numerical solution
of FDEs by Euler's method was studied by Ma et al. [40]. Abbasbandy and
Allviranloo [1, 2] proposed the Taylor method and the Runge-kutta method for
solving FDEs.

Consider the initial value problems for hybrid differential equation (HDE)[19],

d
PO - fEy®)]=g(tx®)  teloT
y(to) =yo € R

where, f,g:[0,T] X R — R are continuous functions.

The hybrid fuzzy differential systems

{)"(t) = f(t.y, i), t € [ti tisal,
y(tk) = Y

Where 0<t,<t; <<t <-+,t,>o, fECIRtYXEXEE] A €
C[E,E], where E is the set of all fuzzy numbers.

Pederson and Sambandham [46,47] used the Euler and Rung-Kutta methods for
solving the HFDEs. Saveetha and Pandian [45] solved hybrid fuzzy differential
equations by applying Runge—-Kutta Nystrom method of order three.
Kanagarajan and Sambath [35] proposed an improved predictor-corrector (IPC)
method to solve HFDEs. Jayakumar [28] studied numerical methods for HFDEs
by applying the Runge-Kutta Method of Order Five. Kanagarajan et. al. [34]
solved hybrid fuzzy differential equations by applying Runge-Kutta method of
order five. K. Ivaz et. al. [27] solved HFDEs by applying Trapezoidal rule.
Narayanamoorthy and Mathankumar [41] solved the HFDEs by Picard's
Method. Mojtaba Ghanbari [24] solved first order linear FDEs by Variational
iteration method (VIM) and Adomian decomposition method (ADM). Farzi and
Moradi [22] solved FDEs by Fuzzy General Linear Methods (FGLM).



Narayanamoorthy et. al [42] solved HFDEs using Taylor series method. Some
numerical methods can be found in [10, 29, 31, 43].

The reason to study hybrid systems are varied; some sources of motivation are,
for example but not limited to, the design of technological systems, networked
control systems, and physical processes exhibiting non-smooth behavior. Also,
the HFDEs have a wide range of applications in applied sciences and
engineering.

In this thesis, the HFDEs will be solved under generalized Hukuhara derivative
by several numerical methods and different types of fuzzy numbers as initial
conditions.

In both Chapters 1 and 2, an introduction and some basic definitions will be
presented also properties of fuzzy sets and fuzzy numbers.

In Chapter 3, the HFDEs will be studied with triangular fuzzy numbers as initial
conditions, then a HFDEs will be solved under the generalized Hukuhara
derivative using Picard method, Runge-Kutta method of order five, general
linear method (GLM), Variational iteration method (VIM), Adomian
decomposition method (ADM), Predictor-Corrector method of order four
(PCM) and Improved Predictor-Corrector method (IPCM). A Matlab code
construct for each method to give a numerical and graphical approximation to
the solution in addition to discussing the obtained results.

In Chapter 4, the HFDEs will be studied with trapezoidal and triangular shaped
fuzzy numbers as initial conditions, then a HFDEs will be solved under
Hukuhara derivative by Picard method, Runge-Kutta method of order five,
General Linear method (GLM), Variational iteration method (VIM), Adomian
decomposition method (ADM). A Matlab code construct for each method to
give a numerical and graphical approximation to the solution in addition to
discussing the obtained results.

Finally in Chapter 5, some conclusions and remarks are presented.



Chapter Two
Basic Concepts

This Chapter consists of three sections. In section 2.1 some basic definitions and
properties will be presented about fuzzy sets and fuzzy numbers then in 2.2 the
HFDS will be explained. Finally in 2.3 an overview of some numerical methods
will be presented.

2.1 Fuzzy Sets and Fuzzy Numbers

The fuzzy set theory is built to deal with uncertainty phenomenon's such as
randomness, ambiguity and imprecision.

Definition 1 [11, 49] A classical (crisp) set A is normally defined as a collection
of elements or objects x € X that can be finite, countable, or overcountable.
Each single element can either belong or not belong to a set A, A € X. In the
former case, the statement "x belongs to A" is true, whereas in the latter case
this statement is false, which can be represented by the membership function

1, x €A
pax) = {0 x & A.

Definition 2 [7, 39, 56] If X is a collection of objects denoted generically by x,
then a fuzzy set A in X is a set of ordered pairs:

A= {(x,ps(0)Ix € X}
ps(x) is called the membership function or grade of membership (also degree
of compatibility or degree of truth) of x in A. In other words, if X is a collection
of objects, then a fuzzy subset A of X is defined by the membership
function u,: X - [0,1].

Definition 3 [56] The support of a fuzzy set A, S(A), is the crisp set of all
x € X suchthat u,(x) > 0.

Definition 4 [11, 39] Let A be a fuzzy subset of X then the a-cut set denoted by
A, i1s made up of members whose membership is not less than a.

Ag = {x € X| 1y(x) = a}.

Note that @ can be chosen arbitrary between 0 < a < 1. a-cut set is a crisp
set, the a = 0 cut, or 4,, must be defined separately.



Alpha-cuts are slices through a fuzzy set producing regular (non-fuzzy) sets.

Remarks 1 [39, 43]

1. a-cut setis a closed and bounded interval denoted by 4, = [a(a), a(a)],

and clearly, Ay = {x|u(x) > 0} is compact.

2. For any fuzzy set A, A, is called the support, or base of A and A, is called

the core of A. See Figure 2.1.1
3. Ifa’'< athen4d, € A,,0 < a’' < a < 1.See Figure 2.1.2

— Core —

+ BioLndary +|

%

Support

Ha(x) 4
1
(04
A
o
0 4 0
al( ) ](af’) al(a) ﬂ'}(a) a}(a) L'i3( )
+ Boundary -+
+ T I—I
A= [':’1(&'): Us( )J
Ag = '_“Itd)» Hs“ﬂj

Figure 2.1.1: Support and Core of A

Definition 5 (Convex set) [39] The term convex is applicable to a set A in

Figure 2.1.2: (@' < a) = Ala] c Ala’]

R™ (n-dimensional Euclidian vector space) if the followings are satisfied.
1. Two arbitrary points s and r are defined in A

See Figure

r= (i €N,),s = (s;li €N,), (N, is a set of positive integers)
2. For arbitrary real number a between 0 and 1, point t is involved in

A where t is

2.1.3

A Al

t = (ar; + (1 — a)s;|i € Ny).

e
B D@

_—

Figure 2.1.3: Convex sets A1, A2, A3 and non-convex sets A4, A5, A6 in R?



Definition 6 (Convex fuzzy set) [39] Assuming universal set X is defined in n
dimensional Euclidean Vector space R™. If all the a- cut sets are convex, the
fuzzy set with these a- cut sets is convex. In other words, if the relation

ta(t) = minfuy (1), pa(s)}

where t = ar + (1 — a)s such that r,s € R"™,a € [0,1] holds, the fuzzy set A
is convex. In another formula, 4 is convex set if for r,seR and 0 < a <

1then py(ar + (1 — a)s) = min{u,(r), us(s)}.
See Figure 2.1.4

A

Aqa={0,0.2 04, 0.8, 1}

Figure 2.1.4: Convex Fuzzy Set

Figure 2.1.5 shows a convex fuzzy set and Figure 2.1.6 describes a non-convex
set.

H(5) -

L(s) —

Ha(r)
ma(t) ~ /
Ag(r) —
-
> r 4 s
r ! Ry
Figure 2.1.5: Convex Fuzzy Set pu,(t) = pa(r) Figure 2.1.6: Non-Convex Fuzzy Set u,(t) < py(r)



Fuzzy number is expressed as a fuzzy set defining a fuzzy interval in the real
number R. Since the boundary of this interval is ambiguous, the interval is also
a fuzzy set. Generally a fuzzy interval is represented by two end points a,and
as and a peak point a, as (a4, a,,a3) Figure 2.1.7. If we denote a-cut interval
for fuzzy number A as A, the obtained interval A4, is defined as

Ay = la1(), az(@)].

A L (X)

pd

> ——

a (25} asz
Figure 2.1.7: Fuzzy Number 4 = (a4, a;, as)

Definition 7 [39] A fuzzy number A is considered as a fuzzy set if it satisfies
the following conditions :
1. Convex fuzzy set.

2. Normalized fuzzy set (3x € R such that u,(x) = 1).
3. Its membership function is piecewise continuous (i.e. A is upper semi
continuous).
4. Its membership function is defined on the real numbers line.
5. A, =the closure of {x € R: u4(x) = 0} is compact.
The family of all fuzzy numbers will be denoted by Rp.

Remarks 2 [43] An arbitrary fuzzy number is represented by an ordered pair of
functions (g(a),?(a)) ,0 < a < 1 that satisfies the following requirements:

e r(a) is a bounded left continuous non decreasing function over [0,1],
with respect to any «a.

e 7(a) is a bounded right continuous non increasing function over [0,1],
with respect to any «a.

e (@) <7(a),0<a<1



Definition 8 (Triangular fuzzy number) [39] It is a fuzzy number represented
with three points as follows : A = (a4, a,, as)

(0, x<aq
X — a1
, A <x<ap
_Ja — a4
M(A)(x) = 9 o — X
3
, a; < x<as
a3 - az
kO, as < x.
See Figure 2.1.8
4 y(x)

/

s [ a; T X

Figure 2.1.8: Triangular fuzzy number A = (a4, a,, as)
A, = [g(a),a(a)] where
a(a) =a, + (a, — aq)a, ala) =a3; — (a3 —a,)a, Va € [0,1].

Or a triangular fuzzy number A, is defined by three numbers a; < a, < as
where the graph of u,(x), the membership function of the fuzzy number 4, is a
triangle with base on the interval [a,, a;] and vertex at x = a,.

If at least one of the graphs described above is not a straight line (curve), then A
is called a triangular shaped fuzzy number and we write A = (a4, a,, as).

Definition 9 [39] (Trapezoidal fuzzy number) A trapezoidal fuzzy number A
can be defined as A = (a4, a,, as, a,) wWhere

(0, x < ag
X—a
L g, <x<a,
a, —aq
[JA(.X')=< 1, azsx<a3
a, — X
4 , a3 <x<ay
a, —as
\ O, a, < x.



See Figure 2.1.9 104(X) 4

/

[25] [25) a3 dy

“~

v

Figure 2.1.9: Trapezoidal fuzzy number A = (a4, a,, as, a,)

a- cut interval for this shape is written below:
Ay =[(az —apa + ay,a4 — (ay — az)al,Va € [0, 1].

If at least one of the graphs described above is not a straight line (curve), then A
is called trapezoidal shaped fuzzy number and we write A =~ (a4, a,, as, a,).

Theorem 1 [39] If u and v are two fuzzy numbers and p is real number, then
for each ¢ € [0,1], we have:

- u vl = uly + Wl = [w@ + v@),ul@) + v(a)]

- [nuly = plule = [min {pu(a), pu(a)}, max{pu(a), pua)}].

- [uv] ¢ = [min{u(a)v(a), u(@)v(a), u(a)v(a), u(a)v(a)},
max{u(a)v(a), u(@)v(a), w(e)v(a), u(a)v(@)}] .

Definition 10 [25] Let u,v € Rp. If there exists fuzzy number w such that

u = v+ w then wis called the Hukuhara difference (H-difference) of u and v,
and it is denoted by u © v.

w N

Definition 11 [25] Given two fuzzy number u, v, the H-difference u© v =
w is a fuzzy number w such that u = v + w, if it exists and

a —cut [u © v], = [u(a) — v(a),u(a) — v(a)], Va € [0,1].
Remarks 3 [25]

e The Hukuhara difference has the property u © u = {0}.

e This difference is not defined for a pair of fuzzy numbers such that the
support of a fuzzy number has bigger diameter than the one that is
subtracted.



Definition 12 [25] A function f:[a,b] — Ry is said to be a fuzzy function.
Then f is called Hukuhara differentiable (H- differentiable). The derivative
f'(x) is defined by

f(xg +h) O f(xo) '(xg) = f(xo) © f(xg — h)
n o T xo) = jim h

/ — 1
f'(xo) = lim
if the limits exist and equal then the derivative f'(x,) exists.

Definition 13 [25] Let f : [a,b] = Rp. If

[ Ceod, Faxo)]

exists for all @ € [0, 1] and defines the @ —cuts of a fuzzy number f (x,), then
f is Seikkala differentiable at x, and fg(x,), is the Seikkala derivative of f at
Xq-

If f:[a, b] - Rp is H-differentiable, then f,(x) and j_fa(x)are differentiable
and [f'(x)]e = [f'a(x0), f'a(xo)], that is, if f is H-differentiable, it is

Seikkala differentiable and the derivatives are the same [52] .

Theorem 2 [25] Let f : [a,b] = Ry be a H-differentiable function. Then it is
continuous.

Theorem 3 [25] Let f,g: [a,b] = Rp be H-differentiable functions and
A€RThen(f+9)y = f'u+ gwand (Af) 'y = Af'y.

Remark 4 [25]

e The H-difference doesn’t always exist, so the H-differentiable doesn’t
always exist.

o Let f(x) = cOg(x) where f:[a,b] = Rg, ¢ € Rg, for all x €
[a,b], and let g:[a,b] — R*be dif ferentiable at x, € [a,b] c R*.
If g (xo) >0 then f is H — dif ferentiable at x, with f'(x) =
c®g'(x).Butif g’ (x) < 0then f is not H - dif ferentiable.

10



Definition 14 [25] Let f:[a,b] = Rg. f is strongly generalized differentiable
(GH- differentiable) at x, if the limits of some pair of the following exist and
equal:

f(xo+h)@f(xo)a .mf(xo)@f(xo_h)

1— lim nd li
h—0 h h-0 h
2 i f(xo)@f(xo+h) ) f(xo_h)@f(xo)
— lim and lim .
h—0 —h h—0 —h
) f(x0+h)@f(xo) ) f(xo_h)@f(xo)
3 — lim and lim .
h—0 h h—0 —h
. f(x0) © f(xg + h) ) f(xo)@f(xo_h)
4 — lim and lim
h—0 —h h—0 —h

Definition 15 [25] Let f:[a,b] = Rg. f is 1 — differentiable on [a,b] if f is
differentiable in the sense (1) of definition 14. Similarly, f is 2 — differentiable
on [a, b] if f is differentiable in the sense (2) of definition 14.

Theorem 4 [25] Let f:[a,b] - Rp. Where [f(x)]a = [fy (x),f, ()] for
eacha € [0,1],

1. If f is 1 — differentiable , then fo and fa are differentiable functions and

'@ = [f'a @) f'a @]

2. If f is 2 — differentiable , then fo and fa are differentiable functions and

[f'@)]a = [f'a (0 f'a (O]
Notation 1 [23] : For fuzzy linear spline we use the following expression:

tiv1 — t t—t;,
ﬁ :uA(ti) + ((t—_tl_)):uA(ti+1)' t € [tir ti+1]'

fs (0) =

i+1

11



2.2 Hybrid Fuzzy Differential System (HFDS)
2.2.1 Hybrid System

When continuous and discrete dynamics interact, hybrid systems arise. This is
especially profound in many technological systems, in which logic decision
making and embedded control actions are combined with continuous physical
processes. To capture the evolution of these systems, Mathematical models are
needed that combine in one way or another the dynamics of the continuous parts
of the system with the dynamics of the logic and discrete parts. These
mathematical models basically consist of some form of differential or difference
equations on one hand and automata or other discrete-event models on the other
hand [26] .

Example [26] (simple hybrid system)

Consider the regulation of the temperature in a house. In a simplified
description, the heating system is assumed either to work at its maximum power
or to be turned off completely. This is a system that can operate in two modes:
“on” and “off”. In each mode of operation (given by the discrete state g € {on,
off}) the evolution of the temperature T can be described by a differential
equation. As such, this system has a hybrid state (g, T) consisting of a discrete
state g taking the discrete values “on” and “off” from one side, and a continuous
state T taking real values. This is explained in Figure 2.1.1 in which each mode
corresponds to a node of a directed graph, while the edges indicate the possible
discrete state transitions.

T() > T .

q(t) = on q(t) = off

() = £, (T(1)) T(t) =f,; (T(0))
T <T_, (0 >T .

X

It =T

min

Figure 2.1.1: Model of a temperature control system.

12



2.2.2 Fuzzy Differential Equation

The first order differential equation will be explained when using fuzzy
numbers and Seikkala derivative.

Let y:I — R where I c R is an interval. If y(t,a) = [X(t' a),y(t, a)] for all
tel and a€[01], then y'(ta)=|y'(ta),¥ (t,@)]| if y' €Rp. Next
consider the initial value problem (IVP)
u(y) = {y'(t) = f(t.y(®), )
y(0) = yo,
where f:[0,) X R - R is continuous. We would like to interpret (1) using the
Seikkala derivative and y, € Rg. Let y,(a) = [Xo(a),yo(a)] and y(t,a) =

[X(t' a),y(t, a)], we get f:[0,0) X Rp —» R where

[ (£, )] = [min{ £ (t,u):u
e |y ®.7"®] ) max{ft,w:u € [y*®©, 5" ®)|}1

Then y:[0,) = Ry is a solution of (1), using Seikkala derivative and y, € Rp
if

@9’ (®) = min{f(Luw:u € [y*®, 5O y40) = y§

G'(©) = max{f(t,w:u € [y*®),5° O], ¥*(0) =¥
forall t € [0, ) and « €[0,1].

Lastly consider an f:[0,00) X R x R = R which is continuous and satisfying
the IVP:

(O =1EyO, -

y(0) = y,.

To interpret (2) using the seikkala derivative and x,, k € R, we use f: [0, ) X
Ry X Rr = Ry where

[F (£, 01 = [min {£(t, 1w, w):u € [y*©), 5 (0] we € [k% %]},

13



_ —a
max {£(t, 1w, w0):u € [y*(6), 7" (©)] i € [k% K |}]
Where k% = [5“,?0[]. Then y:[0,0) = Ry is a solution of (2) using the
Seikkala derivative and y,, k € Rg if

(X“), (t) = min{f(t, U, U)iu € [X“(t)ja(t)] , U € [@“, Ea]},
y“(0) = y§

(?a),(t) = max{f(t, U,Up): U E [X“(t),ya(t)] , Uy € [@“, Ea]},
¥ (0) =7,

forall t € [0, ) and « €[0,1].

2.2.3 Hybrid Fuzzy Differential Equations (HFDES)

The fuzzy differential equation will be explained when interacting with a
discrete time controller which is called HFDEs

Consider the HFDS:
{yl(t) — f(t,Y(t): Ak(yk))' t e [tkl tk+1]' (3)
y(te) = Yi

Where " denotes Seikkala differentiation, 0 < t, < t; < - <t} < =+, t;, > o0,
f € C[R* X Rp X Rp, Rpl, A4 € C[Rr,Rr]. To be more specific, the system
looks like

( yo(t) = f(t» )’O(t);)lo(}’o)), Yo (to) = Yo, to =t <ty
, yi®) = f(t,y:. (), 4, (1)), y1(t1) = y1, t1 =t <ty
y'() = 4

Ik)’llc(t) = £ty (@), L)), }’k (tx) = Yk, by =t <tpsq

Assuming that the existence and uniqueness of solution of (1) holds for each
[ty, ti+1], by the solution of (1) we mean the following function:

14



Yo (1), to<t<t

=t
y1(t), ti<t=st
y() =yt to,yo) = .

kyk (0, e St< g

We note that the solutions of (3) are piecewise differentiable in each interval for
t € [ty, ty4+,] forafixed y, € Rpand k = 0,1,2, ...

Using a representation of fuzzy numbers, we may represent y € Ry by pair of

functions (X(a),i(a)>,0 < a < 1, such that

(i) X(“) is bounded, left continuous, and nondecreasing,

(ii) y(a) is bounded, left continuous, and non-increasing, and

(iii)z(oc) <y(@),0<a<l

Therefore, we may replace (3) by an equivalent system
X’(t)=£(t,y,/1k(yk))5 Fk(trzry)l X(tk)zzk (4)

Y =t 400) = G (6y5),  Ft) =7,

which possesses a unique solution (y,y) which is a fuzzy function. That is for

each t, the pair [X(t' a),y(t, a)] is a fuzzy number, where X(t' a),y(t,a) are
respectively the solutions of the parametric form given by

y'(ta) =F [yt i o], yt,a) =y (@

- _ _ _ (5)
¥ (6@ =G [yt ta)],  Ftwa) =5 (@

fora € [0,1]

15



2.3 Numerical Methods

Our goal is to illustrate various numerical methods to approximate the solution
to a first-order prime value problem:

y' =fty), t=t, ylt)=y=a (6)
see [12, 13, 14, 15, 44, 54]

2.3.1 Picard's Method

This approximating method of solving a differential equation is one of the
successive approximation methods; that is, it is an iterative method in which the
numerical results become more and more accurate the more iterative it is used.

The first order initial value problem (6) can be rewritten as an integral equation:

t
Y(®) = yo + j £, y() dr. %
to

Note that the exact solution of IVP is obtained for t =t,. A sequence of
approximations can be obtained as

t
Vea (D) = yo + j (2, y:(@)dx. ®)
to

That is, the i*™® approximation is inserted into the right hand side of the integral
equation in place of the exact solution y(t) and used to compute the (i + 1)5¢
element of the sequence. This process is called Picard's Method.

2.3.2 Euler Method

Estimate y(t) by making the approximation f(t,y(t)) = f(ty y(t,)) for
t € [ty ty + h],where h > 0and h is sufficiently small. Integrating (6),

t
Y(©) = y(to) + j (5, y@)dr ~ yo + (¢ — to)f (tor ¥o) 9)
to

Given a sequence, ty, t; =ty + h, t, =ty + 2h,.., where h is the time step
(h > 0), Denote by y, a numerical estimate of the exact solution y(t;),i =
0,1,.... Motivated by (9), choose

16



y1 = Yo + hf (to,¥o)

This procedure can be continued to produce approximants at t,, t; and so on. In

general, we obtain the recursive scheme
yl+1=yl+hf(tl’yl)J i’:Olll""l

this process is called Euler Method.

While the Modified Euler Method is given by

h -
Yier =Vits [f Gt yi) + f (v, Vir)], i =

(10)

0,1, (11)

Use Euler’s method (10) to approximate y;,, and substitute in (11)

h
Yisr =Yit 3 |f oy + f(tivn yi + @0 y))]

2.3.3 Runge-Kutta Method

i=01,-. (12)

The basis of all Runge-Kutta method is to express the difference between the

value of y at t,,,; and ¢t,, as

m
Yn+1 — Yn = Z wik;
i=1

(13)

where fori = 1,2,...,m, the w;'s are constants and

ki ==
hf(t, + a;h, y, + 23:11 Bijk;)

Runge-Kutta of order four (see Figure 2.3.1)
ky = hf (t, y1),

h k4
k, = hf (ti + 5.V +—>,

2 2
ho
ks = hf (ti + 5;)’1' +7>,

ks = hf(t; + h,y; +k3),
1
Yit+1 =Yi + g(k1 + 2k; + 2k3 + ky)

yo+hky/2
yo+hky/2

to ty+h/2 to+h

Figure 2.3.1: Slopes used by the Runge-Kutta of

order four
17



Runge-Kutta of order five
kl = hf(tl; yi);

h k1
kz :hf(t‘l' ’yl 3>,

3

k;

k3:hf( ’yl+_+ 6)
k1 3k,

= (g g+ )

3k;
k5=hf<t +hyl+——7+2k4)
Yit1 =Y t g(k1 + 4k, + ks) (15)
Where

(b —a)
a:t0<t1<...<tN=b, h= N =ti+1_ti, Yo = &

2.3.4 Predictor-Corrector Method

If t; and t;,, are two consecutive mesh points, we have t;.; =t; + h. In
Euler’s method (10), we have

Yier =Yi T hf(y), 1=01,...., (16)
The modified Euler s method (11), gives
YVit1 = [f(tuyl) +f(tl+11yl+1)] [ = 0111""1 (17)

The value of y;,, is first estimated by using (16), then this value is inserted on
the right side of (17), giving a better approximation of y;,,. This step is
repeated until two consecutive values of y;., agree. This technique of refining
an initially crude estimate of y;,; by means of a more accurate formula is
known as predictor-corrector method. The equation (16) is therefore called the
predictor while (17) serves as a corrector of y;, .

2.3.5 Linear Multistep Method

The idea of extending the Euler method by allowing the approximate solution at
a point to depend on the solution values and the derivative values at several
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previous step values was originally proposed by Bashforth and Adams. Other
special types of linear multistep methods were proposed by Nystrom and Milne.

The most important linear multistep methods are of Adams type. That is, the
solution approximation at t;,, is defined as

Yi+1 = Qm-1Yi + Qpm_2Yi-1 + -+ AoViy1-m +
h(Bf (tis1, Vi1 + Bm-af oY)+ o+ Bof tiv1—m Yier-m))  (18)
fori=m-—1,m,--N—1 suchthata=¢t, <t; <<ty =0»b
h = % and aq, aq, az, ***, Am-1, Po» P1, =, Pm are constants with the

starting values yo = @y, ¥1 = @1, *** , Ym-1 = Xm—1-

For B,, = 0, the method is known as explicit and when g,, # 0, the method is
known as implicit.

Definition 16: Associated with the difference equation (18) the characteristic
polynomial of the method is defined by

pDN) =" —q, A" 1 —q, A% — .. — a1 —a,

If |A*| < 1 for i = 1,2,3,---,m and all roots with absolute value "1" are simple
roots, then the difference method is said to satisfy the root condition.

Theorem 5: A multistep method of the form (18) is stable if and only it satisfies
the root condition.

Adams—Bashforth methods:
The Adams—Bashforth methods with k = 1,2,3,4,5 are

y(t) = y(ti—1) + hf (ticq, yiz1) order 1
(Euler method)

3 1
y(t) =y(ti-1)+h Ef(ti—eri—l) — Ef(ti—Zin—Z) order 2

y(t) = y(ti-1)

23 16 5
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y(t) = y(ti-1)
55 59 37
h (ﬁf(ti—b)’i—ﬂ — ﬁf(ti—byi—z) + ﬁf(ti—3;yl'—3)

9
- ﬁf(ti—zp Yi—4)> order 4

y(t) = y(ti-1)
1901 2774 26
+h (mf(tl vYi-1) — 720 f(tl 2Yi-2) + 55 720 f(tl 3, Yi-3)

1274
- —f(tl 4 )Yi- 4) + f(tl 5 YVi— 5)) order 5

720 720

Milne’s fourth order method:

Explicit formula is

4h ! ! !
y(ﬁ+3)==y(n_1)+-7;(2yi+2-yi+1+-2yi)
and implicit formula is
h ! ! !
Y(tivs) = (i) + 3 (V15 + 4V 1 + Y 100)
Adams-Bashforth fourth order method:

Explicit formula is

Y(ties) = ¥(tisz) + o7 (55yl+2-59yl+14-37y —9y'i_1),
and implicit formula is
Y(ties) = ¥(tisz) + o7 (9yl+3+19yl+2--5yl+1 ')
Sometimes an explicit multistep method is used to "predict" the value of y; . ;.

That value is then used in an implicit formula to "correct™ the value. The result
Is a predictor—corrector method.
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2.3.6 General Linear Methods (GLM)

The name “general linear methods™ applies to a large group of numerical
methods for ordinary differential equations. Runge-Kutta (multi-stage) methods
are examples of these methods. Linear multistep (multivalue) methods are other
examples.

We will describe this in the diagram (Figure 2.3.2):

General Linear Method

Linear Multistep Method Runge-Kufta Method

Figure 2.3.2 : General Linear Methods

We will consider r-value, s-stage methods, where r = 1 for a Runge—Kutta
method and s = 1 for a linear multistep method.

Each step of the computation takes as input a certain number (r) of items of
data and generates for output the same number of items. The output items
correspond to the input items but advanced through one time step (h).

Within a step, a certain number (s) of stages of computations are performed.

Denote by p the order of the method and by g the “stage-order”.

At the start of step number n, denote the input items by yi["_l], i =12,..,r.
Denote the stages computed in the step and the stage derivatives by Y; and F;

respectively,i = 1,2,...,s.
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For a compact notation, write

[, [1=117 [n]7

N1 yl L (F17

y y," Y2 F
yn=t= . | y= 1 y=|"| F=

_yr[n.—l]_ yr[n]_ v, | F, |

The stages are computed by the formula
Y, = Zath +zuuy][n U i=12..s (19)
and the output approximations by the formula

S T
= ) byhF + z vy, =127 (20)
= =

In each case, the coefficients of the general linear formulation are presented in
the (s+1r)X (s+71) partitioned matrix

bl =5 VL] @

where y[™=1 and y!™ are input and output approximations, respectively, and

A€ RS*S,U€RS*",B€R"™S,V eR™.

The matrices representing Euler method and implicit Euler methods are,

respectively,
0 1 1
[ 11 and [ 1
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2.3.7 Variational Iteration Method (VIM)

To explain the basic concept of the method, consider the following general
nonlinear differential equation given in the form

Ly + Ny = g(t) (22)

where L is a linear operator, N is a nonlinear operator and g(t) is a known
analytical function. The variational iteration method admits the use of a
correction at function for equation (22) in the form

t
Yns1 () = (D) + f AD(Lyn@ + Nin@ —g@)dr  (23)
0

where A(7) is a general Lagrange multiplier which can be identified optimally
via variational theory, y,, is the nth approximate solution and 3, is considered
as a restricted variation, which means 6%, = 0. The Lagrange multiplier A is
crucial and critical in the method, and it can be a constant or a function. Having
A determined, an iteration formula should be used for the determination of the
successive approximations y,,4(t),n = 0 of the solution y(t). Consequently,
the solution is given by

y(©) = lim y,(t) (249)

For linear problems, its exact solution can be obtained by only one iteration step
due to the fact that the Lagrange multiplier can be exactly identified.

For first order differential equation of the form

y +p)y=q@), y0)=«a
t
Yas1(®) = v (O + f A1 + p@yn — q(@)dx,
0

Making the above correct functional stationary with respect to y,,, noticing that
6y,(0) = 0 then

t
8Ynir(D) = Syn(©) + 8 j A1 + Py — q(@)dx,
0

t
= 5y, (6) + Ay (D) gy — f (X (2) = p(DAD)Sy (D) dr,
0
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=(1+A@D&%u)—j<x@9—p&uu»&%@>m;
0

= 0.
Therefore, we have the following stationary conditions:
A(t) —p(0)A(r) =0, 1+ A(r) =0.
So, the Lagrange multiplier
1+A(t) =0
A(r) = —1.
2.3.8 Adomian Decomposition Method (ADM)

Consider the differential equation (22), then making Ly as the subject of the
formula, gives

Ly = g(t) — Ny. (25)
By solving (25) for Ly, since L is invertible, we can write

L 1Ly = L™t g(¢) — L"INy. (26)

For initial value problems we conveniently define L™1, for L = % as the

n —fold definite integration from 0 to ¢. If L is a second-order operator, L™1 is a
two fold integral and so by solving (26) for y, gives

y = A+Bt+ L 1g(t) — L Ny (27)

where A and B are constants of integration and can be found from the initial or
boundary conditions.

The Adomian method consists of approximating the solution of (22) as an
infinite series

y(©) =) (® (26)
n=0

and decomposing the non-linear operator N as
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Ny = z A, (29)

where the A,,, depending on y,, y;, ¥, are called the Adomian polynomials, and
are obtained for the nonlinearity Ny = f(y) by the definitional formula

1ot | (o o,
=3 || 2,72
' k=0

substituting (28) and (29) into (27) yields

i y,(t) = A+Bt+ L g(t) - Lt (i An>
n=0

n=0

,n=201,2,...
A=0

The recursive relationship is found to be
Yo = g(t)

Yn+1 = _L_lAn

Using the above recursive relationship, one can construct the solution y as
y = lim ¢, (y) (30)

where

on(y) = zn: Vi
i=0
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Chapter Three

Numerical Solutions for (HFDESs) with Triangular Fuzzy
Number as Initial Conditions

In this Chapter, an example of HFDEs (29) will be solved with initial conditions
as triangular fuzzy number by several numerical methods and 1 — differentiable
and 2 — differentiable will be used to find exact solutions and compare them
with approximate solutions.

3.1 Numerical Example

Example

Let us consider the following hybrid fuzzy I\VP [28, 35, 41],

y' (&) =y@®) +m®4(yt)), te€ltptil t=k  k=0123..,(29)
where

© = {Z(t(modl)) if t(modl) < 0.5;
~ 2(1 - t(mod1))  if t(mod1) > 0.5;

(0 ifk=0
’1"(")_{# if ke{12 ..}

Using the following two triangular fuzzy numbers:

a- Lety(0) = (0.75,1,1.125)
y(0,a) = [(0.75 + 0.25a), (1.125 — 0.125a)], 0<a<l1
b- Let y(0) = (0.25,0.75,4)
y(0,a) = [(0.25 + 0.5a), (4 — 3.25a)], 0<ac<l1

The hybrid fuzzy IVP (29) is equivalent to the following systems of fuzzy IVPs:

{ YO =y ®), telo1]
)’O(t;a):}’(o;a); 0<ac<l1

yit) =y () + m@)y;—1 (),  t€[tytiv], i) =y (), t=12,..,

In (29) y(t) + m()A(y(t,)) is continuous function of t,yand 2,(y(t).
Therefore by [32], foreach k = 0,1,2, ..., the fuzzy IVP

{y’(t) =y(®) +mOL(E)),  tEltutisl, te=k
y(te) =y,
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has a unique solution on [ty, tr4+1].

let f:[0,00) X R X R — R be given by

f (t, X, Ak(x(tk))) =x() + mO(x(t)), =k k=012,
where 4, : R — R is given by

_ (0, ifk=0
GRS M AP

We can write the HFDE (29) as a formula by

y(0), t €[0,1],
y'(t) =<y@) +2y(1,a)(t — 1), t € [1,1.5], (30)

y(t) + 2y(1,a)(2 — t), t € [1.5,2].

By 1 — differentiable the exact solution for t € [0,2] is given by
y(0,a)et, t €[0,1],

y(t,a) = y(1,a)(3et™1 — 2t), t € [1,1.5], (31)

y(1,0) (2t = 2+ et15(3e - 4)), t € [1.5,2].

By 2 — differentiable the exact solution for t € [0,2] is given by

y(t,a) = [(0.9375 + 0.0625a)e’ + (—0.1875 + 0.1875a)e ¢,

(0.9375 + 0.0625a)et— (—0.1875 + 0.1875a)e "], t € [0,1]

y(t,a) = [1.5 (3_/(0, a) + y(0, a)) et™1 4+ 0.5 (?(0, a) — X(O' a)) el™t — ZX(O,a)t
+ 2 (X(O' a) —y(0, a)), 1.5 (X(O' a) +y(0, a)) et™1
~ 05 (y(o, @) - (0, a)) e1=t — 25(0,a)t — 2 (X(o, ) — y(o,a))],

t €[1,1.5]

y(t@) = [05(y(1L,0) +7(1,@) - y(0,0) = 7(0,0) ) 3
+05(y(L@) = F(1,0) + 3(0,@) - 37(0,@) ) 5 + 2y(0, )¢
+25(0,0) — 400,05 (y(1,0) + 7(1,@) - y(0,@) = F(0,0) ) e*3

- 05(y(L@) = F(1,0) + 3y(0,@) - 37(0,@) ) 5 + 250, )¢
+2y(0,0) — 45(0,0)|, t € [1.52] (32)
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3.2 Picard's Method

Applying the Picard method for hybrid fuzzy differential equation first
by 1 — differentiable

j{_n+1 =Y+ Ltf (T'Xn(T' a);/lk(:)/k)) dt
|

0 n=01,.,N. (33)
T =70+ [ £ (27,000 200) o
to

Then by 2 — differentiable

t
n+1 = Yo +f f (T’yn(r’ a)’)‘k(y")) de
to n=201,..,N (34)

kyn+1 =Y, fttf (T, Yn (T, @), A (Yk)) dr

From the theory of differential equations, it can be proved that the above
sequence of approximations converges to the exact solution of I\VP.

Now to solve the previous Example

a- Lety(0) = (0.75,1,1.125)
y(0,a) = [(0.75 + 0.25a), (1.125 — 0.125a)], 0<a<1
Case 1: using 1 — differentiable

Solving through apply the Picard Method for hybrid fuzzy differential equations
(29). Let N = 50 when a = 0 and t € [0,1] then f(z,¥,(r, @) = y,(z,a) and
to = 0 by (33)

t t
Y1 = Yo +f yo(dr, ¥y, =Y, +f y,(Ddr
0 0

t t
» =075 +f 0.75dr, ¥, = 1.125f 1.125 dt
0 0

y; = 0.75+ (0.75)t , y, = 1125 + (1.125)¢
t t
Y2 =Yo +f X1(T)d‘f' yz = 70 +f yl(f)d'f
0 0
t t
y, = 0.75 + f 0.75+4+ 0.75tdt ,iz =1.125 +f 1.125 + 1.1257dt
- 0 0
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(0.75)t?
2 )

¥, = 1125+ (1.125)t +

1.125¢2
2

In the same manner to get yso and y., whent = 1,¢t = 1.5,¢t = 2.

By Matlab software, the exact solution with an approximate results of this
example are presented in Tables 3.2.1-3 and in Figs. 3.2.1-3 respectively,
and the absolute errors of the approximate results in Tables 3.2.4-6.

Table 3.2.1: Numerical values for the exact (1 — differentiable) and approximate solutions
(Picard's method) fort = 1

a Exact Picard
Y Y y y
0 2.038711371344284 | 3.058067057016426 | 2.038711371344284 | 3.058067057016426
0.1 | 2.106668417055760 | 3.024088534160689 | 2.106668417055760 | 3.024088534160688
0.2 | 2.174625462767236 | 2.990110011304950 | 2.174625462767236 | 2.990110011304950
0.3 | 2.242582508478713 | 2.956131488449212 | 2.242582508478713 | 2.956131488449211
0.4 | 2.310539554190189 | 2.922152965593474 | 2.310539554190189 | 2.922152965593474
0.5 | 2.378496599901665 | 2.888174442737736 | 2.378496599901665 | 2.888174442737736
0.6 | 2.446453645613141 | 2.854195919881998 | 2.446453645613141 | 2.854195919881997
0.7 | 2.514410691324617 | 2.820217397026260 | 2.514410691324617 | 2.820217397026260
0.8 | 2.582367737036093 | 2.786238874170521 | 2.582367737036093 | 2.786238874170521
0.9 | 2.650324782747569 | 2.752260351314784 | 2.650324782747569 | 2.752260351314783
1 2.718281828459046 | 2.718281828459046 | 2.718281828459045 | 2.718281828459045

exact

¥ Picard | |

26
Y

22 24

28 3

Figure 3.2.1 : Exact and Picard solutions fort = 1
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Table 3.2.2: Numerical values for the exact (1 — differentiable) and approximate solutions
(Picard's method) fort = 1.5

a Exact Picard
Y Y y y
0 3.967666294227795 | 5.951499441341692 | 3.967666294227794 | 5.951499441341692
0.1 | 4.099921837368721 | 5.885371669771230 | 4.099921837368721 | 5.885371669771228
0.2 | 4.232177380509648 | 5.819243898200766 | 4.232177380509647 | 5.819243898200766
0.3 | 4.364432923650575 | 5.753116126630302 | 4.364432923650575 | 5.753116126630300
0.4 | 4.496688466791501 | 5.686988355059839 | 4.496688466791502 | 5.686988355059840
0.5 | 4.628944009932427 | 5.620860583489376 | 4.628944009932427 | 5.620860583489376
0.6 | 4.761199553073354 | 5.554732811918913 | 4.761199553073354 | 5.554732811918911
0.7 | 4.893455096214280 | 5.488605040348450 | 4.893455096214280 | 5.488605040348450
0.8 | 5.025710639355206 | 5.422477268777985 | 5.025710639355206 | 5.422477268777984
0.9 | 5.157966182496133 | 5.356349497207523 | 5.157966182496131 | 5.356349497207522
1 5.290221725637060 | 5.290221725637060 | 5.290221725637058 | 5.290221725637058

exact
* Picard | ]

\

45

%

y

5 55 6

Figure 3.2.2 : Exact and Picard solutions for t = 1.5

Table 3.2.3: Numerical values for the exact (1 — differentiable) and approximate solutions
(Picard's method) fort = 2

Exact

Picard

Y

Y

y

y

7.257731754268338

10.88659763140251

7.257731754268336

10.88659763140251

0.1

7.499656146077282

10.76563543549804

7.499656146077282

10.76563543549803

0.2

7.741580537886227

10.64467323959356

7.741580537886225

10.64467323959356

0.3

7.983504929695171

10.52371104368909

7.983504929695173

10.52371104368909

0.4

8.225429321504116

10.40274884778462

8.225429321504119

10.40274884778462

0.5

8.467353713313061

10.28178665188015

8.467353713313059

10.28178665188015

0.6

8.709278105122007

10.16082445597567

8.709278105122007

10.16082445597567

0.7

8.951202496930950

10.03986226007120

8.951202496930952

10.03986226007120

0.8

9.193126888739894

9.918900064166728

9.193126888739894

9.918900064166724

0.9

9.435051280548839

9.797937868262256

9.435051280548835

9.797937868262254

9.676975672357784

9.676975672357784

9.676975672357781

9.676975672357781
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Figure 3.2.3 : Exact and Picard solutions for t = 2

Table 3.2.4 :The absolute errors of the Picard method (1 — differentiable) fort =1

a Absolute Error
v -y|~ v -5~

0 10-16 10-16

0.1 10-16 8.8818 x 10716
0.2 1016 1016

0.3 10-16 8.8818 x 10716
0.4 10-16 10~16

0.5 10-16 1016

0.6 1016 8.8818 x 1071°
0.7 10-16 1016

0.8 10-16 1016

0.9 1016 8.8818 x 1071
1 8.8818 x 1071 8.8818 x 1071

Table 3.2.5: The absolute errors of the Picard method (1 — differentiable) fort = 1.5

a Absolute error
|X - y| ~ Y -]~
0 8.8818 x 10~1¢ 10-16
0.1 10716 1.7764 x 10~1°
0.2 8.8818 x 10~1¢ 10-16
0.3 10~ 1.7764 x 10~1°
0.4 8.8818 x 10~1¢ 8.8818 x 1071°
0.5 1016 1016
0.6 10~ 1.7764 x 10~1°
0.7 1016 1016
0.8 10~ 1.7764 x 10~1°
0.9 1.7764 x 10715 8.8818 x 1071¢
1 1.7764 x 10715 1.7764 x 10~1°
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Table 3.2.6 :The absolute errors of the Picard method (1 — differentiable) fort =2

a Absolute errors
¥ —y| = Y -3]~

0 1.7764 x 10715 1016

0.1 10716 1.0658 x 10714
0.2 1.7764 x 10715 10716

0.3 2.6645 x 10715 10716

0.4 3.5527 x 10715 10-16

0.5 1.7764 x 10715 10716

0.6 10716 10-16

0.7 1.7764 x 10715 10716

0.8 10716 3.5527 x 10715
0.9 3.5527 x 10715 1.7764 x 10715
1 3.5527 x 10~1° 3.5527 x 10715

As shown in Tables 3.2.1-6, the Picard method with triangular fuzzy number as
initial condition gave high accurate results when used with high number of

iteration.

Case 2: using 2 — differentiable

Let N =50 when ¢ =0 and t € [0,1]then f(7,¥,(r,@)) = y,(z,@) and

to = 0 by (34)
t t
Xl = XO +-]- yo(f)dT; yl = yo +J. XO(T)dT
0 0
t t
y, = 0.75 +f 1125dr, y, = 1.125f 0.75 dt
- 0 0
y1 =075+ (1.125)t , y, = 1125+ (0.75)¢
t t
XZ :XO-I_fyl(T)dTJ yz :yo-l_f Xl(r)dt
0 0
t t
y, = 0.75 +f 1.125 4 0.75tdr ,y, = 1.125 +f 0.75 + 1.1257 dt
- 0 0
(0.75)t? _ 1.125¢2
Y2, =075+ (1.125)t + — y, = 1125+ (0.75)t + >

In the same manner to get yso and y,,whent = 1,t = 1.5,¢t = 2.
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By Matlab software, the exact solutions with approximate results of this
example are presented in Tables 3.2.7-9 and Figs 3.2.4-6 respectively, and
the absolute errors of the approximate results in Tables 3.2.10-12.

Table 3.2.7: Numerical values for the exact (2 — differentiable) and approximate solutions
(Picard's method) fort = 1

Exact

Picard

Y

Y

y

y

2.479411818960710

2.617366609400000

2.479411818960710

2.617366609400000

0.1

2.503298819910544

2.627458131305905

2.503298819910544

2.627458131305905

0.2

2.527185820860377

2.637549653211810

2.527185820860376

2.637549653211810

0.3

2.551072821810211

2.647641175117714

2.551072821810210

2.647641175117714

0.4

2.574959822760044

2.657732697023619

2.574959822760043

2.657732697023618

0.5

2.598846823709878

2.667824218929523

2.598846823709878

2.667824218929523

0.6

2.622733824659711

2.677915740835428

2.622733824659711

2.677915740835428

0.7

2.646620825609545

2.688007262741332

2.646620825609544

2.688007262741332

0.8

2.670507826559379

2.698098784647236

2.670507826559379

2.698098784647236

0.9

2.694394827509212

2.708190306553141

2.694394827509211

2.708190306553141

2.718281828459046

2.718281828459046

2.718281828459045

2.718281828459045

* Picard

/

Figure 3.2.4: Exact and Picard solutions for t = 1
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Table 3.2.8: Numerical values for the exact (2 — differentiable) and approximate solutions
(Picard's method) fort = 1.5

Exact

Picard

Y

Y

y

y

4.932442377592928

4.986723357976558

4.932442377592928

4.986723357976557

0.1

4.968220312397341

5.017073194742609

4.968220312397342

5.017073194742609

0.2

5.003998247201754

5.047423031508658

5.003998247201754

5.047423031508657

0.3

5.039776182006168

5.077772868274710

5.039776182006166

5.077772868274708

0.4

5.075554116810579

5.108122705040760

5.075554116810579

5.108122705040757
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0.5

5.111332051614995

5.138472541806809

5.111332051614995

5.138472541806809

0.6

5.147109986419408

5.168822378572860

5.147109986419407

5.168822378572860

0.7

5.182887921223820

5.199172215338908

5.182887921223819

5.199172215338908

0.8

5.218665856028234

5.229522052104959

5.218665856028233

5.229522052104960

0.9

5.254443790832648

5.259871888871011

5.254443790832645

5.259871888871008

5.290221725637062

5.290221725637062

5.290221725637058

5.290221725637058

5.05

51
VA

5.15 52 5.25 53

Figure 3.2.5: Exact and Picard solutions for ¢t = 1.5

Table 3.2.9: Numerical values for the exact solutions (2 — differentiable) and approximate
solutions (Picard's method) for t = 2

a Exact Picard
Y Y y y
0 9.068147228770254 | 9.076182156900588 | 9.068147228770254 | 9.076182156900588
0.1 9.129030073129007 | 9.136261508446307 | 9.129030073129009 | 9.136261508446310
0.2 9.189912917487760 | 9.196340859992027 | 9.189912917487760 | 9.196340859992025
0.3 9.250795761846515 | 9.256420211537749 | 9.250795761846513 | 9.256420211537746
0.4 9.311678606205266 | 9.316499563083468 | 9.311678606205263 | 9.316499563083465
0.5 9.372561450564021 | 9.376578914629187 | 9.372561450564021 | 9.376578914629185
0.6 9.433444294922772 | 9.436658266174906 | 9.433444294922772 | 9.436658266174907
0.7 9.494327139281523 | 9.496737617720623 | 9.494327139281523 | 9.496737617720623
0.8 9.555209983640278 | 9.556816969266345 | 9.555209983640278 | 9.556816969266347
0.9 9.616092827999033 | 9.616896320812066 | 9.616092827999028 | 9.616896320812062
1 9.676975672357788 | 9.676975672357788 | 9.676975672357781 | 9.676975672357781

exact
*  Picard

9 91

W

92 93

y

94

95 96 9.7

Figure 3.2.6: Exact and Picard solutions for t = 2
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Table 3.2.10 :The absolute errors of the Picard method (2 — differentiable) fort =1

a Absolute error
v —y| = ¥ -5~

0 10-16 10716

0.1 10716 10716

0.2 8.8818 x 10716 10-16

0.3 8.8818 x 10716 10-16

0.4 8.8818 x 10716 8.8818 x 10716
0.5 10~ 10716

0.6 1071t 10716

0.7 1.3323 x 10715 10-16

0.8 1071t 10716

0.9 1.3323 x 10715 10-16

1 8.8818 x 10716 8.8818 x 10716

Table 3.2.11 :The absolute errors of the Picard method (2 — differentiable) fort = 1.5

a Absolute error
¥ -y~ ¥ -5~
0 10716 8.8818 x 10716
0.1 8.8818 x 10716 10-16
0.2 10-16 8.8818 x 10716

0.3 1.7764 x 10715 2.6645 x 10715
0.4 10-16 2.6645 x 10715
0.5 1071t 10716
0.6 8.8818 x 10~ 1¢ 10716
0.7 8.8818 x 10~ 1° 10716
0.8 8.8818 x 10~ 1¢ 8.8818 x 107 1°
0.9 2.6645 x 10715 2.6645 x 10715
1 44409 x 10715 44409 x 10715

Table 3.2.12:The absolute errors of the Picard method (2 — differentiable) fort = 2

a Absolute error
¥ —y| = Y 5]~

0 1016 10716

0.1 1.7764 x 10~1° 3.5527 x 10715
0.2 10716 1.7764 x 10~1°
0.3 1.7764 x 10715 10715

0.4 3.5527 x 10~ 1> 10715

0.5 10~ 3.5527 x 10715
0.6 10~ 3.5527 x 10715
0.7 1016 10-16

0.8 10~ 1.7764 x 10~1°
0.9 5.3291 x 10715 3.5527 x 10715
1 7.1054 x 10715 7.1054 x 10715
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As shown in Tables 3.2.7-12 , the Picard method with triangular fuzzy number

as initial condition gave high accurate results when used with high number of
iteration.

b- Let y(0) = (0.25,0.75,4)

y(0,@) = [(0.25 + 0.5a), (4 — 3.25a)],

using 1 — differentiable

0<ac<l1

We solve by the Matlab software the exact solutions with approximate
results of this example are presented in Tables 3.2.13-15 and Figs 3.2.7-9
respectively, and the absolute errors of the approximate results in Tables

3.2.16-18
Table 3.2.13: Numerical values for the exact and approximate solutions (Picard's method)
fort =1
a Exact Picard
Y Y y y

0 |0.6795704571147614 | 10.87312731383618 | 0.6795704571147613 | 10.87312731383618
0.1 | 0.8154845485377137 | 9.989685719586992 | 0.8154845485377136 | 9.989685719586991
0.2 | 0.9513986399606659 | 9.106244125337803 | 0.9513986399606658 | 9.106244125337803
0.3 | 1.087312731383618 | 8.222802531088613 | 1.087312731383618 | 8.222802531088611
0.4 | 1.223226822806571 | 7.339360936839423 | 1.223226822806570 | 7.339360936839422
0.5 | 1.359140914229523 | 6.455919342590233 | 1.359140914229523 | 6.455919342590232
0.6 | 1.495055005652475 5.572477748341043 | 1.495055005652475 | 5.572477748341043
0.7 | 1.630969097075428 | 4.689036154091854 | 1.630969097075427 | 4.689036154091853
0.8 | 1.766883188498380 | 3.805594559842664 | 1.766883188498379 | 3.805594559842663
0.9 | 1.902797279921332 | 2.922152965593473 | 1.902797279921332 | 2.922152965593474
1 2.038711371344284 2.038711371344284 | 2.038711371344284 | 2.038711371344284

exact
* Picard

Figure 3.2.7: Exact and Picard solutions for t = 1
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Table 3.2.14: Numerical values for the exact and approximate solutions (Picard's method)

y

Figure 3.2.8: Exact and Picard solutions for t = 1.5

fort =1.5

a Exact Picard

Y Y y y
0 1.322555431409265 | 21.16088690254824 | 1.322555431409265 | 21.16088690254823
0.1 | 1.587066517691118 | 19.44156484171619 | 1.587066517691118 | 19.44156484171619
0.2 | 1.851577603972971 | 17.72224278088415 | 1.851577603972971 | 17.72224278088415
0.3 | 2.116088690254824 | 16.00292072005211 | 2.116088690254824 | 16.00292072005210
0.4 | 2.380599776536677 | 14.28359865922006 | 2.380599776536676 | 14.28359865922006
0.5 | 2.645110862818530 | 12.56427659838802 | 2.645110862818530 | 12.56427659838801
0.6 | 2.909621949100383 | 10.84495453755597 | 2.909621949100383 | 10.84495453755597
0.7 | 3.174133035382237 | 9.125632476723929 | 3.174133035382234 | 9.125632476723926
0.8 | 3.438644121664089 | 7.406310415891883 | 3.438644121664088 | 7.406310415891882
0.9 | 3.703155207945942 | 5.686988355059838 | 3.703155207945942 | 5.686988355059840
1 3.967666294227795 | 3.967666294227795 | 3.967666294227794 | 3.967666294227794

1 * v

08r 1

0771

06

%5.05

04r

0.3

0.2

0.1

: N

0 5 10 20 25

Table 3.2.15: Numerical values for the exact and approximate solutions (Picard’s method)

fort =2
a Exact Picard
Y Y y y

0 2.419243918089446 | 38.70790268943114 | 2.419243918089446 | 38.70790268943112
0.1 | 2.903092701707335 | 35.56288559591486 | 2.903092701707335 | 35.56288559591485
0.2 | 3.386941485325224 | 32.41786850239858 | 3.386941485325225 | 32.41786850239858
0.3 | 3.870790268943114 | 29.27285140888230 | 3.870790268943114 | 29.27285140888229
0.4 | 4.354639052561003 | 26.12783431536602 | 4.354639052561001 | 26.12783431536602
0.5 | 4.838487836178892 | 22.98281722184974 | 4.838487836178891 | 22.98281722184973
0.6 | 5.322336619796782 | 19.83780012833346 | 5.322336619796781 | 19.83780012833346
0.7 | 5.806185403414671 | 16.69278303481718 | 5.806185403414667 | 16.69278303481718
0.8 | 6.290034187032560 | 13.54776594130090 | 6.290034187032558 | 13.54776594130090
0.9 | 6.773882970650448 | 10.40274884778462 | 6.773882970650449 | 10.40274884778462
1 7.257731754268338 | 7.257731754268338 | 7.257731754268336 | 7.257731754268336
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Figure 3.2.9: Exact and Picard solutions for t = 2

Table 3.2.16 :The absolute errors of the Picard method fort =1

a Absolute error
v -]~ v -5~

0 1.1102 x 10~15 1016

0.1 1.1102 x 10715 1.7764 x 10715
0.2 1.1102 x 10~15 1016

0.3 10-16 1.7764 x 10715
0.4 1.1102 x 1015 10716

0.5 10-16 8.8818 x 10716
0.6 1071 10716

0.7 1.1102 x 1015 8.8818 x 107 1°
0.8 8.8818 x 10716 8.8818 x 10~ 1°
0.9 10-16 1.3323 x 1071°
1 1016 1016

Table 3.2.17 :The absolute errors of the Picard method fort = 1.5

a Absolute error
|X - y| ~ Y -¥|~

0 10-16 7.1054 x 10715
0.1 1016 1016

0.2 1016 1016

0.3 10~ 1.0658 x 10~1°
0.4 8.8818 x 1071° 10-16

0.5 1016 8.8818 x 107 1°
0.6 1016 10-16

0.7 3.1086 x 10~ 1> 3.1086 x 10~ 1>
0.8 8.8818 x 10~1° 8.8818 x 107 1°
0.9 10~ 1.7764 x 10~1°
1 8.8818 x 1071¢ 8.8818 x 107 1°
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Table 3.2.18 :The absolute errors of the Picard method for ¢t = 2

a Absolute error
v -y = ¥ -5~

0 10-16 1.4211 x 10714
0.1 10-16 7.1054 x 10715
0.2 8.8818 x 10716 10-16

0.3 10716 1.0658 x 10714
0.4 2.6645 x 10715 10-16

0.5 8.8818 x 1071 1.0658 x 10~ 14
0.6 8.8818 x 10716 10-16

0.7 3.5527 x 10715 10-16

0.8 1.7764 x 10715 10-16

0.9 8.8818 x 10716 10~16

1 1.7764 x 10715 1.7764 x 10715

As shown in Tables 3.2.13-18 , the Picard method with another triangular fuzzy
number as initial condition gave high accurate results when used with high
number of iteration.

3.3 Runge-Kutta of Order Five

In this section, for a hybrid fuzzy differential equation (3) we developed the
Runge-Kutta method via an application of the Runge-Kutta method for fuzzy
differential equation.

For a fixed a, to integrate the system in (5) for [to, t1], [t1, t5], o) [t thsal, -
we replace each interval by a set of N, + 1 discrete equally spaced grid points

(including the end points) at which exact solution (Zk(t, r), Y. (t, r)). For each

the chosen grid points on [ty, ty41] at ty , = tx + nhy = t"*;—_t",O <n<N.
k

Let (Z’k(t, "), Y (t, r)) and (Xk(t, ,7,(t, r)) are exact solution by
(1) —differentiable and approximate solution respectively, and may be denoted
by (Xk,n(t, 1), Yien (t, r)) and (Xkln(t, ),V 0t r)) respectively. We allow the N,'s

to vary over the [ty, t;41] 'S SO that the h;'s may be comparable.

The Runge-Kutta method is a fifth order approximation of Y, (¢, ) and 7;((t, r).
To develop the Runge-Kutta method under 1 — differentiable for (1), we define:
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Vi1 = Yen (@ = ) ki (tim Yin @),

yk,n+1 (T) - yk,n (T) = wizi (tk,m yk,n (T)),

DM i

1]
oy

l

Where w,, w,, w3, w,, and wg are constants and

ks (tk,n»Yk,n(T)) =min{hkf (tk,n»u» A (uk))|u € [Xk,n(r):yk,n(r)] Ui €
Do), T, (T

ky (tk,n»Yk,n(T)) =max{hkf (tk,n»u» Ak(uk))| u€ [Xk,n(r):yk,n(r)] YU €
Do), T, (T

k, (tk,nfyk,n(r)) =min{hkf (tk,n + %,u, Ak(uk))|

u € [ 2k, (tims Yien (1), Ziey (b Yen (1) ] e € [Vi,0(r), ¥, o (M1},

k, (tk,nfyk,n (T)) =max{hkf (tk,n + %» u, A (uk))|

u € [ 2k, (tkns YVin (1), Ziey (s Yiem ()] e € [Vi,0(r), ¥, o (M1},

ks (tk,nfyk,n(r)) =min{hkf (tk,n + %,u, Ak(uk)>|

ue [Zkz (tims Yien (M), zy, (tims Yien )] wic € [Vi0(r), ¥, o (M1},

ks (tk,n»J’k,n (7”)) :max{hkf (tk,n + %: u, Ay (uk)>|

u € [ 2k, (tkns Yien (1), Ziey (b Yiem (1) ] e € [Vi0(r), ¥, o (M1},

k4 (tk,niyk,n(r)) :min{hkf (tk,n + %,u, Ak(uk)>|

u € [ 2k, (tims Vien (1), Ziey (L Yin (1) ] e € Vo (™), Y, o (M1},

ky (tk,n»)’k,n (7")) :max{hkf (tk,n + %' u, Ay (uk)>|

u € [ 2k, (tkn Vin (1), Ziey (b Yiew ()] e € Vo (™), Y, o (M1},

ks (tk,n:yk,n(r)) :min{hkf (tk,n + hy, u, Ak(uk))|
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ue [_k3(tkn'yk 2 (M), Zk3(tk w Yien() ] ue € [Vio (™), y Vi, oM}

ks (tk,n»)’k,n (T')) =maX{hkf (tk,n + hy,u, A (uk))|

u € [ 2k, (tins Yien (1), Ziey (s Yien ()] 0 € [9100 (1), 7, (P13,
2 (t1 Ve ) = Yen () +5k1 (tim n (),
%, (110 Yen () = T, ) +5K1 (tin in (1),
2, (1 Y6n ™)) = Ym0 + 2 1 (B Ve () + i (B0 P)],
Zi, (tims Yin (1)) = ykn(r)+ (1 (tin Yen () + K (tim Yin @) )]
2, (1 Yen () = on ) + 5 [ (Ve (1) + 3 (B n (O],
i, (tn n ) = T+ 5 s (B in ) + 33 (b Yo (1))

Zk, (tk,n» Yien (7”))

= Ykn (r) + %& (tk,nJYR,n (7”)) - %Ks (tk,n: Yin (7”)) + 2k, (tk,n'yk,n(r)) ,

Zy, (tk,n» Yin (7”))

= Yin () + %E (tk,n:)’k,n (7”)) - %Es (tk,n» Ykn (7‘)) + 2k, (tk,n'yk,n(r)),

Next define
Sk [tkn Vien (1), ykn(r)] = kq (tkn YRn(T)) (tkn J’kn(r)) (tkn Yk n(T))
Ty [tkn Vien (1), ykn(r)] =k, (tkn Ykn(r)) (tkn ykn(r)) (tkn Yk n(r))

The exact solution at ty .4 IS given by

1 _
Xk,n+1 (r) = Xk,n (r) + g Sk [tk,n: Xk,n (r), Yk,n (T‘)],

_ _ 1 _
Yine1(r) = Yi,(r) + 3 Teltin Yin (), Yien ()],

The approximate solution is given by
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1 _
Y1) = Yien () + 2 S |tk Y (1,7, (0]
N (35)

_ _ 1 _
Yin+1 (r) = Yin (r) + 6 Ty [tk,m Yin (), Vi (7‘)] )

The Runge-Kutta method under 2 — differentiable

Yen+1 (r) — Yen (r) = wik; (tk,n; Ykn (T)):

DM 1M

1l
=

yk,n+1(r) - yk,n (T‘) = wi%i (tk,n; Ykn (T)):

l

Where w,, w,, w3, w,, and wg are constants and

ky (tk,nfyk,n(r)) =max{hkf (tk,n»u» Ak(uk))| ue€ [Xk,n(r),?k,n(r)] Uk €
Do), T, (T

ky (tk,nfyk,n(r)) =min{hkf (tk,n:u: Ay (uk))|u € [)_/k,n(r):yk‘n(r)] U €
Vo (), ¥, o (M1},

ke (B Yien 1)) =max{ f (B + 2,1, 20 ) )|

u € [ 2, (tiem Yin (1), Ziey (bins Yien )] ke € [0 (), 7, , 13,
s (tin Yin () ) =min{hf (tk,n +7,y, Ak(uk)>|

u € [ 2, (tiem Yin (1), Ziey (bis Yien )] ke € [0 (), 7, o 13,
ks (tins Yien(r)) =max{h.f (tk,n + 20, 2, (uk)>|

u € [ 2k, (tiem Yin (1), Ziey (tis Yien )] ke € [0 (), 7, o 13,
s (B e () =minfhef (i + 2,0, 240 )|

u € [ 2k, (tkins Yiem (1), Ziey (b Yiewm () | e € [ieo (7, 5, o (M1}
ke (B Ve () =max{hef (£ + 2, 0,2 )|
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u € [ 21, (tim Yien (1), Ziey (G Vi ()] e € [0 (), T, o (M1},
o (B Yien @) =min{hef (tn +2, 1 24 ) )|

u € [ 21, (tim Yien (1), Ziey (e Yien ()] e € [0 (), T, o (M1},
ks (tin Yien () =max{hef (tien + hieot, (1))

u € [ 2k, (6 Vin (1), Ziey (G Yien ()] ke € [P0, T, 13,
ks (tien Yin () =min{hef (ten + hio 1, 4 (1))

ul 24 (tins Yien (1), Zie, (b Yien ()], i € [9100 (1), 7, o (13,
2 (b Yen (7)) = Yon )+ 3k (B0, 10 (P,
%, (b Yin (1)) = T+ 38 (B0, 1600,
2, (B Yen ™) = Ym0 + 2 1 (B Ve () + i (6100 O],
2 (tn Yin ) = T+ 2 s (B Yin () 4 o (b Yen ()
2, (B Yen (7)) = on ) + 5 1 (Ve (1) + 3 (B0 n ()],

Zy, (tk,n:yk,n(r)) = Yin (r) +5 ! [ (tkn Yk n(r)) + 3k, (tk,n'yk,n(r))]'

Zk, (tk,n» Yien (7”))

= Yia(r) + %& (tk,n'Yk,n (7”)) - %& (tk,n: Yin (7‘)) + 2k, (tk,n'yk,n(r)) )

Zy, (tk,n: Yin (7”))

= Ve (M + %E (tk,n'YIc,n (7”)) - §E3 (tk,n: Yin (7‘)) + 2k, (tk,n'yk,n(r)),

Next define
Sk [tkn Vien (1), )’kn(T)] = ky (tkn YIcn(r)) (tkn ykn(r)) (tkn Yk n(r))
Ty [tkn Vien (1), )’kn(T)] =k, (tkn YIcn(r)) (tkn ykn(r)) (tkn Yk n(r))
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The exact solution at ty . is given by

1 _
Zk,n+1 (1") ~ Xk,n (T) + g Sk [tk,n; Xk,n (T), Yk,n (T)],

_ _ 1 _
Yk,n+1 (T) = Yk,n (T) + g Tk [tk,n; Zk,n (T), Yk,n (T)],

Finally the approximate solution is given by

1 —
Vi1 () = Yen @) + =Sk [t Yen (., (1)

_ _ 1 _
Vienar ™ = Ve () + 2T [t Yien (), Fren @),

(36)

To solve numerically the hybrid fuzzy IVP (29) we will apply the Runge-Kutta
method of order five for hybrid fuzzy differential equation with N = 100 and
h=22=002

100

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.3.1-3 and Figs 3.3.1-3 respectively, and

the absolute errors of the approximate results in Tables 3.3.4-6

a- Let y(0) = (0.75,1,1.125)

y(0,@) = [(0.75 + 0.25a), (1.125 — 0.125a)],
Case 1: using 1 — differentiable

0<ac<l1

Table 3.3.1: Numerical values for the exact (1 — differentiable) and approximate solutions
(Runge-kutta) fort = 1

Exact

Runge-kutta

Y

Y

y

y

2.038711371344284

3.058067057016426

2.038711370891301

3.058067056336951

0.1

2.106668417055760

3.024088534160689

2.106668416587678

3.024088533488763

0.2

2.174625462767236

2.990110011304950

2.174625462284054

2.990110010640575

0.3

2.242582508478713

2.956131488449212

2.242582507980431

2.956131487792387

0.4

2.310539554190189

2.922152965593474

2.310539553676808

2.922152964944198

0.5

2.378496599901665

2.888174442737736

2.378496599373185

2.888174442096010

0.6

2.446453645613141

2.854195919881998

2.446453645069561

2.854195919247821

0.7

2.514410691324617

2.820217397026260

2.514410690765938

2.820217396399633

0.8

2.582367737036093

2.786238874170521

2.582367736462314

2.786238873551445

0.9

2.650324782747569

2.752260351314784

2.650324782158691

2.752260350703256

2.718281828459046

2.718281828459046

2.718281827855068

2.718281827855068
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Figure 3.3.1: Exact and RKS5 solutions for ¢t = 1

Table 3.3.2: Numerical values for the exact (1 — differentiable) and approximate solutions
(Runge-kutta) for t = 1.5

Exact

Runge-kutta

Y

Y

Y

y

3.967666294227795

5.951499441341692

3.967666292225951

5.951499438338925

0.1

4.099921837368721

5.885371669771230

4.099921835300150

5.885371666801826

0.2

4.232177380509648

5.819243898200766

4.232177378374347

5.819243895264729

0.3

4.364432923650575

5.753116126630302

4.364432921448546

5.753116123727630

0.4

4.496688466791501

5.686988355059839

4.496688464522745

5.686988352190530

0.5

4.628944009932427

5.620860583489376

4.628944007596944

5.620860580653431

0.6

4.761199553073354

5.554732811918913

4.761199550671140

5.554732809116330

0.7

4.893455096214280

5.488605040348450

4.893455093745340

5.488605037579232

0.8

5.025710639355206

5.422477268777985

5.025710636819537

5.422477266042134

0.9

5.157966182496133

5.356349497207523

5.157966179893736

5.356349494505033

5.290221725637060

5.290221725637060

5.290221722967934

5.290221722967934

y
Figure 3.3.2: Exact and RK5 solutions for t = 1.5
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Table 3.3.3: Numerical values for the exact (1 — differentiable) and approximate solutions
(Runge-kutta) for t = 2

a Exact Runge-kutta

Y Y y y
0 7.257731754268338 | 10.88659763140251 | 7.257731750455414 | 10.88659762568312
0.1 | 7.499656146077282 | 10.76563543549804 | 7.499656142137263 | 10.76563542984220
0.2 | 7.741580537886227 | 10.64467323959356 | 7.741580533819107 | 10.64467323400128
0.3 | 7.983504929695171 | 10.52371104368909 | 7.983504925500955 | 10.52371103816035
0.4 | 8.225429321504116 | 10.40274884778462 | 8.225429317182805 | 10.40274884231943
0.5 | 8.467353713313061 | 10.28178665188015 | 8.467353708864652 | 10.28178664647850
0.6 | 8.709278105122007 | 10.16082445597567 | 8.709278100546495 | 10.16082445063758
0.7 | 8.951202496930950 | 10.03986226007120 | 8.951202492228344 | 10.03986225479666
0.8 | 9.193126888739894 | 9.918900064166728 | 9.193126883910189 | 9.918900058955734
0.9 | 9.435051280548839 | 9.797937868262256 | 9.435051275592038 | 9.797937863114807
1 9.676975672357784 | 9.676975672357784 | 9.676975667273885 | 9.676975667273885

1
exact

0.9 * RK5 | ]

08
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%05
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0.3
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0.1

0 L = 2

¥ 75 8 85 9 95 10 10.5 1

y

Figure 3.3.3: Exact and RK5 solutions for t = 2

Table 3.3.4: The absolute errors of the Runge-kutta method (1 — differentiable) fort =1

Absolute error

a
v —y] Y-yl ~

0 45298 x 10710 6.7948 x 10710
0.1 46808 x 10710 6.7193 x 10710
0.2 48318 x 10710 6.6437 x 10710
0.3 49828 x 10710 6.5682 x 10710
0.4 5.1338 x 10710 6.4928 x 10710
0.5 5.2848 x 10710 6.4173 x 10710
0.6 5.4358 x 10710 6.3418 x 10710
0.7 5.5868 x 10710 6.2663 x 10710
0.8 5.7378 x 10710 6.1908 x 10710
0.9 5.8888 x 10710 6.1153 x 10710
1 6.0398 x 10710 6.0398 x 10710
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Table 3.3.5: The absolute errors of the Runge-kutta method (1 — differentiable) fort = 1.5

a Absolute error
-y~ Y -y~

0 2.0018 x 10~° 3.0028x 10~°
0.1 2.0686 x 10~° 2.9694 x 107°
0.2 2.1353 x 107° 2.9360 x 10~°
0.3 2.2020 x 10~° 2.9027 x 107°
0.4 2.2688 x 10~° 2.8693 x 10~°
0.5 2.3355 x 107° 2.8359 x 107°
0.6 2.4022 x 107° 2.8026 x 10~°
0.7 2.4689 x 10~° 2.7692 x 107°
0.8 2.5357 x 107° 2.7359 x 107°
0.9 2.6024 x 107° 2.7025 x 10~°
1 2.6691 x 10~° 2.6691 x 107°

Table 3.3.6 :The absolute errors of the Runge-kutta method (1 — differentiable) fort¢ = 2

a Absolute error
v -y|~ v -5~

0 3.8129 x 107° 5.7194 x 10~°
0.1 3.9400 x 10~° 5.6558 x 10~°
0.2 40671 x 107° 5.5923 x 107°
0.3 4,1942 x 107° 5.5287 x 107°
0.4 43213 x 107° 5.4652 x 107°
0.5 44484 x 107° 54017 x 10~°
0.6 45755 x 107° 5.3381 x 107°
0.7 47026 x 107° 5.2745 x 107°
0.8 48297 x 10~° 5.2110 x 10~°
0.9 49568 x 10~° 5.1474 x 10~°
1 5.0839 x 10~° 5.0839 x 10~°

As shown in Tables 3.3.1-6 , the Runge-Kutta of order five method with
triangular fuzzy number as initial condition gave accurate results with small h.

Case 2: using 2 — differentiable

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.3.7-9 and Figs 3.3.4-6 respectively, and
the absolute errors of the approximate results in Tables 3.3.10-12.
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Table 3.3.7: Numerical values for the exact (2 — differentiable) and approximate solution
(Runge-kutta) fort = 1

Exact

Runge-kutta

Y

Y

y

y

2.479411818960710

2.617366609400000

2.479411818379155

2.617366608849098

0.1

2.503298819910544

2.627458131305905

2.503298819326746

2.627458130749695

0.2

2.527185820860377

2.637549653211810

2.527185820274337

2.637549652650292

0.3

2.551072821810211

2.647641175117714

2.551072821221929

2.647641174550889

0.4

2.574959822760044

2.657732697023619

2.574959822169520

2.657732696451486

0.5

2.598846823709878

2.667824218929523

2.598846823117111

2.667824218352083

0.6

2.622733824659711

2.677915740835428

2.622733824064703

2.677915740252680

0.7

2.646620825609545

2.688007262741332

2.646620825012294

2.688007262153277

0.8

2.670507826559379

2.698098784647236

2.670507825959885

2.698098784053874

0.9

2.694394827509212

2.708190306553141

2.694394826907477

2.708190305954471

2.718281828459046

2.718281828459046

2.718281827855068

2.718281827855068

* RK5

Figure 3.3.4: Exact and RK5 solutions for t = 1
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Table 3.3.8: Numerical values for the exact (2 — differentiable) and approximate solutions
(Runge-kutta) fort = 1.5

Exact

Runge-kutta

Y

Y

y

y

4.932442377592928

4.986723357976558

4.932442375089241

4.986723355475636

0.1

4.968220312397341

5.017073194742609

4.968220309877111

5.017073192224866

0.2

5.003998247201754

5.047423031508658

5.003998244664980

5.047423028974096

0.3

5.039776182006168

5.077772868274710

5.039776179452850

5.077772865723326

0.4

5.075554116810579

5.108122705040760

5.075554114240719

5.108122702472556

0.5

5.111332051614995

5.138472541806809

5.111332049028587

5.138472539221786

0.6

5.147109986419408

5.168822378572860

5.147109983816458

5.168822375971016

0.7

5.182887921223820

5.199172215338908

5.182887918604327

5.199172212720246

0.8

5.218665856028234

5.229522052104959

5.218665853392196

5.229522049469475

0.9

5.254443790832648

5.259871888871011

5.254443788180066

5.259871886218705

5.290221725637062

5.290221725637062

5.290221722967934

5.290221722967934
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Figure 3.3.5: Exact and RKS5 solutions for ¢t = 1.5

Table 3.3.9: Numerical values for the exact (2 — differentiable) and approximate solutions
(Runge-kutta) for t = 2

a Exact Runge-kutta
Y Y y y
0 9.068147228770254 | 9.076182156900588 | 9.068147223990255 | 9.076182152148281
0.1 9.129030073129007 | 9.136261508446307 | 9.129030068318619 | 9.136261503660840
0.2 9.189912917487760 | 9.196340859992027 | 9.189912912646982 | 9.196340855173402
0.3 9.250795761846515 | 9.256420211537749 | 9.250795756975345 | 9.256420206685963
0.4 9.311678606205266 | 9.316499563083468 | 9.311678601303708 | 9.316499558198522
0.5 9.372561450564021 | 9.376578914629187 | 9.372561445632069 | 9.376578909711082
0.6 9.433444294922772 | 9.436658266174906 | 9.433444289960434 | 9.436658261223645
0.7 9.494327139281523 | 9.496737617720623 | 9.494327134288797 | 9.496737612736204
0.8 9.555209983640278 | 9.556816969266345 | 9.555209978617159 | 9.556816964248764
0.9 9.616092827999033 | 9.616896320812066 | 9.616092822945523 | 9.616896315761325
1 9.676975672357788 | 9.676975672357788 | 9.676975667273885 | 9.676975667273885

y
Figure 3.3.6: Exact and RK5 solutions for t = 2
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Table 3.3.10: The absolute errors of the Runge-kutta method (2 — differentiable) fort =1

a

Absolute error

¥ -y|=

Y —y| ~

5.8156 x 10710

5.5090 x 10710

0.1

5.8380 x 10710

5.5621 x 10710

0.2

5.8604 x 10710

5.6152 x 10710

0.3

5.8828 x 10710

5.6682 x 10710

0.4

5.9052 x 10710

5.7213 x 10710

0.5

5.9277 x 10710

5.7744 x 10710

0.6

5.9501 x 10710

5.8275 x 10710

0.7

5.9725 x 10710

5.8805 x 10710

0.8

5.9949 x 10710

5.9336 x 10710

0.9

6.0174 x 10710

5.9867 x 10710

6.0398 x 10710

6.0398 x 10710

Table 3.3.11: The absolute errors of the Runge-kutta method (2 — differentiable) fort = 1.5

a Absolute error
v -y[~ v -5~

0 2.5037 x 107° 2.5009 x 107°
0.1 2.5202 x 107° 2.5177 x 107°
0.2 2.5368 x 107° 2.5346 x 107°
0.3 2.5533 x107° 2.5514 x 107°
0.4 2.5699 x 107° 2.5682 x 107°
0.5 2.5864 x 10~° 2.5850 x 10~°
0.6 2.6029 x 10~° 2.6018 x 10~°
0.7 2.6195 x 107° 2.6187 x 107°
0.8 2.6360 x 10~° 2.6355 x 107°
0.9 2.6526 x 10~° 2.6523 x 107°
1 2.6691 x 10~° 2.6691 x 10~°

Table 3.3.12: The absolute errors of the Runge-kutta method (2 — differentiable) fort =2

Absolute error

: ¥ —y| ~ ¥ -yl~

0 4.7800 x 10~° 4.7523 x 10~°
0.1 48104 x 10~° 4.7855 x 10~°
0.2 48408 x 10~° 48186 x 10~°
0.3 48712 x 10~° 48518 x 10~°
04 49016 x 10~° 48849 x 10~°
0.5 49320 x 10~° 49181 x 10~°
0.6 49623 x 107° 49513 x 10~°
0.7 49927 x 10~° 49844 x 10~°
0.8 5.0231 x 107° 5.0176 x 107°
0.9 5.0535 x 107° 5.0507 x 107°
1 5.0839 x 107° 5.0839 x 107°
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As shown in Tables 3.3.7-12 , the Runge-Kutta of order five method with
triangular fuzzy number as initial condition gave accurate results with small h.

b- Lety(0) = (0.25,0.75,4)

y(0,a) = [0.25 + 0.5a,4 — 3.25«],
using 1 — differentiable

0<ac<l1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.3.13-15 and Figs 3.3.7-9 respectively,
and the absolute errors of the approximate results in Tables 3.3.16-18.

Table 3.3.13: Numerical values for the exact and approximate solutions (Runge-kutta) for

t=1
a Exact Runge-kutta
Y Y y y
0 0.6795704571147614 | 10.87312731383618 | 0.6795704569637669 | 10.87312731142027
0.1 | 0.8154845485377137 | 9.989685719586992 | 0.8154845483565204 | 9.989685717367374
0.2 | 0.9513986399606659 | 9.106244125337803 | 0.9513986397492737 | 9.106244123314477
0.3 | 1.087312731383618 | 8.222802531088613 | 1.087312731142027 | 8.222802529261580
0.4 | 1.223226822806571 | 7.339360936839423 | 1.223226822534781 | 7.339360935208683
0.5 | 1.359140914229523 | 6.455919342590233 | 1.359140913927534 | 6.455919341155786
0.6 | 1.495055005652475 | 5.572477748341043 | 1.495055005320287 | 5.572477747102889
0.7 | 1.630969097075428 | 4.689036154091854 | 1.630969096713041 | 4.689036153049992
0.8 | 1.766883188498380 | 3.805594559842664 | 1.766883188105794 | 3.805594558997095
0.9 | 1.902797279921332 | 2.922152965593473 | 1.902797279498548 | 2.922152964944198
1 2.038711371344284 | 2.038711371344284 | 2.038711370891301 | 2.038711370891301

1

exact
* RK5

4 6
Y

8 10 12

Figure 3.3.7: Exact and RK5 solutions fort = 1
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Table 3.3.14: Numerical values for the exact and approximate solutions (Runge-kutta) for

t=15

Exact

Runge-kutta

Y

Y

y

y

1.322555431409265

21.16088690254824

1.322555430741984

21.16088689187173

0.1

1.587066517691118

19.44156484171619

1.587066516890380

19.44156483190716

0.2

1.851577603972971

17.72224278088415

1.851577603038777

17.72224277194258

0.3

2.116088690254824

16.00292072005211

2.116088689187174

16.00292071197800

0.4

2.380599776536677

14.28359865922006

2.380599775335571

14.28359865201342

0.5

2.645110862818530

12.56427659838802

2.645110861483967

12.56427659204884

0.6

2.909621949100383

10.84495453755597

2.909621947632363

10.84495453208427

0.7

3.174133035382237

9.125632476723929

3.174133033780761

9.125632472119687

0.8

3.438644121664089

7.406310415891883

3.438644119929157

7.406310412155108

0.9

3.703155207945942

5.686988355059838

3.703155206077555

5.686988352190530

3.967666294227795

3.967666294227795

3.967666292225951

3.967666292225951

exact
* RK5 | ]

5 10

y

+ kil

15 20 25

Figure 3.3.8: Exact and RK5 solutions for t = 1.5

Table 3.3.15: Numerical values for the exact and approximate solutions (Runge-kutta) for

t=2

Exact

Runge-kutta

Y

Y

y

y

2.419243918089446

38.70790268943114

2.419243916818472

38.70790266909553

0.1

2.903092701707335

35.56288559591486

2.903092700182165

35.56288557723153

0.2

3.386941485325224

32.41786850239858

3.386941483545860

32.41786848536751

0.3

3.870790268943114

29.27285140888230

3.870790266909554

29.27285139350350

0.4

4.354639052561003

26.12783431536602

4.354639050273249

26.12783430163949

0.5

4.838487836178892

22.98281722184974

4.838487833636942

22.98281720977547

0.6

5.322336619796782

19.83780012833346

5.322336617000635

19.83780011791147

0.7

5.806185403414671

16.69278303481718

5.806185400364332

16.69278302604745

0.8

6.290034187032560

13.54776594130090

6.290034183728024

13.54776593418344

0.9

6.773882970650448

10.40274884778462

6.773882967091722

10.40274884231943

7.257731754268338

7.257731754268338

7.257731750455414

7.257731750455414
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Figure 3.3.9: Exact and RK5 solutions for t = 2

Table 3.3.16: The absolute errors of the Runge-kutta method fort = 1

Absolute error
a = —
v -y[~ v -5~

0 1.5099 x 10710 2.4159 x 107°
0.1 1.8119 x 1010 2.2196 x 10~°
0.2 2.1139 x 10710 2.0233 x 107°
0.3 2.4159 x 10710 1.8270 x 10~°
0.4 2.7179 x 10710 1.6307 x 107°
0.5 3.0199 x 10710 1.4344 x 107°
0.6 3.3219 x 10710 1.2382 x 107°
0.7 3.6239 x 10710 1.0419 x 10~°
0.8 3.9259 x 10710 8.4557 x 10710
0.9 42278 x 10710 6.4927 x 10710
1 45298 x 10710 45298 x 10710

Table 3.3.17: The absolute errors of the Runge-kutta method fort = 1.5

Absolute error
a p—
|X - y| ~ Y -]~

0 6.6728 x 10710 1.0677 x 1078
0.1 8.0074 x 10710 9.8090 x 10~°
0.2 9.3419 x 10710 8.9416 x 10~°
0.3 1.0676 x 10~° 8.0741 x 10~°
0.4 1.2011 x 107° 7.2066 x 10~°
0.5 1.3346 x 107° 6.3392 x 107°
0.6 1.4680 x 10~° 54717 x 10~°
0.7 1.6015 x 10~° 46042 x 107°
0.8 1.7349 x 107° 3.7368 x 10~°
0.9 1.8684 x 10~° 2.8693 x 107°
1 2.0018 x 107° 2.0018 x 107°
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Table 3.3.18: The absolute errors of the Runge-kutta method for ¢t = 2

Absolute error

a v 3 ~

v -] ~ 731~
0 1.2710 x 107° 2.0336 x 1078
0.1 1.5252 x 107° 1.8683 x 1078
0.2 1.7794 x 107° 1.7031 x 1078
0.3 2.0336 x 107° 1.5379 x 1078
0.4 2.2878 x 107° 1.3727 x 1078
0.5 2.5419 x 107° 1.2074 x 1078
0.6 2.7961 x 10~° 1.0422 x 1078
0.7 3.0503 x 10~° 8.7697 x 10~°
0.8 3.3045 x 10~° 7.1175 x 107°
0.9 3.5587 x 10~° 5.4652 x 107°
1 3.8129 x 10~° 3.8129 x 107°

As shown in Tables 3.3.13-18 , the Runge-Kutta of order five method with
another triangular fuzzy number as initial condition gave accurate results with
small h.

3.4 General Linear Methods (GLM)

In this section, we present the derivation of a GLM based on linear k-step
Adams schemes for solving hybrid fuzzy initial value problem. Assume that for
an equally spaced points 0 =t, <t; <...<ty =T at t, the exact solutions are
indicated by Y (tn, @) = [Y(tn, @), Y (t,, @)]. Also assume that
y(ta, @) = [y(ta, @), 5(t, )| are the approximate value. The k-step Adams-
Bashforth methods can be written as:

By 1 —differentiable

( K
j Xa(tn+k' a) = Xa(tn+k—1: a) + hzj—o .B]f (tn+j: Xa(tn+j' CZ))
K (37)
Feltno @ =7, (tnsics @) + hz,.zo Bif (tus), Ty (tnsyo @)
By 2 —differentiable
( K
I Xa(tn+k: a) = Xa(tn+k—1: a) + hz . IB]f (tn+j' ya(tn+j'a))
j=0
3 ] A (38)
'kya(tmk. a) = ya(tn+k—1' a) + th:o ,B]f (tn+j'Xa(tn+j'“))
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The Adams schemes are characterized by their first characteristic polynomial as
p(a) = a® — a*=* . Therefore, we have  ynik = Vnsr—1 + h Xi=o Bifpsj-- I
this setting we can find their corresponding general linear method framework.
In GLM representation, first determine the input and output vectors and then

find the corresponding matrices. For this end consider the input and the output
approximation of GLM as follows:

[ Vn+k—1 7 [ Yn+k ]
hfn+k—1 hfn+k
hfn+k—2 hfn+k—1
y[n_l] — ' , y[n] — '
hfn+1 hfn+2
hfn - - hfn+1 -

Similarly, a linear k-steps Method under strongly generalized differentiability
(37) and (38) can be represented in the form of GLM. For this representation
the input vectors for the GLM form of (37) and (38) are indicated by y[n U=

Vig Ly ]] and y,"™" [yz[z Uy 1]] under 1 and 2 — differentiability,
respectively. Corresponding to the input vectors, the output vectors are

indicated by y ™ = [yw,y ] and yl" = [y[’;],y[n]] under 1 and 2 —

differentiability, respectively. Now, consider the input approximation of
general linear methods in terms of 1 — differentiability as:

[ Xn+k—11a ) yn+k—11a ]
hzn-’-k_lla h'fn+k—11a
h£n+k—21a hfn+k—21a
[n—-1] _ . —[n-1] _ .
Yia - ’ la
h
1, LY
h —
Ing | | Wf,

and under the 2 — differentiability we obtain the following input vectors:
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F Yn+k-1 ] Y
— 2a

_ yn+k—12a ]
h’fn+k_12a h£n+k—12a
hfn+k—22a h£n+k_22a

n-1] _ . —[n-1 _
Voa = ’ 2
hf sy, hfner,
7 h
Pfp | | Py,

By considering the above input vectors, the fuzzy GLM (FGLM) form of (37)
and (38) can be formulated in case of 1 — differentiability as:

[Ym] [ [hf m(Ym)]

[n-1]

and in case of 2 — differentiability has the form:

[Ym] [ [hfZa(YZa)]

[n-1]

Where Yy = [Yi4 V1| and Yo = [Yae, Y2e| are internal stages under 1 and
2 —differentiability, respectively. Also

0 1 Br—1 - B1 PBo]

0 1 Bry = B Bo
[A 1 0 0 -0 0
B 0 0 1 -0 0

0 0 0 e 1 0/

Now, we consider two examples of FGLMs form of k-step methods under
strongly generalized differentiability for k = 4, 5. First, Consider k = 4. The
input vectors for k = 4 under 1 and 2 — differentiability are as follow,
respectively:

56



[n—1]

Ve =

[n—-1]
YVaa

And

similarly, for k

[n—1]

Yia =

= hfzoz (tn+2J yza(tn"'z))

Xla(tn+3)
hfla (tn+3' Xla(tn+3)>

hfia (tn+2' Xla(tn+2)>
hfia (tn+1' Xla(tn+1)>
hfic (b Yaa())

220( (tn+3)
hfZa (tn+3; yZa (tn+3))

Pfaa (st Vaq (bnrs))

Pfaa (tn T e ()

= 5 we obtain

Yia(tn+a)

hfic (nvas Vi (tnss)
hfic (nvs Vi (tnss) )
hfic (ns2 Vi (tns2) )
hfic (nvn Vi (tns)

hfia (tn' Yia (tn)>

"0 1 55 -59
24 24
0 1 55 =59
24 24
1 0 O 0
0 0 O 0
0 0 O 1
0 0 O 0

—[n-1]
2a

37

24
37

—[n-1]
la

V1 (tsa)
Pfia (tnes Tyq (nes))
Pfra (Envz Vyq (ne2))
Pfra (Ene1 Vyq (nen) )
Pfia (tn 7,0 (t0))

VZa(tn+3)
hfZa (tn+3: XZa (tn+3))

hfZa (tn+2: XZa (tn+2))
hfZa (tn+1: XZa (tn+1))

hfoc (b Y2a(t0))

V1 (Esa)
Pfia (tnes Frg (b))
hfia (tnrs Frg (tsa))
hfia (tnsz P (tns2))
Pfia (tnsn Vyq (tnen) )
Pfia (£ V14 (t))
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yZa(tn+4) y2a(tn+4)

= h tya, (thea)
hfa tn+4,y2a(tn+4) foa \tn+a Y2a\ln+a

( ) ( )

U L% (nra T (tnea)) hfza (tn+3,zza(tn+3))
Yo = ( ) ( )
) )

hfZa' tnt2) yZa(tn+2) hfZa tn+2:XZa(tn+2)

hfza (tn+1'92a(tn+1) hfza (tn+1r YV2a (tn+1)
| hfaa (tn' yza(tn)) ] _ hfye (tn: Yoa (tn))

And

1901 -2774 2616 —1274 2517

720 720 720 7200 720
1901 -—-2774 2616 -—1274 251

01 720 720 720 720 720
1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0 -

Theorem 6: A FGLM is stable
The proof is elaborated in [22]

Solve Example (29) to show the numerical results of FGLMs for solving fuzzy
differential equations. using the FGLMs (k = 4,5) presented in this section.

Let N =100and h = 0.02 .

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.4.1-3 and Figs 3.4.1-3 respectively, and
the absolute errors of the approximate results in Tables 3.4.4-6.

a- Lety(0) = (0.75,1,1.125)
y(0,a) = [0.75 + 0.25a, 1.125 — 0.125«], 0<a<1
Case 1: using 1 — differentiable
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Table 3.4.1: Numerical values for the exact (1 — differentiable) and approximate solutions
(FGLMs) fort =1

Exact

FGLM

Y

Y

y

y

0.0

2.038711371344284

3.058067057016426

2.038711267561744

3.058066901342616

0.1

2.106668417055760

3.024088534160689

2.106668309813803

3.024088380216586

0.2

2.174625462767236

2.990110011304950

2.174625352065861

2.990109859090558

0.3

2.242582508478713

2.956131488449212

2.242582394317919

2.956131337964530

0.4

2.310539554190189

2.922152965593474

2.310539436569978

2.922152816838501

0.5

2.378496599901665

2.888174442737736

2.378496478822036

2.888174295712471

0.6

2.446453645613141

2.854195919881998

2.446453521074094

2.854195774586440

0.7

2.514410691324617

2.820217397026260

2.514410563326151

2.820217253460412

0.8

2.582367737036093

2.786238874170521

2.582367605578210

2.786238732334387

0.9

2.650324782747569

2.752260351314784

2.650324647830267

2.752260211208354

2.718281828459046

2.718281828459046

2.718281690082326

2.718281690082326

exact
¥ GLM | ]

22 24 26
y

¥

28 3 32

Figure 3.4.1: Exact and FGLM solutions for t =1

Table 3.4.2: Numerical values for the exact (1 — differentiable) and approximate solutions
(FGLMs) fort = 1.5

Exact

FGLM

Yt a)

Y(t, )

y(t, @)

y(t )

0.0

3.967666294227795

5.951499441341692

3.967665851557501

5.951498777336254

0.1

4.099921837368721

5.885371669771230

4.099921379942754

5.885371013143627

0.2

4.232177380509648

5.819243898200766

4.232176908328005

5.819243248951001

0.3

4.364432923650575

5.753116126630302

4.364432436713252

5.753115484758379

0.4

4.496688466791501

5.686988355059839

4.496687965098505

5.686987720565753

0.5

4.628944009932427

5.620860583489376

4.628943493483756

5.620859956373129

0.6

4.761199553073354

5.554732811918913

4.761199021869006

5.554732192180500

0.7

4.893455096214280

5.488605040348450

4.893454550254253

5.488604427987878

0.8

5.025710639355206

5.422477268777985

5.025710078639504

5.422476663795258

0.9

5.157966182496133

5.356349497207523

5.157965607024751

5.356348899602628

5.290221725637060

5.290221725637060

5.290221135410005

5.290221135410005
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Figure 3.4.2: Exact and FGLM solutions for ¢t = 1.5

Table 3.4.3: Numerical values for the exact (1 — differentiable) and approximate solutions
(FGLMs) fort = 2

Exact

FGLM

Y(t, a)

Y(t, )

y(t,a)

y(t,a)

0.0

7.257731754268338

10.88659763140251

7.257730912060317

10.88659636809048

0.1

7.499656146077282

10.76563543549804

7.499655275795665

10.76563418622281

0.2

7.741580537886227

10.64467323959356

7.741579639531012

10.64467200435513

0.3

7.983504929695171

10.52371104368909

7.983504003266352

10.52370982248747

0.4

8.225429321504116

10.40274884778462

8.225428367001701

10.40274764061979

0.5

8.467353713313061

10.28178665188015

8.467352730737046

10.28178545875212

0.6

8.709278105122007

10.16082445597567

8.709277094472389

10.16082327688444

0.7

8.951202496930950

10.03986226007120

8.951201458207732

10.03986109501678

0.8

9.193126888739894

9.918900064166728

9.193125821943072

9.918898913149114

0.9

9.435051280548839

9.797937868262256

9.435050185678415

9.797936731281430

9.676975672357784

9.676975672357784

9.676974549413766

9.676974549413766

Figure 3.4.3: Exact and FGLM solutions for t = 2
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Table 3.4.4: The absolute errors of the FGLM (1 — differentiable) for¢ =1

Absolute error

“ v —y| = Y -y|~

0 1.0378 x 10~ 1.5567 x 1077
0.1 1.0724 x 1077 1.5394 x 1077
0.2 1.1070 x 10~ 1.5221 x 1077
0.3 1.1416 x 10~ 1.5048 x 1077
0.4 1.1762 x 1077 1.4875 x 1077
0.5 1.2108 x 10~ 1.4703 x 1077
0.6 1.2454 x 1077 1.4530 x 1077
0.7 1.2800 x 1077 1.4357 x 1077
0.8 1.3146 x 1077 1.4184 x 1077
0.9 1.3492 x 1077 1.4011 x 1077
1 1.3838 x 1077 1.3838 x 1077

Table 3.4.5: The absolute errors of the FGLM (1 — differentiable) fort = 1.5

Absolute error

“ |X - X| ~ Y -5~

0 44267 x 1077 6.6401 x 1077
0.1 45743 x 1077 6.5663 x 10~7
0.2 47218 x 1077 6.4925 x 1077
0.3 48694 x 10~7 6.4187 x 1077
0.4 5.0169 x 10~7 6.3449 x 1077
0.5 5.1645 x 1077 6.2712 x 1077
0.6 5.3120 x 1077 6.1974 x 1077
0.7 5.4596 x 107 6.1236 x 1077
0.8 5.6072 x 1077 6.0498 x 1077
0.9 5.7547 x 1077 5.9760 x 1077
1 5.9023 x 107 5.9023 x 10~

Table 3.4.6: The absolute errors of the FGLM (1 — differentiable) fort = 2

Absolute error

: v -y|~ Y -5~

0 8.4221 x 1077 1.2633 x 107
0.1 8.7028 x 10~ 1.2493 x 107
0.2 8.9836 x 10~ 1.2352 x 107
0.3 9.2643 x 1077 1.2212 x 107°
0.4 9.5450 x 10~ 1.2072 x 10~
0.5 9.8258 x 10~ 1.1931 x 10~
0.6 1.0106 x 107 1.1791 x 10~
0.7 1.0387 x 107° 1.1651 x 10~
0.8 1.0668 x 107 1.1510 x 10~
0.9 1.0949 x 107° 1.1370 x 10~
1 1.1229 x 10~° 1.1229 x 10~
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As shown in Tables 3.4.1-6, the fuzzy general linear method with triangular
fuzzy number as initial condition gave less accurate than Runge-Kutta but it
needed less number of steps.

Case 2: using 2 —differentiable

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.4.7-9 and Figs 3.4.4-6 respectively, and
the absolute errors of the approximate results in Tables 3.4.10-12.

Table 3.4.7: Numerical values for the exact (2 — differentiable) and approximate solutions
(FGLMs) fort =1

Exact

FGLM

Y

Y

Y

y

2.479411818960710

2.617366609400000

2.479411685495919

2.617366483408444

0.1

2.503298819910544

2.627458131305905

2.503298685954558

2.627458004075831

0.2

2.527185820860377

2.637549653211810

2.527185686413198

2.637549524743220

0.3

2.551072821810211

2.647641175117714

2.551072686871839

2.647641045410608

0.4

2.574959822760044

2.657732697023619

2.574959687330481

2.657732566077996

0.5

2.598846823709878

2.667824218929523

2.598846687789121

2.667824086745385

0.6

2.622733824659711

2.677915740835428

2.622733688247763

2.677915607412773

0.7

2.646620825609545

2.688007262741332

2.646620688706403

2.688007128080161

0.8

2.670507826559379

2.698098784647236

2.670507689165044

2.698098648747549

0.9

2.694394827509212

2.708190306553141

2.694394689623684

2.708190169414938

2.718281828459046

2.718281828459046

2.718281690082326

2.718281690082326

26
Y,

2.55

% . .
2.65 27 275

Figure 3.4.4: Exact and FGLM solutions for t =1
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Table 3.4.8: Numerical values for the exact (2 — differentiable) and approximate solutions
(FGLMs) fort = 1.5

a Exact FGLM
Y Y y y

0 | 4.932442377592928 | 4.986723357976558 | 4.932441823847529 | 4.986722805046231
0.1 | 4.968220312397341 | 5.017073194742609 | 4.968219755003775 | 5.017072638082606
0.2 | 5.003998247201754 | 5.047423031508658 | 5.003997686160021 | 5.047422471118983
0.3 | 5.039776182006168 | 5.077772868274710 | 5.039775617316268 | 5.077772304155361
0.4 | 5.075554116810579 | 5.108122705040760 | 5.075553548472518 | 5.108122137191739
0.5 | 5.111332051614995 | 5.138472541806809 | 5.111331479628763 | 5.138471970228117
0.6 | 5.147109986419408 | 5.168822378572860 | 5.147109410785012 | 5.168821803264494
0.7 | 5.182887921223820 | 5.199172215338908 | 5.182887341941259 | 5.199171636300870
0.8 | 5.218665856028234 | 5.229522052104959 | 5.218665273097508 | 5.229521469337248
0.9 | 5.254443790832648 | 5.259871888871011 | 5.254443204253756 | 5.259871302373626
1 5.290221725637062 | 5.290221725637062 | 5.290221135410005 | 5.290221135410004

4.95 5 5.05 51

y

5.15 52 5.25 53

Figure 3.4.5: Exact and FGLM solutions for t = 1.5

Table 3.4.9 : Numerical values for the exact (2 — differentiable) and approximate solutions
(FGLMs) fort = 2

a Exact FGLM
Y Y y y
0 9.068147228770254 | 9.076182156900588 | 9.068146172830902 | 9.076181107319904
0.1 | 9.129030073129007 | 9.136261508446307 | 9.129029010489184 | 9.136260451529287
0.2 |9.189912917487760 | 9.196340859992027 | 9.189911848147473 | 9.196339795738671
0.3 | 9.250795761846515 | 9.256420211537749 | 9.250794685805758 | 9.256419139948058
0.4 | 9.311678606205266 | 9.316499563083468 | 9.311677523464043 | 9.316498484157446
0.5 | 9.372561450564021 | 9.376578914629187 | 9.372560361122329 | 9.376577828366830
0.6 | 9.433444294922772 | 9.436658266174906 | 9.433443198780616 | 9.436657172576217
0.7 | 9.494327139281523 | 9.496737617720623 | 9.494326036438903 | 9.496736516785601
0.8 | 9.555209983640278 | 9.556816969266345 | 9.555208874097186 | 9.556815860994988
0.9 | 9.616092827999033 | 9.616896320812066 | 9.616091711755473 | 9.616895205204374
1 9.676975672357788 | 9.676975672357788 | 9.676974549413764 | 9.676974549413762

63




Table 3.4.10: The absolute errors of the FGLM (2 — differentiable) for¢ =1

0.9

08

0771

045

0.3

02r

01y

y
Figure 3.4.6: Exact and FGLM solutions for t = 2

Absolute error
a — —
v —y| = ¥ -y~

0 1.3346 x 1077 1.2599 x 1077
0.1 1.3396 x 1077 1.2723 x 1077
0.2 1.3445 x 1077 1.2847 x 1077
0.3 1.3494 x 1077 1.2971 x 1077
0.4 1.3543 x 1077 1.3095 x 1077
0.5 1.3592 x 1077 1.3218 x 1077
0.6 1.3641 x 1077 1.3342 x 1077
0.7 1.3690 x 10~7 1.3466 x 1077
0.8 1.3739 x 1077 1.3590 x 10~7
0.9 1.3789 x 1077 1.3714 x 1077
1 1.3838 x 1077 1.3838 x 1077

Table 3.4.11 :The absolute errors of the FGLM (2 — differentiable) fort¢ = 1.5

Absolute error

) ¥ —y|~ Y -]~

0 5.5375 x 10~ 5.5293 x 1077
0.1 5.5739 x 10~ 5.5666 x 10~
0.2 5.6104 x 10~ 5.6039 x 1077
0.3 5.6469 x 10~ 5.6412 x 1077
0.4 5.6834 x 1077 5.6785 x 1077
0.5 5.7199 x 10~ 5.7158 x 10~7
0.6 5.7563 x 10~ 5.7531 x 1077
0.7 5.7928 x 10~ 5.7904 x 10~7
0.8 5.8293 x 1077 5.8277 x 1077
0.9 5.8658 x 10~ 5.8650 x 10~
1 5.9023 x 10~ 5.9023 x 1077
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Table 3.4.12: The absolute errors of the FGLM (2 — differentiable) fort =2

Absolute error

“ v —y| = Y -3~

0 1.0559 x 10~ 1.0496 x 107°
0.1 1.0626 x 107 1.0569 x 107°
0.2 1.0693 x 10~ 1.0643 x 107°
0.3 1.0760 x 10~ 1.0716 x 107°
0.4 1.0827 x 107° 1.0789 x 107°
0.5 1.0894 x 10~ 1.0863 x 10~
0.6 1.0961 x 10~ 1.0936 x 107
0.7 1.1028 x 107 1.1009 x 10~
0.8 1.1095 x 107° 1.1083 x 107°
0.9 1.1162 x 107° 1.1156 x 10~
1 1.1229 x 107 1.1229 x 107°

As shown in Tables 3.4.7-12, the fuzzy general linear method with triangular
fuzzy number as initial condition gave less accurate than Runge-Kutta but it
needed less number of steps.

b- Let y(0) = (0.25,0.75,4)

y(0,a) = [0.25 + 0.5a,4 — 3.25«],

using 1 —differentiable

0<ac<l1

We solve by MATLAB software the exact solutions with approximate results of
this example are presented in Tables 3.4.13-15 and Figs 3.4.7-9 respectively,
and the absolute errors of the approximate results in Tables 3.4.16-18.

Table 3.4.13: Numerical values for the exact and approximate solutions (FGLMs) for

t=1
a Exact FGLM
Y Y y y
0 0.6795704571147614 | 10.87312731383618 | 0.6795704225205815 | 10.87312676032930
0.1 | 0.8154845485377137 | 9.989685719586992 | 0.8154845070246972 | 9.989685211052548
0.2 | 0.9513986399606659 | 9.106244125337803 | 0.9513985915288141 | 9.106243661775789
0.3 | 1.087312731383618 | 8.222802531088613 | 1.087312676032931 | 8.222802112499039
0.4 | 1.223226822806571 | 7.339360936839423 | 1.223226760537047 | 7.339360563222281
0.5 | 1.359140914229523 | 6.455919342590233 | 1.359140845041163 | 6.455919013945520
0.6 | 1.495055005652475 | 5.572477748341043 | 1.495054929545279 | 5.572477464668773
0.7 | 1.630969097075428 | 4.689036154091854 | 1.630969014049394 | 4.689035915392013
0.8 | 1.766883188498380 | 3.805594559842664 | 1.766883098553512 | 3.805594366115257
0.9 | 1.902797279921332 | 2.922152965593473 | 1.902797183057628 | 2.922152816838501
1 2.038711371344284 | 2.038711371344284 | 2.038711267561744 | 2.038711267561744
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Figure 3.4.7: Exact and FGLM solutions for t = 1

Table 3.4.14: Numerical values for the exact and approximate solutions (FGLMs) for t = 1.5

a Exact FGLM
Y Y y y
0 1.322555431409265 | 21.16088690254824 | 1.322555283852501 | 21.16088454164001
0.1 | 1.587066517691118 | 19.44156484171619 | 1.587066340623000 | 19.44156267263176
0.2 | 1.851577603972971 | 17.72224278088415 | 1.851577397393502 | 17.72224080362351
0.3 | 2.116088690254824 | 16.00292072005211 | 2.116088454164003 | 16.00291893461526
0.4 | 2.380599776536677 | 14.28359865922006 | 2.380599510934503 | 14.28359706560701
0.5 | 2.645110862818530 | 12.56427659838802 | 2.645110567705002 | 12.56427519659875
0.6 | 2.909621949100383 | 10.84495453755597 | 2.909621624475501 | 10.84495332759052
0.7 | 3.174133035382237 | 9.125632476723929 | 3.174132681245999 | 9.125631458582259
0.8 | 3.438644121664089 | 7.406310415891883 | 3.438643738016503 | 7.406309589574008
0.9 | 3.703155207945942 | 5.686988355059838 | 3.703154794787003 | 5.686987720565753
1 3.967666294227795 | 3.967666294227795 | 3.967665851557501 | 3.967665851557501
1 %
exact

09r * GLM
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Figure 3.4.8: Exact and FGLM solutions for t = 1.5
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Table 3.4.15: Numerical values for the exact and approximate solutions (FGLMs) for t = 2

a Exact FGLM
Y Y y y

0 | 2.419243918089446 | 38.70790268943114 | 2.419243637353441 | 38.70789819765503
0.1 | 2.903092701707335 | 35.56288559591486 | 2.903092364824126 | 35.56288146909557
0.2 | 3.386941485325224 | 32.41786850239858 | 3.386941092294817 | 32.41786474053610
0.3 | 3.870790268943114 | 29.27285140888230 | 3.870789819765507 | 29.27284801197664
0.4 | 4.354639052561003 | 26.12783431536602 | 4.354638547236195 | 26.12783128341714
0.5 | 4.838487836178892 | 22.98281722184974 | 4.838487274706883 | 22.98281455485767
0.6 | 5.322336619796782 | 19.83780012833346 | 5.322336002177562 | 19.83779782629823
0.7 | 5.806185403414671 | 16.69278303481718 | 5.806184729648250 | 16.69278109773874
0.8 | 6.290034187032560 | 13.54776594130090 | 6.290033457118945 | 13.54776436917927
0.9 | 6.773882970650448 | 10.40274884778462 | 6.773882184589633 | 10.40274764061979
1 7.257731754268338 | 7.257731754268338 | 7.257730912060317 | 7.257730912060317

y
Figure 3.4.9: Exact and FGLM solutions for t = 2

Table 3.4.16: The absolute errors of the FGLM fort =1

Absolute error

“ ¥ —y|= Y -y| ~

0 3.4594 x 10°8 5.5351 x 1077
0.1 41513 x 1078 5.0853 x 1077
0.2 48432 x 1078 4.6356 x 1077
0.3 5.5351 x 1078 41859 x 1077
04 6.2270 x 1078 3.7362 x 1077
0.5 6.9188 x 1078 3.2864 x 1077
0.6 7.6107 x 1078 2.8367 x 1077
0.7 8.3026 x 10°8 2.3870 x 1077
0.8 8.9945 x 10~8 1.9373 x 1077
0.9 9.6864 x 1078 1.4875 x 1077
1 1.0378 x 1077 1.0378 x 1077
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Table 3.4.17: The absolute errors of the FGLM fort = 1.5

Absolute error

: ¥ —y| = Y —y| ~

0 1.4756 x 1077 2.3609 x 107°
0.1 1.7707 x 10~7 2.1691 x 107°
0.2 2.0658 x 10~ 1.9773 x 10~
0.3 2.3609 x 1077 1.7854 x 107°
0.4 2.6560 x 1077 1.5936 x 107°
0.5 29511 x 1077 1.4018 x 107°
0.6 3.2462 x 1077 1.2100 x 107°
0.7 3.5414 x 1077 1.0181 x 107°
0.8 3.8365 x 1077 8.2632 x 1077
0.9 41316 x 1077 6.3449 x 1077
1 44267 x 1077 44267 x 1077

Table 3.4.18: The absolute errors of the FGLM fort = 2

Absolute error

“ |Z - X| ~ Y -y =

0 2.8074 x 1077 44918 x 107°
0.1 3.3688 x 1077 41268 x 107°
0.2 3.9303 x 1077 3.7619 x 10~
0.3 44918 x 10~7 3.3969 x 107
0.4 5.0532 x 1077 3.0319 x 10~°
0.5 5.6147 x 1077 2.6670 x 107°
0.6 6.1762 x 1077 2.3020 x 107°
0.7 6.7377 x 1077 1.9371 x 107°
0.8 7.2991 x 1077 1.5721 x 107°
0.9 7.8606 x 1077 1.2072 x 107°
1 8.4221 x 1077 8.4221 x 1077

As shown in Tables 3.4.13-18, the fuzzy general linear method with another

triangular fuzzy number as initial condition gave less accurate than Runge-Kutta
but it needed less number of steps.

Fork =5

a- y(0) = (0.75,1,1.125)
Let y(0, @) = [0.75 + 0.25a, 1.125 — 0.125c]

Case 1: using 1 — differentiable
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We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.4.19-21 and Figs 3.4.10-12 respectively,
and the absolute errors of the approximate results in Tables 3.4.22-24.

Table 3.4.19: Numerical values for the exact (1 — differentiable )and approximate solutions
(FGLMs) fort =1

o4 Exact FGLMs
Y Y y y
0 2.038711371344284 | 3.058067057016426 | 2.038711369407443 | 3.058067054111163
0.1 | 2.106668417055760 | 3.024088534160689 | 2.106668415054357 | 3.024088531287706
0.2 | 2.174625462767236 | 2.990110011304950 | 2.174625460701272 | 2.990110008464247
0.3 | 2.242582508478713 | 2.956131488449212 | 2.242582506348186 | 2.956131485640793
0.4 | 2.310539554190189 | 2.922152965593474 | 2.310539551995102 | 2.922152962817334
0.5 | 2.378496599901665 | 2.888174442737736 | 2.378496597642015 | 2.888174439993877
0.6 | 2.446453645613141 | 2.854195919881998 | 2.446453643288931 | 2.854195917170421
0.7 | 2.514410691324617 | 2.820217397026260 | 2.514410688935846 | 2.820217394346960
0.8 | 2.582367737036093 | 2.786238874170521 | 2.582367734582760 | 2.786238871523505
0.9 | 2.650324782747569 | 2.752260351314784 | 2.650324780229675 | 2.752260348700048
1 2.718281828459046 | 2.718281828459046 | 2.718281825876591 | 2.718281825876591

09r
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Figure 3.4.10: Exact and FGLM solutions for t = 1
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Table 3.4.20: Numerical values for the exact (1 — differentiable )and approximate solutions
(FGLMs) fort = 1.5

a Exact FGLMs
Y Y y y
0 3.967666294227795 | 5.951499441341692 | 3.967666285987665 | 5.951499428981495
0.1 | 4.099921837368721 | 5.885371669771230 | 4.099921828853920 | 5.885371657548369
0.2 | 4.232177380509648 | 5.819243898200766 | 4.232177371720176 | 5.819243886115239
0.3 | 4.364432923650575 | 5.753116126630302 | 4.364432914586430 | 5.753116114682116
0.4 | 4.496688466791501 | 5.686988355059839 | 4.496688457452688 | 5.686988343248985
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0.5 | 4.628944009932427 | 5.620860583489376 | 4.628944000318938 | 5.620860571815860
0.6 | 4.761199553073354 | 5.554732811918913 | 4.761199543185199 | 5.554732800382736
0.7 | 4.893455096214280 | 5.488605040348450 | 4.893455086051453 | 5.488605028949600
0.8 | 5.025710639355206 | 5.422477268777985 | 5.025710628917707 | 5.422477257516476
0.9 |5.157966182496133 | 5.356349497207523 | 5.157966171783964 | 5.356349486083349
1 5.290221725637060 | 5.290221725637060 | 5.290221714650222 | 5.290221714650222

exact
* GLM

8 85 9 95
y

10 10.5 1"

Figure 3.4.11: Exact and FGLM solutions for t = 1.5

Table 3.4.21: Numerical values for the exact (1 — differentiable )and approximate solutions
(FGLMs) fort = 2

Exact

FGLMs

Y

Y

Y

y

7.257731754268338

10.88659763140251

7.257731738592279

10.88659760788841

0.1

7.499656146077282

10.76563543549804

7.499656129878690

10.76563541224522

0.2

7.741580537886227

10.64467323959356

7.741580521165099

10.64467321660200

0.3

7.983504929695171

10.52371104368909

7.983504912451502

10.52371102095881

0.4

8.225429321504116

10.40274884778462

8.225429303737919

10.40274882531560

0.5

8.467353713313061

10.28178665188015

8.467353695024317

10.28178662967240

0.6

8.709278105122007

10.16082445597567

8.709278086310736

10.16082443402920

0.7

8.951202496930950

10.03986226007120

8.951202477597144

10.03986223838597

0.8

9.193126888739894

9.918900064166728

9.193126868883550

9.918900042742784

0.9

9.435051280548839

9.797937868262256

9.435051260169963

9.797937847099576

9.676975672357784

9.676975672357784

9.676975651456381

9.676975651456381

exact
* GLM
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Figure 3.4.12: Exact and FGLM solutions for t = 2
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Table 3.4.22: The absolute errors of the FGLM (1 — differentiable) fort =1

Absolute error

“ v —y| = Y -3~

0 1.9368 x 10~° 2.9053 x 10~°
0.1 2.0014 x 107° 2.8730 x 10~°
0.2 2.0660 x 10~° 2.8407 x 107°
0.3 2.1305 x 107° 2.8084 x 107°
0.4 2.1951 x 107° 2.7761 x 107°
0.5 2.2596 x 10~° 2.7439 x 107°
0.6 2.3242 x 107° 2.7116 x 10~°
0.7 2.3888 x 10~° 2.6793 x 107°
0.8 24533 x 107° 2.6470 x 107°
0.9 2.5179 x 107° 2.6147 x 107°
1 2.5825 x 107° 2.5825 x 10~°

Table 3.4.23: The absolute errors of the FGLM (1 — differentiable) fort¢ = 1.5

Absolute error

“ v -] v -5l ~

0 8.2401 x 10~° 1.2360 x 1078
0.1 8.5148 x 10~° 1.2223 x 1078
0.2 8.7895 x 10~° 1.2086 x 1078
0.3 9.0641 x 10~° 1.1948 x 1078
0.4 9.3388 x 10~° 1.1811 x 1078
0.5 9.6135 x 10~° 1.1674 x 1078
0.6 9.8882 x 10~° 1.1536 x 1078
0.7 1.0163 x 1078 1.1399 x 1078
0.8 1.0437 x 1078 1.1262 x 1078
0.9 1.0712 x 1078 1.1124 x 1078
1 1.0987 x 1078 1.0987 x 1078

Table 3.4.24:The absolute errors of the FGLM (1 — differentiable) fort¢ = 2

Absolute error

¢ ¥ —y| = Y -y| ~

0 1.5676 x 1078 2.3514 x 1078
0.1 1.6199 x 1078 2.3253 x 1078
0.2 1.6721 x 1078 2.2992 x 1078
0.3 1.7244 x 1078 2.2730 x 1078
0.4 1.7766 x 1078 2.2469 x 1078
0.5 1.8289 x 1078 2.2208 x 1078
0.6 1.8811 x 1078 2.1946 x 1078
0.7 1.9334 x 1078 2.1685 x 1078
0.8 1.9856 x 108 2.1424 x 1078
0.9 2.0379 x 1078 2.1163 x 1078
1 2.0901 x 1078 2.0901 x 10°8
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As shown in Tables 3.4.19-24, the fuzzy general linear method with triangular
fuzzy number as initial condition gave less accurate than Runge-Kutta but it
needed less number of steps.

Case 2: using 2 —differentiable

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.4.25-27 and Figs 3.4.13-15 respectively,
and the absolute errors of the approximate results in Tables 3.4.28-30.

Table 3.4.25: Numerical values for the exact (2 — differentiable )and approximate solutions
(FGLMs) fort =1

a Exact FGLM
Y Y y y
0 | 2.479411818960710 | 2.617366609400000 | 2.479411816608218 | 2.617366606910388
0.1 | 2.503298819910544 | 2.627458131305905 | 2.503298817535054 | 2.627458128807009
0.2 | 2.527185820860377 | 2.637549653211810 | 2.527185818461892 | 2.637549650703629
0.3 | 2.551072821810211 | 2.647641175117714 | 2.551072819388729 | 2.647641172600248
0.4 | 2.574959822760044 | 2.657732697023619 | 2.574959820315566 | 2.657732694496869
0.5 | 2.598846823709878 | 2.667824218929523 | 2.598846821242404 | 2.667824216393489
0.6 | 2.622733824659711 | 2.677915740835428 | 2.622733822169241 | 2.677915738290109
0.7 | 2.646620825609545 | 2.688007262741332 | 2.646620823096077 | 2.688007260186729
0.8 | 2.670507826559379 | 2.698098784647236 | 2.670507824022915 | 2.698098782083350
0.9 | 2.694394827509212 | 2.708190306553141 | 2.694394824949753 | 2.708190303979970
1 [ 2.718281828459046 | 2.718281828459046 | 2.718281825876591 | 2.718281825876590

Figure 3.4.13: Exact and FGLM solutions at t = 1

2.65 27 275
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Table 3.4.26: Numerical values for the exact (2 — differentiable )and approximate solutions

(FGLMs) for

t=15

Exact

FGLM

Y

Y

y

y

4.932442377592928

4.986723357976558

4.932442367301161

4.986723347668000

0.1

4.968220312397341

5.017073194742609

4.968220302036066

5.017073184366222

0.2

5.003998247201754

5.047423031508658

5.003998236770974

5.047423021064444

0.3

5.039776182006168

5.077772868274710

5.039776171505876

5.077772857762664

0.4

5.075554116810579

5.108122705040760

5.075554106240784

5.108122694460887

0.5

5.111332051614995

5.138472541806809

5.111332040975690

5.138472531159110

0.6

5.147109986419408

5.168822378572860

5.147109975710596

5.168822367857331

0.7

5.182887921223820

5.199172215338908

5.182887910445476

5.199172204555550

0.8

5.218665856028234

5.229522052104959

5.218665845180407

5.229522041253775

0.9

5.254443790832648

5.259871888871011

5.254443779915314

5.259871877951998

5.290221725637062

5.290221725637062

5.290221714650222

5.290221714650220

5 5.05 51
y

5.15 52 5.25 53

Figure 3.4.14: Exact and FGLM solutions for t = 1.5

Table 3.4.27: Numerical values for the exact (2 — differentiable )and approximate solutions
(FGLMs) fort = 2

Exact

FGLM

Y

Y

y

y

9.068147228770254

9.076182156900588

9.068147209230954

9.076182137249736

0.1

9.129030073129007

9.136261508446307

9.129030053453498

9.136261488670399

0.2

9.189912917487760

9.196340859992027

9.189912897676042

9.196340840091065

0.3

9.250795761846515

9.256420211537749

9.250795741898577

9.256420191511722

0.4

9.311678606205266

9.316499563083468

9.311678586121120

9.316499542932389

0.5

9.372561450564021

9.376578914629187

9.372561430343666

9.376578894353054

0.6

9.433444294922772

9.436658266174906

9.433444274566204

9.436658245773716

0.7

9.494327139281523

9.496737617720623

9.494327118788714

9.496737597194363

0.8

9.555209983640278

9.556816969266345

9.555209963011288

9.556816948615042

0.9

9.616092827999033

9.616896320812066

9.616092807233830

9.616896300035707

9.676975672357788

9.676975672357788

9.676975651456381

9.676975651456374
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Y
Figure 3.4.15: Exact and FGLM solutions for t = 2

Table 3.4.28: The absolute errors of the FGLM (2 — differentiable) for¢ =1

Absolute error

¢ ¥ -y|~ Y -]~

0 2.3525 x 10~° 2.4896 x 10~°
0.1 2.3755 x 107° 2.4989 x 107°
0.2 2.3985 x 107° 2.5082 x 107°
0.3 2.4215 x 107° 2.5175 x 107°
0.4 2.4445 x 10~° 2.5267 x 10~°
0.5 2.4675 x 107° 2.5360 x 10~°
0.6 2.4905 x 107° 2.5453 x 107°
0.7 2.5135 x 107° 2.5546 x 107°
0.8 2.5365 x 107° 2.5639 x 107°
0.9 2.5595 x 10~° 2.5732 x 107°
1 2.5825 x 10~° 2.5825 x 10~°

Table 3.4.29: The absolute errors of the FGLM (2 — differentiable) fort¢ = 1.5

Absolute error

¢ ¥ —y|= Y -y| ~

0 1.0292 x 1078 1.0309 x 1078
0.1 1.0361 x 1078 1.0376 x 1078
0.2 1.0431 x 1078 1.0444 x 1078
0.3 1.0500 x 1078 1.0512 x 1078
0.4 1.0570 x 1078 1.0580 x 1078
0.5 1.0639 x 1078 1.0648 x 1078
0.6 1.0709 x 1078 1.0716 x 1078
0.7 1.0778 x 1078 1.0783 x 1078
0.8 1.0848 x 1078 1.0851 x 1078
0.9 1.0917 x 1078 1.0919 x 1078
1 1.0987 x 1078 1.0987 x 1078
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Table 3.4.30: The absolute errors of the FGLM (2 — differentiable) fort =2

Absolute error

“ v —y| = Y -3~

0 1.9539 x 1078 1.9651 x 1078
0.1 1.9676 x 1078 1.9776 x 1078
0.2 1.9812 x 1078 1.9901 x 1078
0.3 1.9948 x 1078 2.0026 x 1078
0.4 2.0084 x 1078 2.0151 x 1078
0.5 2.0220 x 108 2.0276 x 1078
0.6 2.0357 x 1078 2.0401 x 1078
0.7 2.0493 x 1078 2.0526 x 1078
0.8 2.0629 x 1078 2.0651 x 1078
0.9 2.0765 x 1078 2.0776 x 1078
1 2.0901 x 1078 2.0901 x 1078

As shown in Tables 3.4.25-30, the fuzzy general linear method with triangular
fuzzy number as initial condition (under 2 — differentiable) gave less accurate
than Runge-Kautta but it needed less number of steps.

b- Let y(0) = (0.25,0.75,4)

y(0,@) = [(0.25 + 0.5a), (4 — 3.25a)],

using 1 —differentiable

0<ac<l1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.4.31-33 and Figs 3.4.16-18 respectively,
and the absolute errors of the approximate results in Tables 3.4.34-36.

Table 3.4.31: Numerical values for the exact and approximate solutions (FGLMs) fort = 1

a Exact FGLM
Y Y y y
0 0.6795704571147614 | 10.87312731383618 | 0.6795704564691478 | 10.87312730350637
0.1 | 0.8154845485377137 | 9.989685719586992 | 0.8154845477629767 | 9.989685710096467
0.2 | 0.9513986399606659 | 9.106244125337803 | 0.9513986390568062 | 9.106244116686574
0.3 | 1.087312731383618 | 8.222802531088613 | 1.087312730350636 | 8.222802523276682
0.4 | 1.223226822806571 | 7.339360936839423 | 1.223226821644466 | 7.339360929866792
0.5 | 1.359140914229523 | 6.455919342590233 | 1.359140912938296 | 6.455919336456899
0.6 | 1.495055005652475 | 5.572477748341043 | 1.495055004232123 | 5.572477743047009
0.7 | 1.630969097075428 | 4.689036154091854 | 1.630969095525954 | 4.689036149637117
0.8 | 1.766883188498380 | 3.805594559842664 | 1.766883186819783 | 3.805594556227225
0.9 | 1.902797279921332 | 2.922152965593473 | 1.902797278113612 | 2.922152962817334
1 2.038711371344284 | 2.038711371344284 | 2.038711369407443 | 2.038711369407443
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Table 3.4.32: Numerical values for the exact and approximate solutions (FGLMs) for t = 1.5

exact
* GLM |

10 12

Figure 3.4.16: Exact and FGLM solutions for ¢t =1

a

Exact

FGLM

Y

Y

Y

y

1.322555431409265

21.16088690254824

1.322555428662556

21.16088685860090

0.1

1.587066517691118

19.44156484171619

1.587066514395066

19.44156480133955

0.2

1.851577603972971

17.72224278088415

1.851577600127576

17.72224274407822

0.3

2.116088690254824

16.00292072005211

2.116088685860088

16.00292068681691

0.4

2.380599776536677

14.28359865922006

2.380599771592600

14.28359862955559

0.5

2.645110862818530

12.56427659838802

2.645110857325112

12.56427657229427

0.6

2.909621949100383

10.84495453755597

2.909621943057618

10.84495451503295

0.7

3.174133035382237

9.125632476723929

3.174133028790132

9.125632457771628

0.8

3.438644121664089

7.406310415891883

3.438644114522641

7.406310400510304

0.9

3.703155207945942

5.686988355059838

3.703155200255151

5.686988343248985

3.967666294227795

3.967666294227795

3.967666285987665

3.967666285987665

exact
* GLM | ]

Figure 3.4.17: Exact and FGLM solutions for t = 1.5
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Table 3.4.33: Numerical values for the exact and approximate solutions (FGLMs) for t = 2

a

Exact

FGLM

Y

Y

y

y

2.419243918089446

38.70790268943114

2.419243912864096

38.70790260582554

0.1

2.903092701707335

35.56288559591486

2.903092695436911

35.56288551910215

0.2

3.386941485325224

32.41786850239858

3.386941478009728

32.41786843237880

0.3

3.870790268943114

29.27285140888230

3.870790260582549

29.27285134565551

0.4

4.354639052561003

26.12783431536602

4.354639043155369

26.12783425893220

0.5

4.838487836178892

22.98281722184974

4.838487825728191

22.98281717220888

0.6

5.322336619796782

19.83780012833346

5.322336608300999

19.83780008548556

0.7

5.806185403414671

16.69278303481718

5.806185390873822

16.69278299876224

0.8

6.290034187032560

13.54776594130090

6.290034173446638

13.54776591203891

0.9

6.773882970650448

10.40274884778462

6.773882956019454

10.40274882531560

7.257731754268338

7.257731754268338

7.257731738592279

7.257731738592279

20
y

5 10

25 30 35

40

Figure 3.4.18: Exact and FGLM solutions for t = 2

Table 3.4.34: The absolute errors of the FGLM fort = 1

Absolute error

i ¥ —y|= Y -y|~

0 6.4561 x 10710 1.0330 x 1078
0.1 7.7474 x 10710 9.4905 x 10~°
0.2 9.0386 x 10710 8.6512 x 10~°
0.3 1.0330 x 10~° 7.8119 x 10~°
0.4 1.1621 x 10~° 6.9726 x 107°
0.5 1.2912 x 10~° 6.1333 x 107°
0.6 1.4204 x 10~° 5.2940 x 10~°
0.7 1.5495 x 10~° 44547 x 107°
0.8 1.6786 x 10~° 3.6154 x 107°
0.9 1.8077 x 107° 2.7761 x 107°
1 1.9368 x 10~° 1.9368 x 10~°
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Table 3.4.35: The absolute errors of the FGLM fort = 1.5

Absolute error

: ¥ —y| = Y —y| ~

0 2.7467 x 107° 43947 x 1078
0.1 3.2961 x 10~° 4.0377 x 1078
0.2 3.8454 x 10~° 3.6806 x 108
0.3 43947 x 10~° 3.3235x 1078
0.4 49441 x 10~° 2.9664 x 1078
0.5 5.4934 x 10~° 2.6094 x 1078
0.6 6.0428 x 10~° 2.2523 x 1078
0.7 6.5921 x 10~° 1.8952 x 1078
0.8 7.1414 x 10~° 1.5382 x 1078
0.9 7.6908 x 10~° 1.1811x 1078
1 8.2401 x 10~° 8.2401 x 10~°

Table 3.4.36 : The absolute errors of the FGLM fort = 2

Absolute error
a — _
¥ —y|= Y -5]~

0 5.2253 x 10~° 8.3606 x 108
0.1 6.2704 x 10~° 7.6813 x 1078
0.2 7.3155 x 10~° 7.0020 x 1078
0.3 8.3606 x 10~° 6.3227 x 1078
0.4 9.4056 x 107° 5.6434 x 1078
0.5 1.0451 x 1078 49641 x 1078
0.6 1.1496 x 1078 4.2848 x 1078
0.7 1.2541 x 1078 3.6055 x 1078
0.8 1.3586 x 1078 2.9262 x 1078
0.9 1.4631 x 1078 2.2469 x 1078
1 1.5676 x 1078 1.5676 x 1078

As shown in Tables 3.4.31-36, the fuzzy general linear method with another

triangular fuzzy number as initial condition gave less accurate than Runge-Kutta
but it needed less number of steps.

78



3.5 Variational Iteration Method (VIM)

In this section, we solve hybrid fuzzy differential equations (3) by Variational
Iteration Method. For linear problems, its exact solution can be obtained by only
one iteration step due to the fact the Lagrange multiplier can be exactly
identified.

Theorem 7 Consider the fuzzy initial-value problem

{y’(t) = (a(®)Oy®))®b(t) 39)
y(t) = yo
By 1 — differentiable, replace equation (39) by the equivalent system:
{X'(t' a) =a®y(t,a) +b(t,a),  y(tg,a) =yo(a) (40)
Y (t,a) =a®)yta)+b(ta),  y(to,a) =Yy,(a)
By 2 — differentiable, replace equation (39) by the equivalent system:
{X'(t' @) = a@y(t, @) + b(t,a),  y(ty,a) = y,(a) "
Y (ta)=a®y(t,a) +b(t,a),  (ty,a) =y,(a)

where a(t) > 0

For every prefixed a € [0,1], the above systems represent ordinary initial value
problems for which any converging classical numerical procedure can be
applied to solve this system.

For solving equations. (40) by VIM, construct the following correction function
{ t

j Yne1(t, @) = yn(t, @) + f A (7) (X,’l(r, a) — a(Dyn(7, @) — b(z, a)) dr
to

t (42)
'@H(t, @) =7, (ta)+ f L@ (7,(.@) — a7y, (@) - b(z,a)) dr

Calculating variation with respect to y,, and y_, noticing that §y,, = 0 and
8y, = 0yields

3nia6,®) = S0 +6 | 4@ (0. — a@ya(r. @) — b(r,0)) de

= (1+ 4@)yE Olems = | (5@ + a4 @)Sy(r e
=0
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And

55, (t,a) = 67 (t,a) + 6 f 1. (7,(r.@) - a7, (x, @) ~ b(z, ) ) de

= (14 ()87, Oleme = | (50 + 2,057, 0)de

to

=0
Therefore, the following stationary conditions exists:
L@ +a@() =0, 14+24(0)|==0  i=12

So, the Lagrange multipliers can be readily identified
A,(1) = A,(1) = —ekr a)ds

Substituting these values of the Lagrange multipliers into function (42) gives
the iteration formulas:

t
{Xn+1(t: a) = yn(t, a) — f elres (XA (r,@) — a(Dyn (7, @) — b(z, a)) dr
to

4

t (43)
Faa(6@) =5, 60) - f ek 294 (3 (1,0) - a7, (r.@) - b(r, @) dr

the values of y,(t,@) and y (t,@) are initial approximations and chosen as

follows:
Yo(t, @) = y(to, @) = yo(a), V,(t,a) =y(tg, a) =y, (@)

y(t @) = lim y(t,a),  y(t,a) = limy, (¢ a)
where y(t) = (y(t,a),y(t, a)) is exact solution.

For solving equations (41) by VIM, construct the following correction
functional

Yr (60 = 260 + [ 40 (3@ @ - @7, @0 -5 ) dr
“ (44)

(
j y
7060 =7, + [ 20 (7,00 - a@ya(m0) - b(o,0) ) ar

Calculating variation with respect to y, and y_, noticing that 6y, = 0 and
8y, = 0 which yields.
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So, the Lagrange multipliers can be readily identified

(1) = A,(r) = -1
Substituting these values of the Lagrange multipliers into functional (44) gives
the iteration formulas:

j{znﬂ(t. a) = yn(t,a) - ft t (zé (@) = a(D)y,(r,a) - b(z, a)) dt

t (45)
7060 =7, 00 = [ (7,0~ a@ya(,0) = b(r,)) e

the values of y,(t,«) and y (¢, «) are initial approximations chosen as follows:
Yo(t,a) = y(to, @) = yo(@), Y (t, @) =y(t, a) =y (a)

y(t,a) = lim y,(t, @), y(t,a) = lim ?n(t, a)
- n—»oo — n—oo

where y(t) = (¥(¢t, @),y (¢ a)) is exact solution.

To solve the example (29) by VIM
Let

y(t), t € [0,1],
y'(6) = {y(t) +2y(La)(t - 1), t € [1,1.5],
y() + 2y(1,a)(2 — t), t € [1.5,2].

a- Lety(0) = (0.75,1,1.125)
y(0,a) = [0.75 + 0.25a,1.125 — 0.125«], 0<ac<1
Case 1: using 1 — differentiable

According to Equations (43), when ¢ € [0,1] the following iteration formulas
can be obtained:

( b
{I Yr (6@ = 360 = [ 1 (30 @) - (@) de
0
t t ! —
Fan (6@ =7,60) - f ek14 (3 (r,0) - 3, (1, @) ) dr
Start by initial approximations

X(O‘ a) = (0.75 + 0.25a), y(0,a) = (1.125 — 0.1250), 0<a<l1l

and by the above iteration formulas, the following can obtained:
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y1(t, @) = yo(t, @) - ft e’™" (zé(r, a) = Yo (7, a)) dr,
¥, (t@) =, (t, @) - f ot (7, (t.0) =y, (r.@) ) dr
0

t

Xl(t' a) = 0.75 + 0.25a + f et"7(0.75 + 0.25a)dr,

0
t

y,(t,a) =1.125 - 0.125a + f et~ 7(1.125 - 0.125a)dr
0

Xl(t' a) = ef(0.75 + 0.25a), y,(t, @) = e*(1.125 - 0.125a)

Y2 (t,a) = et(0.75 + 0.25a), y,(t,a) = e*(1.125 - 0.125a)

Which these formulas are exactly the same as components of equation (31).
Therefore, by only one iteration, the exact solution is obtained.

When ¢ € [1,1.5] the following iteration formulas are obtained:

j{XnH(t, @) = yu(t, @) — _];t els 1as ()_/,’l(r, @) = yu(r,a) = 2y(La) - (- 1)) dr

'kynﬂ(t, @) =7y, (ta) - fl las (7, @) -3, a) - 2510 - (1 - 1)) dr
Start by the initial approximations:

3_/(1, a) = (0.75 + 0.25a)e, y(1,a) = (1.125 - 0.125a)e, 0<ac<l1
and by the above iteration formulas, it can be obtained:

t
Y1 (t, @) = yo(t, @) — f e™" (zé (r,a) = yo(r, @) = 2y(La)(z - 1)) dt
1

t

y1(t,a) = (0.75 4+ 0.25a)e + f et=7(0.75 + 0.25a)e + 2et77(0.75 + 0.25a) (r — 1)edt

1

yi(t,a) = y(1,a)(3et! —2t)
y2(t,a) = y(1,a)(3et! - 2¢)

y,(ta) =y(1,a)( 3et™1 — 2t)
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y,(ta) =y(1,a)(3et"" = 2t)

which are exactly the same as components of Equations (31). Therefore, by only
one iteration, the exact solution is obtained.

when t € [1.5,2] we can obtain the following iteration formulas:

( e
j Yne1(t,@) = yu(t,@) = | ele?® (Xr’l(f, @) = yu(r,0) = 2y(La) - (2 - r)) dr
1.5

t t
ele 145 (y;l(r, a) -y, (t,a) —2y(1,a)- (2 - r)) dr

'@lﬂ(a @) =7,(ta) -
1.5

We start with initial approximations
y(15a) =y(1, a)(3e%5 - 3), y(1,a) =y(1,a)( 3e%> — 3), 0<a<1

and by the above iteration formulas, we can obtain

t

Y1 (t,a) = Yo (t,a) — et™? ()_/6 (r,a) — Yo (t,a) — 2y(1, a)(2 — r)) dt
15

t

Xl(t’ a) = X(l' a)(3e%° —3) + f et‘T)_/(l, a)(3e%5 —3)+ Zet‘fz(l,a)(Z —1)dt
15

t
y1(¢, a) = 3_/(1,&)( 3e%° —3) + X(l,a) et™"(3e% —3) + 2e77(2 — 1)dr

yi(t, @) = y(1,a)(3e —3) "
+y(La)(—e7(3e% = 3)|f 5 + 2(—e" (2 — 1) + e i)

yi(t,a) = y(1,a)(3et™t — 4et=15 — 2 + 2t)

v, (t,a) = y(1,a)(3et™t — 4et715 — 2 + 2t)

y,(t,a) =y(1,a)(3et™" —4e'™> — 2 + 2t)

y,(t,a) =y(1,a)(3et™ — 4e'1° — 2 + 2t)
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which are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

Case 2: using 2 — differentiable
By Matlab software we can obtain the exact solutions by VIM when n = 18.

According to equations (45), when ¢ € [0,1] the following iteration formulas can
be obtained:

t

|

Yn+1(t, @) = yn(t, @) — f

kynﬂ(t, a)=y, (ta)-

0

start with initial approximations

y(0,a) = (0.75 + 0.25a),

5(0,a) = (1.125 — 0.125a),

(Xfll (r,a) = y,(x, a’)) drt

fot (?; (t,a) — (3, a')) dr

0<ac<l1

Table 3.5.1: Numerical values for the exact and approximate solutions (VIM) att = 1

a

Exact

VIM

Y

Y

Y

y

2.479411818960710

2.617366609400000

2.479411818960710

2.617366609400000

0.1

2.503298819910544

2.627458131305905

2.503298819910544

2.627458131305905

0.2

2.527185820860377

2.637549653211810

2.527185820860377

2.637549653211810

0.3

2.551072821810211

2.647641175117714

2.551072821810211

2.647641175117714

0.4

2.574959822760044

2.657732697023619

2.574959822760044

2.657732697023619

0.5

2.598846823709878

2.667824218929523

2.598846823709878

2.667824218929523

0.6

2.622733824659711

2.677915740835428

2.622733824659711

2.677915740835428

0.7

2.646620825609545

2.688007262741332

2.646620825609545

2.688007262741332

0.8

2.670507826559379

2.698098784647236

2.670507826559379

2.698098784647236

0.9

2.694394827509212

2.708190306553141

2.694394827509212

2.708190306553141

2.718281828459046

2.718281828459046

2.718281828459046

2.718281828459046

when t € [1,1.5] we can obtain the following iteration formulas:

[

5

kyn+1(tl a) = yn(t; a) -

Va6 = 60 -

t

0

() =5,(@) - 25(La)(r - 1)) dr

j-t (i;(f, a) —yn(t, @) — 2y(L,a)(t — 1)) dr
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We start with initial approximations by Table (3.5.1)

Table 3.5.2: Numerical values for the exact and approximate solutions (VIM) att = 1.5

a

Exact

VIM

Y

Y

y

y

4.932442377592928

4.986723357976558

4.932442377592928

4.986723357976558

0.1

4.968220312397341

5.017073194742609

4.968220312397341

5.017073194742609

0.2

5.003998247201754

5.047423031508658

5.003998247201754

5.047423031508658

0.3

5.039776182006168

5.077772868274710

5.039776182006168

5.077772868274710

0.4

5.075554116810579

5.108122705040760

5.075554116810579

5.108122705040760

0.5

5.111332051614995

5.138472541806809

5.111332051614995

5.138472541806809

0.6

5.147109986419408

5.168822378572860

5.147109986419408

5.168822378572860

0.7

5.182887921223820

5.199172215338908

5.182887921223820

5.199172215338908

0.8

5.218665856028234

5.229522052104959

5.218665856028234

5.229522052104959

0.9

5.254443790832648

5.259871888871011

5.254443790832648

5.259871888871011

5.290221725637062

5.290221725637062

5.290221725637062

5.290221725637062

when t € [1.5,2] we can obtain the following iteration formulas:

( t _ _
{I Yo (60 = 360 = | (@) =3, (00 - 251,02 - ) de

Ikinﬂ(t, a)=y, (ta)- f (?;(T, a) = yu(v, @) — 2y(1,a)(2 - T)) dt
0

We start with initial approximations by Table (3.5.2)

Table 3.5.3: Numerical values for the exact and approximate solutions (VIM) at t = 2

a Exact VIM
Y Y y y
0 9.068147228770254 | 9.076182156900588 | 9.068147228770254 | 9.076182156900588
0.1 | 9.129030073129007 | 9.136261508446307 | 9.129030073129007 | 9.136261508446307
0.2 | 9.189912917487760 | 9.196340859992027 | 9.189912917487760 | 9.196340859992027
0.3 | 9.250795761846515 | 9.256420211537749 | 9.250795761846515 | 9.256420211537749
0.4 | 9.311678606205266 | 9.316499563083468 | 9.311678606205266 | 9.316499563083468
0.5 | 9.372561450564021 | 9.376578914629187 | 9.372561450564021 | 9.376578914629187
0.6 | 9.433444294922772 | 9.436658266174906 | 9.433444294922772 | 9.436658266174906
0.7 | 9.494327139281523 | 9.496737617720623 | 9.494327139281523 | 9.496737617720623
0.8 | 9.555209983640278 | 9.556816969266345 | 9.555209983640278 | 9.556816969266345
0.9 | 9.616092827999033 | 9.616896320812066 | 9.616092827999033 | 9.616896320812066
1 9.676975672357788 | 9.676975672357788 | 9.676975672357788 | 9.676975672357788

As shown in Tables 3.5.1-3, the VIM gave exact solutions.
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b- Let y(0) = (0.25,0.75, 4)
y(0,a) = [0.25 + 0.5, 4 — 3.25], 0<ac<l

using 1 — differentiable
When t € [0,1],
X(O' a) = 0.25 + 0.5¢, y(1,a) =4 —3.25q, 0<ac<l1
by iteration formulas (43), we can obtain

y1(t, @) = yo(t, @) — f e’ (zé (r, @) = ¥ (7, a)) dt
0

t

y.(t, @) = 0.25 + 0.5a + f et~ 7(0.25 + 0.5a)dt
- 0

Xl(t' a) = et(0.25 + 0.5a), y,(t,a) = e'(4—3.25a)

X(t' a) = et(0.25 + 0.5a), y,(t a) = e'(4—3.25a)

Therefore, by only one iteration, the exact solution is obtained.

When ¢ € [1,1.5], start with initial approximations

X(l,a) = (0.25 + 0.5a)e, y(1,a) = (4 — 3.25a)e, 0<a<l1

by the iteration formulas (43), we can obtain

t
yi(t, @) = yo(t,a) - f e™" (zé (r,0) = yo(r,@) — 2y(1, &) (z - 1)) dr
1
t

y1(t, @) = (0.25 + 0.5a)e + f et=7(0.25 4+ 0.5a)e + 2e77(0.25 + 0.5a)(t — De dr

1

ta) =y a)(3e" =2t), ¥ (ta)=y(1,a)(3e"" —2t)

y2(t, @) =y(1,a)(3e"t = 20),  y,(t,a@) =y(1,a)(3e" - 2t)

By only one iteration, the exact solution is obtained.
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When ¢ € [1.5,2], start with initial approximations

y(15,a) =y, a)(3e%° - 3), y(1,a) =y(1,a)( 3e% — 3), 0<ac<1

and by the iteration formulas (43), obtain

t

yita) =yt,a)— | e " (z{, (@) —yo(r,@) —2y(1,0) - (2 - r)) drt
15

t

yi(t,a) = y(1,a)(3e%5 — 3) + f e Ty(1,a)(3e%> —3) + 2 "y(1,a)(2 — 1)dt
- - 1.5 - -

y(ta)=y(@, a)(Bet™t —4et=15 — 2 4 2¢)
y,(t,a) =y(1,a)(Bet™" —4et™1> — 2 + 2t)

y2(t, @) = y(1, a)(3et™1 —4et=15 -2 4+ 2¢)
y,(t,a) =y(1,a)(3et™ — 4et1° — 2 + 2t)

By only one iteration, the exact solution is obtained.

3.6 Adomian Decomposition Method (ADM)

In this section, hybrid fuzzy differential equations (3) are solved by Adomian
Decomposition Method.

By 1 — differentiable, we rewrite Equations (40) in the following form:

t t
y(t,a) = yo(a) + f a(s) - y(s,a)ds + J. b(s,a)ds
2 2 2 0

(
|
\

t 3 (46)
y(t a)=y,(a) + f a(s) -y(s,a)ds + f b(s,a)ds.
to to
By 2 —differentiable, we rewrite Equations (41) in the following form:
t t
Irz(t, a) = yo(a) + f a(s) - y(s,a)ds + f b(s,a)ds
! i o (47)
Ity(t, a) =y,(a) + f a(s) - y(s,a)ds + f b(s,a)ds.
to to
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To use ADM by 1 —differentiable let

(60 =) wea,  Feo =) 5,6, (48)
n=0 n=0

substituting (48) in (46) we have:
| Z yo(t, a) = yo(a) +f b(s,a)ds +Zn 0(ftoa(s) y(s, a)ds)

n=0"—
kz Oy (t,a) = yo(a) +f b(s,a)ds +Z 0(j a(s) -y(s,a)ds).
Identifying the zeroth components 0
Yo(t,a) = yo(a) + f b(s,a)ds,  y,(t,a) =y, (a)+ J b(s,a)ds

the remaining components y,(t,@) and y,, (t,a),n > 1, can be determined by
using the recurrence relations

I{Xnﬂ(t, a) = j a(s)Xn(s, a)ds, n=>0
. (49)
Ikinﬂ(t, a) = j a(s)y,(s,a)ds, n=0

By Equations (49), we approximate y(x,1) with
G = ) (6, @)
k=0
and approximate y(x, r)with
(=) 7,0
k=0

and the exact solution is obtained at the limit of the resulting approximations,
e.,

y(t @) = lim ¢, (1), Y(t,a) =lim¢ (£)

and y(t) = (X(t, a); y(t, a)) Is exact solution.

By 2 —differentiable

1ot @) = yo(@) + | Bls,@)ds,  Fy(t,0) =T (@ + | bis,ads

|{ e (@) = f a(s)?n(s, a)ds, n>0
i ¥ (50)
Ik n+1(t a) = f a(S)Xn(S, a)ds, n = 0.

to
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We approximate y(x,r) with
o) = Y (6, @)
and approximate y(x, r)with kzo
3,0 =Y 7,
k=0

and the exact solution is obtained at the limit of the resulting approximations,
I.e.,
y(t,a) = lim ¢,(t), (@) =lime (£)

and y(t) = (X(t, a); y(t, a)) IS exact solution.

To solve example (29) by ADM (calculations)
Let

y(t), t € [0,1],
y'(t) = {y(t) +2y(L,a)(t — 1), t € [1,1.5],
y(t) + 2y(1,a)(2 — 1), t € [1.5,2].

a- Lety(0) =(0.75,1,1.125)
y(0,a) = [0.75 + 0.25a,1.125 — 0.125«], 0<a<1
Case 1: using 1 —differentiable

According to Equations (49), when t € [0,1] we have

t
Xn+1(t: a) = f Xn(s, a)ds, n=>0
to

t
yn+1(t' a) = f ?n(s, a)ds, n=0
to

where
Yot,a) = yola), ¥ (t,a) =Yy, ()

yo(t, @) = 0.75 + 0.25«, ?O(t, a) =1.125—-0.125a

We approximate y(t ) and y(t,a), with b6 (t) and $G(t), respectively, as
follows:

6 6
P6® =) 1@, b= F bt
k=0 k=0
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t

760 = [ yols. s,

0

t

y1(t, @) =] 0.75 + 0.25ads,

0
y1(t, @) = (0.75 + 0.25a)t,

t

760 = [ s

0

t
y,(t,a) = f (0.75 + 0.25a)sds ,
- 0

t2
y2(t,@) = (0.75 + 0.25a) -,

t3

ys(t, @) = (0.75 + o.zsa)g,
t6

yo(t, @) = (0.75 + 0.250) -,

6
tk
bs(t) = Z)_’o(t: @)
k=0
To find exact solution
X(t' a) = lim Qn(t),
n tk
y(t,a) = AIELZ Yot a) s
k=0

y(t, @) = yo(t, a)ef,

where

t:

e

t

y,(ta)= f Y, (s, a)ds

t

y,(ta)= f 1.125 — 0.125ads
0
y,(t, @) = (1.125 — 0.125a)t
t
7,0 = | 7,6,0)ds
0

t
y,(ta) = j (1.125 — 0.125a)sds
0

tZ
¥,(t,@) = (1.125 ~ 0.125a) -

t3
y5(t @) = (1.125 - 0.1250)
— t6
v, (ta) = (1.125 - 0.125a)m

6 k
EXOEDWAC a)%
k=0

y(t, @) = lim ¢, (1)

F(t@) = lim > Fy(t.0)
k=0

y(t,a) =y, (t,a)e’

tk

%

k=0
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When t € [1,1.5] we have

where
yo(a) = y(1,a) = [(0.75 + 0.25a)e, (1.125 — 0.125a)e]

Yo(t, @) = yo(a) + f 2y(1,a)(s — Dds,

7. (t,a) = 7, (@) + f 25(1, a)(s — 1)ds

yolt, @) =y(1,a)(t* -2t +2), y,(t,a) =y(1,a)(t* -2t +2)

Yot @) = y(La)(t - D*+ 1), F,(ta) =¥(La)(t—D? + 1)

We approximate y(¢, ) and y(t,a), with ¢4(t) and ¢, (¢), respectively, as
follows:

6 6
P =) ¥,  IO=) 7t
k=0 k=0
it a) = f Yo(s,adds, ¥, (ta)= J. Y, (s,a)ds

t t
¥t @) = f yLa((s-D*+Dds, ¥y, (ta)= f y(1,a)((s = D? + Dds
1 1

—1)3 —_1)3
o =yaa (G re-1) Feo =700 re-)

t t
y2(t,a) = f (s, a)ds,  y,(ta)= f (s, a)ds,
1 1

+——t+=

(t—1D* ¢t 1
12 2 2

y2(t, @) = y(1,a) (

y2(t@) =y(1,0) <(t ;21)4 - %(ta2 —2t 4 1))
-1 4 -1 2 1 4 1 )
ZZ(t'“):X(l'“)<(t A )>' Mt,a):?(l,a)((t A s )>
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—1)5 —_1)3
na =ya (gt ),

v,(t,a) =y(1,a) (

(t-1P° (@-1)°
60

)

(t—1)°

20160 720

Yot @) = y(1, @) <(t -1)8 . (t — 1)6),

V(t,a) =y(1,a) <

Then

6

2(t — D2 (t—1)*
96“)=ZX(1'“)< G+ (o >

k=0

_ e, 20t — D2 (t— 1)*
s(8) = Y(l’a)< CED O] >

k=0

To find exact solution

y(ta)=lim ¢,(t),  y(t,a) = lim ¢, ()

n _ 1)k+2 _1\k
y(©a) = lim > (@) <2((tk +1;)! * (t(k)l!) >
k=0

y(t a) = 2)_/(1,6!)(et‘1 —1-(t-1))+ y(1, a)et™1
y(t a) = )_/(1,0:)(3e‘f‘1 —2t)

where

had k
1 (t—1)

¢ = K|
k=0

n 2(t — 1)k+2 — 1)k
vt =mZ?<w>( ((tk+2))! +(t(k)!) >
k=0

y(t,a) =y(1,a)(Bet"1 - 2t)

when t € [1.5,2] we have

f t

jyn+1(t: a) = f yn (s, a)ds, n=>0
to

'k

t
yn+1(t' a) = f yn(s; a)ds, n=0
to

20160

)
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where
yo(@) = y(15,a) = [y(1,@)(3¢°5 - 3),7(1,@)(3¢°5 - 3)]

1ot @) = yo(@+ | 2y(1,)@ - 5)ds

1.5

SZ
yo(t,a) = y(1.5,a) + 2y(1,a) (25 -5 |§.5>

t? 9
yo(t,a) = y(1.5,a) + 2y(1,a) <2t —5 - 3+ —>

8
15
yo(t,a) = y(1.5,a) —y(1, @) (tz — 4t + T)
9 6
yo(t,a) = y(1.5,a) —y(1,@) (tz —3t+ i t+ Z)

XO(t' a) = X(l.S,a) — X(l’ a)((t —1.5)2 —(t - 1.5))
Vot a) =y(1.5,a) - y(1,a)((t — 1.5)% — (¢t — 1.5))
We approximate y(t,a) and y(t, ), with ¢4(t) and ¢, (1), respectively, as

follows:

6 6
0o = ) nt@,  F,0=) F(ta)
k=0 k=0

t t

yi(ta) = f Yo(s, a)ds, y,(ta) = f Yo(s, a)ds

157 1.5

(@, Q) = f (X(l.S,a) - X(l' a)((s —1.5)% — (s — 1.5))) ds
15

2
yi (@) = y(15,@) (¢ — 1.5) — y(1, @) <(t ‘31'5)3 G —21-5) >

—15)3 —15)?
71(t.a)=?(1.5,a)(t—1.5)—y(1,a)<(t 31 )2 (¢t 21 )>

700 = | nGads, 7,00 = | 7,6.0)ds
1.5

1.5

—1.5)2 —1.5)4 _15)3
Xz(t,a)=z(1.5,a)(t 5 ) —X(l,a)<(t = @ - )>

—1.5)2 —1.5)4 _15)3
yz(t,a)=§(1.5,a)(t > ) —?(1,a)<(t = ) _(t - )>
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y3(t, @) = y(1.5,a)

(t —1.5)3 (t—15)5 (t-15)*
A )< 60 24 >

(t — 1.5)3 — )<(t— 15)°  (t- 1.5)4>

¥5(t @) =y(1.5a) — 60 o

(t=15)° L) ((t —15)8 (t-— 1.5)7>

Yo(t,@) = y(1.5,0) ——5 20160 5040

V(6 a) =y(15a)

(t-15)° _ . (E-15° (t —1.5)
720 3’(’“)< 20160 5040 )

Then

(t— 1!.5)'< W <2(t —15)k2 (¢ - 1.5)"+1>

6
bs(t) = kZOX“-S' O k+2)!  (k+1)!

(t— 1. 5)"

_ 2(t — 1.5)%2  (t—1.5)*""
(t)—Zy(15 ) —y(l,a)< K+ (kT 1) )
To find exact solution

y(ta) = lim ¢, (),  y(t,a) = lim ¢, (¢)

n

(t— 1. s)k 2(t - 1.5)*2  (t—15)""
y(t,a) = lim kZ y(15,a) _X(l'“)< (k+2)! (k+1)! )
(- 15 N (21592 (15"
y(t, @) =X(1-5.a),{g§okzzo i ‘X(l'“),l‘l‘é‘o;< (k+2)  (k+1)! )

y(ta) =y(15 e —2y(L,a)(e* —1—t+1.5) + y(1,a) (e '* — 1)
y(t,a) = y(1,a)(3e®5 —3)et™ 15 — 2y(1, @) (et 15 =1 —t + 1.5) + y(1,a) (et 5 — 1)
y(t) a) = }I(l, a)(get_l — Bet_1-5 — Zet_l-s + Zt _ 1 + et—1,5 _ 1)

y(t,a) = y(1,a)(2t — 2 + 3et™1 — 4et~15)

where

O (- L5
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y(t, a) =y(1,a)(2t — 2 + 3et™1 — 4et~15)

Case 2: using 2 — differentiable

When t € [0,1], According to Equations (50)

j Vn+1 (L, a’)—f (S a)ds, n=>0
|
k n+1(t’ a) = f Xn(s; a)ds, n=0

0

where
yot,a) =yo(a), Yy, (t,a) =Yy ()

XO(t' a) = 0.75 + 0.25a, io(t, a) =1.125—-0.125«a

We approximate y(¢,a) and y(t,a), with ¢4(t) and ¢, (¢), respectively, as
follows:

6 6
Pe® =) ¥,  IO=) 7t
k=0 k=0

t

it a) = f V(s a)ds, ¥, (ta) =f Yo(s, a)ds
0 0

3_/1(1:, a) = (1.125 - 0.125a)t, ?1(15, a) = (0.75 + 0.25a)t

t

t
yo(t, @) = f y,(s,@)ds,  y,(ta) =J. y1(s, a)ds
0 0

2 tZ

t
Y2 (t, ) = (0.75 + 0.25a)?, y,(t a) = (1.125 — 0.125a)7

3 3

t t
Y3 (t,a) = (1.125 — 0.125a)€, y,(t,a) =(0.75+ O'ZSQ)E

6 t6

t _
26(1:, a) = (0.75 + O.25a)m, Y, (t,a) = (1.125—0. 125a)m
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t2 t3

QG(t) = 0.75+ 0.25a + (1.125 — 0.125a)t + (0.75 + 0.25a)7 +(1.125 — 0.1250{)3
t* t> t6

+ (075 + OZSQ)ﬁ + (1125 - 0125“)70 + (075 + 025&)—

720

Qé(t) = 0.9375 - 0.1875 + 0.0625a + 0.1875a + (0.9375 + 0.1875)t

2

t
+ (0.0625a — 0.1875a)t + (0.9375 — 0.1875)7

t? t3
+ (0.0625a + 0.1875a)? + (0.9375 + 0.1875)€
t3 t6
+ (0.0625a — 0.1875a)€ + -+ (0.9375 — 0.1875)m
t6
062 1 —
+ (0.0625a + 0.1875a) 750

tz
96(t) = (0.9375 + 0.0625) + (0.9375 + 0.0625a)t + (0.9375 + 0.0625a) >

t3 t6
+(0.9375 + 0.0625a)€ + .-+ (0.9375+ 0.0625a) —

720
+ (—0.1875 + 0.1875a) — (—0.1875 + 0.1875a)t
t2 £3
+ (01875 + 0.1875@) = — (<0.1875 + 0.18750) — + -

6

t
+ (—0.1875 + 0.1875a)m

6
th —p)k
Qs(t) = 2(0.9375 + 0.0625a)§ + (—0.1875 + 0.1875a)( k')
k=0 '

. £2 3
c|)6(t) = 1.125 - 0.125a + (0.75 + 0.25a)t + (1.125 — 0.125a)? + (0.75 + 0.25a)

t4- 5 t6

t
6

+ (1.125 - 0.125a)
66(1:) = 0.9375 + 0.1875 4 0.0625a — 0.1875a + (0.9375 — 0.1875)t

£2
+ (0.0625a + 0.1875a)t + (0.9375 + 0.1875)?

t? t3
+ (0.0625a — O.1875a)? + (0.9375 — 0.1875)€
t3 to
+ (0.0625a + O.1875a)€ + -+ (09375 + 0.1875)m

6

t
+ (0.0625a — O.1875a)m
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_ t2
¢6(t) = (0.9375 + 0.0625a) + (0.9375 + 0.0625a)t + (0.9375 + 0.0625a)7
t3 t6
+ (0.9375 + 0.0625a)€ + .-+ (0.9375 + 0.06256!)?0
2

t
+ (0.1875 — 0.1875a) — (0.1875 — 0.1875a)t + (0.1875 — 0.1875a)7
t3 to

—(0.1875 — 0.18750:)3 +---4(0.1875 — 0.18750{)70

6
—_ tk —t)k
¢6(t) = 2(0.9375 + 0.0625a)F —(—0.1875 + 0.1875«) ( k')

k=0

To find exact solution

y(ta) = lim ¢, (),  y(t,a) = lim ¢, ()

n
tk —t k
y(t, @) = lim 2(0.9375 + 0.0625a)§ +(-0.1875 + 0.1875a)( k')
n prrd H H
y(t, @) = (0.9375 + 0.0625a)et + (—0.1875 4 0.1875a)et
where
® k
ot = Z (—t)
k!
k=0
y(t,a) = lim 2(0.9375 + 0.06250()F —(—0.1875 + 0.1875a) o
n—oo . .

k=0

y(t,a) = (0.9375 + 0.0625a)et — (—0.1875 + 0.1875a)e*

When t € [1,1.5] we have

( t
Yn+1(t, @) = f yn(s, a)ds, n=>0
t

|

4_ o

I t

k?nﬂ(t. a) = f y,(s,a)ds, n=0
t

2z
where
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Yo(a) = y(1,a) = (0.9375 + 0.0625a)e + (—0.1875 + 0.1875a)e™?!

¥, (@) =y(1,a) = (0.9375 + 0.0625a)e — (—0.1875 + 0.1875a)e "

Yolt, @) = yola) + j 2y(La)(s—Dds,  F,(ta) =F,(@) + f 2y(1,@)(s — 1ds

Yot @) = y(L,@) + 25(1, ) (% - s|§), ¥,(t,a) = ¥(L,@) + 2y(1,a) (57 - s|§>

yot,a) =y(La)+y(L,a)(t-1?%  y(t,a) =y(1,a)+y(1 a)(t - 1)?

We approximate y(t,a) and y(t, ), with ¢4(t) and ¢, (1), respectively, as
follows:

6 6
P® =) nta),  IO=) 7t
k=0 k=0

yi(ta) = f Y, (s, a)ds, y,(ta)= j Yo(s, a)ds
1 1

}_’1(& a) = f y(1,a) + )_/(1, a)(t —1)?%ds
1

nta) =y(L,a)(t—1) +y(l,a) (t —1)3
y,ta)=y(L,a)(t—1) +y(1,a) (t —31)3
vt = | 3.(s,a)ds 7 = [ s s
ya(b, ) = f:X(L D -1)+50,a) " —31)3 ”
2 =y, _21)2 s 121)4
3,6 @) =310 = DG I21)4
ys(t,a) =y(1,a) ¢ _61)3 +y(1,@) ¢ ;01)5
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(t—1)3 (t— 1)5
6

¥, @) = y(1,@) +3(1,a)

(t—-1° _ (t—1)8
720 T YL 55760

(t—1)° (t—1)8
720~ T XL 55760

ye(t,a) = y(1,a)

ye(t,a) =y(1,a)
Then
(t-1)° y(,a) (t —21)2

— — _ 5 —1)4
(¢ 2) NG ) v, )( ) v, )( 1)

— — — — 1 6
(360) ( ) 3—'(1’“)(2520) y(1, )( )
(t—1)8
20160

$s®) =y(1L,a) +y1L, )t - 1D*+y(L,a)(t -1 +y(1,a)

+y(1,a)

+y(1,a)

+y(1,a)

$6(0) =y (1,0 +37(L @)t~ D? + ¥ (L)~ D 4550 )t~ 1)

(t— 1)3 (t—-1)3
3 tzY y(l a) 3

—%i(l, a)(t—1)+ %)_/(1, a)

(t—1)?
2

t—1)3 1 (t—1)3

(t—1*
12
(t—1)°
60
(t—-1°
360

(t—1)?* 3_ t—1D* 1_
> +Zy(1,a) B +Zy(1,a)

3 t—1)5 1
gty ——+g

(t—1)°
360

3 1
+5y(1,) —5y(La)

3
+55(1,0) y(1,a)

3 t—-1D* 1 (t—1)*
Tyt —yLa) =

3 1
4 4
(t—1)° 1_ (t— )5 3 t-17 1 (t—1)7
120 2709 Zy(l'“) 2520 +ZX(1’“) 2520

+-y(1,a)

+-y(1,a)

+— y(l a)

t-1° 1 (t— )6 _ t-1)° 1_ (t—1)°
720 2 (1 @) (1 )20160 (1 )20160

+— y(l a)

$6(0) =370, +57(1,0) = 27(L,@) +5 7L @)t~ 1)~ 5¥(La)(E D

(1:—2)2 loa, )(t— v® _(1 )(t—1)3_1_(1 )(t—1)3

3
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(t—4)4 loa, )(t— )4 _(1 )(t—1)5 1

(t— )6 _ (t— )6
720 (1 @) 720

23’(1 a) 120 2

Ey(l; (l)

(t— 1% 1

+ 1y(l a)(t—1)— 2y(1 a)(t—1)+= y(l a)

3
+5y(1,a) +5y(1,a) + sy(La)

6 2= 6

-5y,

—7y(La)

(t—1)°
120

a)

3
+5y y(l a) - —y(l,a) +oyLa)(-1)

(t - 1)2

t-13° 1 (t—-1)3 (t—1)4

(t - )4 (t— )5 (t— )5

——y(l ) > (1 ) > (1 )

24

(t— e 1 (t— )6 (t— )7
720 2205 (1 D 5o0z0 T2

+- y(l a)

_21) +y(1,a) (¢

b6 (0) = ;(?(L a)+y(1,a)t—1)+y(1,a) «

(t-1)°
720

(t—1)3 (t—-1)°
c +---+)_/(1,a) =30 >

+y(1,a)

+3_1(1, a)

2

_%<3_’(1, @) +3_/(1, a)(1-1)+ 3_’(1: o (1-

+ty1a)— = =¥1,a)1 - 1) - y(L,a)

(t—1)°
720

— e —3(1, ) > - Zz(l,a)(t -1)-2y(1,a)

3
> (?(1, a)

y(1,a)

(t—1)" (t—1)>

&
Il =)}
o

96 t) =

1

——<y(1 a)u— 0" (1— )

-y, )

B0 =7 +y(La)(t - 12+ y(dLa)(t - 1) + 701, @)

_ 4 _ _ 5
fya0 0,0 50,0 0
1)6 _ —
+y(, “)(t%o) ( ) +y(Q, )(2520)
-1 8
* 3.0 16y

Z(L )

+y(La)+y(1,a)(t-1) +y(1,a)

) +vy(1,a)

— )6 —1)2 — )3
1-1v)° _ _ (1-1) _y(l’a)(l t)

3

(t—1)7
5040

— 1)3
6 +

(t—1)2

2

(1-1¢)3
3 +

> — ZX(l, a)(t—1)—-2y(1,a)

e )( —1)2
e )( —1)4
e )( —1)6
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3.t z;<y(1 o) +3(1, )(t_ )>

(1—t) Ly )<1—>

1 <y(1 a) > -2y(1,)(t—1) — Zz(l,a)

To find exact solution

y(ta) = lim ¢, (),  y(t,a) = lim ¢, (¢)

y(ta)—rlllrgoz e

(1 —t) _3(La) (1; t)

—%(y( ,a)

y(t a) = ;(5(1, a)et™1 + y(1, a)et‘l) - %(X(l' a)el™t —y(1, a)el‘t)
— 22(1, a)(t—1)-2y(1,a)

k
> — 23_/(1, a)(t—1)—-2y(1,a)

y(t,@) = ;et‘l (Lo +70@)+ %el‘t (FLo - y(o) - 20—
—-2y(1,a)

y(t, ) = ;et‘l (Lo +700)- ;

-2y(1,a)

e (FL0 -y @) - 251 - D

when t € [1.5,2] we have

( t

jJ’nﬂ(t, a) = f yn(s, a)ds, n=>0
Z o

't

t
yn+1(t' a) = f Xn(s; a)ds, n=0
to

where
yo(a) = y(1.5,a)

= ;et‘l (Lo +70,0)+ %el‘t (F0 - yt,@) -2y @) - 1)
-2y(1, @)
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Yola) =y(15,a)

3 1
= Eet‘l (z(l,a) +y(@1, a)) - Eel‘t (?(1, a) — X(l,a)) -2y(L,a)(t—1)
-2y(1,a)

t

1ot @) = yo(@ + | 251,002 - 5)ds
1.5

_ s?
Yo(t, @) = y(1.5,a) + 2y(1,a) (25 -5 |§.5>

2 8

_ t2 15
XO(t' a) = 2(1.5, a) —2y(1,a) 5 2t + 5

Yo(t, @) = y(1.5,@) = (1, ) (tz 4+ 1?5)

9 3
Yo(t, @) = y(1.5,@) = y(1,a) (tz —3t+ ot t)
2

Yolt, @) = y(15,0) = y(1,@) ((t - %) - (¢~ %))

t

7. (t,a) =, (a) + f 29(1,@)(2 - s)ds

1.5

XO(t' a) = 2(1.5, a) +2y(1,a) <2t — ﬁ -3+ 2)

2

Vot @) =y(1.5,a) —y(1,a) <(t - %) ) (t ) %)>

We approximate y(t,a) and y(t, a), with ¢(t) and ¢, (t), respectively, as
follows:

6 6
P = ) nt@, B0 =) 7,
k=0 k=0

t

t
y1(t,a) = f Y, (s, a)ds, y,(t a)= f Yo(s, a)ds
15

1.5

(t—1.5)% (t—1.5)?
3 2 >

Y1 (t,a) =y(1.5,a)(t —1.5) — X(l' a) <

~15)% (t—15)?
y,(t,a) = y(15a)(t - 1.5) - y(1,a) <(t - )® (¢ = ) >

—1.5)2 —1.5)4 _15)3
Xz(t,a)=z(1.5,a)(t 5 ) —?(1,a)<(t = )@ - )>
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— 1.5)° - 15)* (t—15)3
7,6 @) = 5(15,0) —X(l,a)<(t 19" () )>

- 1.5)3 —15)5 _ 15)*
y3(t, @) =y(1.5,a) C c ) ~y(1L,a) <(t P (@ ) >

60 24

(t — 1.5)3 _3a) ((t —1.5)° _ (t— 1.5)4>
6 )

vyt a) =y(15,a) 20 7

(t —1.5)°
720

S <(t ~15)° (t- 1.5)7>

Y6(t, @) = y(1.5,) 20160 5040

(t—1.5)°
720

¥, (t @) = F(1.5,a) —y(1,a) (

(t—1.5)®% (t—1.5)
20160 5040

then

P6(t) = y(1.5,a) = y(1,a)((t — 1.5)% = (¢t — 1.5)) + y(1.5,a)(t — 1.5)

(t—15)% (t—1.5)? (t — 1.5)?
) ( 3 - 5 > + 3_/(1.5,a) 5

-y(1,a

(t—1.5)3
6

(t — 1.5)* _ (t —1.5)3

—y(1,a) 3 c

+y(1.5,a)

—y(1, )

60 r ) TS —g

(t —1.5)° _ (t —1.5)°

YL a)| =g, 120

(t—15)" (t—1.5)°
2520 720

/N N /N

(t —1.5)° _ (t — 1.5)4> (t —1.5)*

—y(1, )

20160 5040

a) ((t —-15)2% (t- 1.5)7>

96(1:) = %2(1.5, a) + %X(l.S,a) + %2(1.5, a)(t—1.5)+ %X(l.S,a)(l.S —t)

1 (t—15)° 1 (15-1t)° 1 (t—15)°
+§X(1'5' a) > +§X(1'5' a) > +53_/(1.5,a)
1 15-1)° 1 (t-15)"* 1 (1.5 —t)*
+ 52(1.5, a) e + 52(1.5, a) >4 + 52(1.5, a) o
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- 15 15—t -15
+5 y(15a)(t 20) Sy(15, )( 120) Sy (15, )(t 0)

(1.5 - )

1 1
+= y(l 5a) 730 2 y(l 5a)— —y(1.5, a) + 55(1.5, a)(t—1.5)

——y(15a)(15—t)+ y(15a)(t_15) —1_(15 )(15—t)

"‘%7(1'5'“)@_61.5) _1_( 5 )(15—t) _( 15, )(t—15)

1_ (15—t)4 (t—15) 1 (1.5 —t)°
—Ey(l.S,a) 52 2y(1 5,a) 50 —Ey(l 5,a) 130

15050 L5050 2520 L0 o Baw + 500

“Y(l a)(t - 15) ——y(l @)(15—1t) ——y(l @) (t_ L5)’ _E—( La) (15— 25

B (t—15)° 3_ 15-1t)° 1_ (t—15)* 3_
—Ey(l,a) c —Ey(l,a) 6 _EY(l’a)T —Ey(l,a)
(t —1.5)° 3_(1 )(1.5—::)8

40320 27 % 740320

(1.5 —t)*
24

1
_"'_Ey(l'“)

—%X(l, a) + ;}_/(1, a) — )_/(1, a) — %)_/(1, a)(t—1.5)+ %X(l,a)(l.S —t)

+2y(La) (=18 - 5701, a)(t_ls) +%z(1,a)(1'52_ 2 2y a)<t—15)
S~ —-1.5 5 _
TR LI WO Gt AN 2

1 —15)"
06 (0 = Y =(y(15,0) +7015,0) - y(1,0) ~7(1,0)) (- 13)

= k!
k=0

(1.5 —t)*
k!

+ % (y(15,@ - 7(15,0) + 3y(1,@) - 37(1,0))
+2y(1,a)(t—2) + 2y(1,a)

P, (1) =y(1.5,a) —y(1,a)((t = 1.5)% = (¢t = 1.5)) + y(1.5,a)(t — 1.5)

5 a) ((t —-1.5)3® (t—1.5)?

_ (t —1.5)2
3 — > > + y(1.5,a)
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(t—15)4 (t—15)

-y(1,a)

_y(l' (X)

(t—15)6 t—15)5

-y(1,a)

(t—15)7 (t—15)

—y(1,a) 5570

<(t— 15)5 (t— 15)4

+ +
<|
/\
=
w1
(7

~
o~
I
—_
w1
—
IS

-y(1, a)(

(t—1.5)8% (t—1.5)
20160 5040

(t—1.5)"
k!

6
5,0 =) 3(y150+70150 - y1,0) - 71,)

k=0

(1.5 —t)*

—%(2(1-5, a) —y(1.5,a) +3y(1,a) — 3?(1@)) o

+2y(1,a)(t—2) + 22(1, a)

To find exact solution

y(ta) = lim ¢,(t),  y(t,a) = lim ¢, ()

6

y(t,a) = lim Z
= n—oo P

+ 3 2(1.5, a) —y(1.5,a) + 3X(1' a) — 3?(1,6!))

+ 22(1, a)(t—2)+2y(1,a)

Uy

(t —1.5)"
k!
(1.5 — t)*
k!

(Y150 + 7150 - y(L,0) - 7(1,0)

<)
N |

[N
/N

1
y(t a) = (y(l 5@) +y(1.5,a) —y(1,a) = y(1, a)) t-1.5

+%(2(1-5. a) —y(15,a) +3y(1,a) — 3?(1,a)> 57t + 2y(1, a)(t — 2)
+2y(1, )

1
y(t a) = (y(l 5@) +y(1.5,a) —y(1,a) = y(1, a)) t-1.5

—%(2(1.5, a) —y(1.5,a) +3y(1,a) — 3?(1,@) et 4+ 23(1,a)(t — 2)
+2y(1,a)
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b- Let y(0) = (0.25,0.75,4)
y(0,a) =[0.25+ 0.5a,4 —3.25a], 0<a <1
using 1 — differentiable

According to Equations (49), when t € [0,1] we have
Yot a) =yo(a), ¥ (ta)=y,(a)
Xo(t' a) = 0.25 + 0.5q, ?O(t, a) =4 —3.25a

We approximate y(t,a) and y(t, a), with ¢4(t) and ¢, (1), respectively, as
follows:

6 6
P =) nt),  F,0=) 7,6
k=0 k=0

t t

y1(t, @) = f Yo(s, a)ds, y,(ta)= j Y, (s, a)ds
0

0
Xl(t' a) = (0.25 + 0.5a)¢t, y,(t a) = (4—3.25a)t

t? t?
Y2 (t,) = (0.25 + O.Sa)?, iz(t, a)=(4- 3.25a)?

£6
720’

t6

y6(t, a) = (4—3.25a) =70

Y6(t, @) = (0.25 + 0.5q)

6 Kk 6 k
0 = Y YO T GO = F Lo
k=0 k=0

To find exact solution

y(ta) =y (ta)e’,  y(t,a) =y (¢ a)e’,
when t € [1,1.5] we have
yola) = y(1,a) = [(0.25+ 0.5a)e, (4 — 3.25a)e]
t
7o(t,@) = yo(@) + | 2y, @) - Vs,
1

7. (t,a) = 7, (@) + f 25(1,a)(s — 1)ds

Yot @) = y(La)(t = D*+1),  Fy(ta) =F(La)((t—1)? + 1),
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We approximate y(t, @) and y(t, ), with ¢¢(¢) and ,(t), respectively, as

follows:

OEACIO)
k=0

t
yi(t,a) = j Yo(s, a)ds,
1

(t—1)°3

EXOEDWACKS
k=0

y,(ta) = f Yo (s, a)ds

—1)3
Xl(t,a)=z(1,a)< +t—1>, ?l(t,a)=§(1,a)<(t 31) +t—1>

3

(t—1) G >

(t-1D* (t-1)°
12 2 * )

y,(ta) = ?(1,a)< P >

y2(t, @) = y(1, a)(

(t—1)°% (t—1)° _ _ (t—18 (t-1)°
ye(t, @) = y(1, a)( 50160 720 > y(t,a) = y(l,a)< 50160 720 >
Then

6
2(t—1)F*2  (t—1)*
$6(6) = ZX(L“)< Gk+20 oo >

k=0

6
_ _ 2(t — 12 (t— 1)k
4M”=Z“l”<w+m!+(m!>
k=0

To find exact solution
X(t' ) = X(l' a)(3et™1 —2t)

y(t,a) =y(1,a)(3et™1 — 2t)

when t € [1.5,2] we have

Yola) =y(1.5a) = [X(L a)(3e%5 — 3),5(1, @) (3e%5 — 3)]

yo(t,a) = y(1.5,a) — y(1, a)((t —1.5)2 - (t— 1.5))

?Jam=ﬂ%w)+f2?040@—sws
1.5

7o(t,@) = yo(@) + | 2y(L )2 - )ds
1.5
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Vot @) =y(1.5,a) —y(1,a)((t — 1.5)% — (t — 1.5))

We approximate y(t, @) and y(t, ), with ¢¢(¢) and $,(t), respectively, as
follows:

6 6
P6® =) nta),  J,0=) 7,6
k=0 k=0

t t

yi(ta) = f Yo(s, a)ds, y,(ta) = j Yo(s, a)ds

1.5 1.5

t

nea = | (yas,0-yaa(s-157 - - 15))ds
5

1.

(t—15)° (¢t 1.5)2>

Xl(t' a) = 2(1.5, a)(t—1.5) — X(l' a) < 3 5

(t—15)° (¢ 1.5)2>

y,(t,a) =y(1.5,a)(t — 1.5) —y(1,a) < 3 5

Y2 (t,a) = 3_/(1.5, a)

(t — 1.5)2 (t—15)* (t—1.5)°
A )< 12 6 >

(t—15)2 _ (t-—15)* (t-15)°
> —y(l,a)< S >

y,(t,a) =y(1.5,a) 5

(t —1.5)° Cya <(t —-15)8 (t—1.5) >

Ys(t,a) = y(1.5,0) —— 20160 5040

y.(t @) = ¥(1.5,@)

t-18)° _ . (E=15° (t—1.5)’
720 y('“)< 20160 5040 >

then

(t — 1.5)k . 2(t — 1.5)k+2 (¢t —1.5)"*"
! _X('“)< k+2)  (k+ D! )

be(t) = Z y(15,@)
k=

(t — 1. 5)k CSLa) <Z(t— 1.5)k*2 (¢t — 1.5)"“)

(t)—zy(“’“) k+2)!  (k+ D!
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To find exact solution
y(t.@) = lim ¢, (1),  y(t,a) = lim ¢, ()
y(ta) =y(1,a)(2t —2 +3e*" - 4et~15)

y(t, @) =y(1,a)(2t — 2 + et~ — 4et~15)

3.7 Predictor-Corrector Method

In this section, we solve hybrid fuzzy differential equations (3) by Milne’s
Fourth Order Predictor-Corrector Method and Adams-Bashforth order four
Predictor-Corrector Method.

3.7.1 Milne’s Four Step Method

This section will introduce how to solve hybrid fuzzy differential equations
(29) by Milne’s four step method.

Let the fuzzy initial values be
y(ti-1), y(t), Y (tiv1), Y(tis2),
i.e. f(ti—1'}’(ti—1)): f(tiJY(ti)): f(ti+1:Y(ti+1)):f(ti+2’Y(ti+2)),
The predictor used the Lagrange polynomial approximation for f(t, y(t))..
This process produced the Milne’s four -step method, Therefore, the Milne’s
explicit four step method is obtained as follows:
4h
Y(tias) = y“(tia) + (25 U(ti42 Y (ti42)) = [ (tiar, ¥ (ti1)) + 2f “(ti,y(ti)))

4h / —a —a —a
Y (tivs) =y (tii) + 3 <2f (ti+2')’(ti+2)) -f (ti+1JJ’(ti+1)) +2f (ti'Y(ti))>

The corrector is developed similarly, The Implicit three step method is obtained
as follows:

h
Xa(ti+3) = Xa(tiﬂ) + §(£a(ti+3'Y(ti+3)) + 4£a(ti+2'3’(ti+2)) + ia(ti+1'3’(ti+1)))

h/—a —a —a
¥ (tivs) =Y (1) + §(f (ti+3'3’(ti+3)) +4f (ti+2'y(ti+2)) +f (ti+1f37(ti+1)))
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Predictor-corrector four step method

The following algorithm is based on Explicit four-step method as a predictor
and also an iteration of implicit three-step method as a corrector.

ALGORITHM:

By fix k € Z*. To approximate the solution of the following hybrid fuzzy initial
value problem.

( Vi) =f (tk,iJY(tk,i);Ak(Yk)); ty St < lryr
{Xa(tk,i—l) =ap,  Y(ti) =,  Y(tkir) =@ Y (trirz) = a3
U (tei-t) =0 7 () =T 7 (o) =T 7 (teinz) = T
an arbitrary positive integer N, is chosen.
Step 1: Let h = Heratk

Ne
ﬂ“(tk,o) = Qyp, wa(tk,l) =, ﬂa(tk,z) = a,, w“(tks) = as,
wi(tro) =@, W(tka) =@, W(te2) = @, w(trs) = @,

Step 2: Leti =1.
Step 3: Let
wO®(ty i 03) = w(tri-1)
+ %h [2]_“" (tk:i+2' w(ty,i+2), Ak(Wk)) - f° (tk,i+1' W(tk,i+1)’ﬂk(wk))

+2f@ (tk,i, w(tii), (Wk))]

WO (ties) = W (tio1)
+ %h [Zfa (tk,m, w(tyir2), Ak(wk)) -F (t,m-ﬂ,w(tk,iﬂ),gk(wk))
+2f" (tk,i, w(tyi), Ak (wk))]
Step 4: Let ty ;43 =tgo+ ((+3)h
Step 5: Let

h
Wty ivs) = W (tiiar) + §[£a (tk,i+3'W(tk,i+3);ﬂk(Wk))

+4]_m (tk,i+2' W(tk,i+2)' Ak (Wk)) + f“ (tk,i+1' W(tk,i+1),lk(Wk))]
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—a —a h —a
w (tk,i+3) =w (tk,i+1) + §[f (tk,i+3;W(tk,i+3); lk(Wk))

+470£ (tk,i+2' W(tk.i+2)' A (Wk)) + ]_Ca (tk,i+1; W(tk,i+1)'/1k (Wk))]
Step6:i=i+1.
Step 7:if i <N — 3, 9o to step 3.

Step 8: The algorithm ends, and (m“(tkﬂ),wa(tkﬂ)) approximates the value of

(1), 7 )

3.7.2 Adams-Bashforth Four Step Method
The Adams-Bashforth explicit four step method is obtained as follows:
Y (tir3) = y*(tis2)
+ 2_2 (55Z“(ti+z;y(ti+z)) = 59 %(tin1, ¥(tisn)) + 37t (&)
- 9J_ca(ti—1:3’(ti—1))>
Y (tirs) = 5" (tir2)
+ % (55]7a(ti+2,y(ti+2)) —59F" (tisn, ¥(tisn)) + 37F (t0y(&D)

- 971 (ti—1: Y(ti—1))>

The corrector is developed similarly, The Implicit three step method is obtained
as follows:

Xa(ti+3) = Xa(ti+2)
h
+ ﬁ(gf_m(tns')’(tns)) + 19£a(ti+2:yui+2)) - 5]_m(ti+1'3’(ti+1))
+ £t y(@)))
¥ (tivs) =" (tiy2)
h —a —a —a
+ 24 (9f (ti+3'3’(ti+3)) +19f (ti+2'y(ti+2)) —5f (ti+1f37(ti+1))

+ 70[ (¢, }’(ti))>
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ALGORITHM:

By fix k € Z*. To approximate the solution of the following hybrid fuzzy initial
value problem.

( ye() =f (tk,i'Y(tk,i);Ak(yk)) by << trsq
{Xa(tk,i—l) = Qy, Xa(tk,i) = ay, y (tk l+1) Az, Xa(tk,i+2) =as
kya(tk,i—l) = ay, ya(tk,i) = ay, (tk,1+1) = ay, ya(tk,wz) = a3

an arbitrary positive integer N, is chosen.
Step 1: Let p = Hx1—te

Ng

w(tio) = a0, w(tyr) =@, wi(tiz) =ar,  w(ty3) =
Wa(tklo) = ao, Wa(tk’l) = al, Wa(tk’z) = az, Wa(tk‘g,) = 63,
Step 2: Leti = 1.
Step 3: Let
wO®(ty;3) = w(tri-1)
+£ 55f¢ tieirz W(thia2) e W) ) — 59f¢ thier W(tiir1)s k(Wi
24
+37f¢ (tk,i' w(tr:), Ak(Wk)) —9f“ (tk,i—ll W(tk,i—1),/1k(Wk))]
W(O)a(tk,i+3) =W (tyi-1)
+ s 55F tieira W(thia2) e W) ) — 597 thier W (1) Ae(Wie)
24
+37f (tk,il w(tr:), Ak(Wk)) - 9f (tk,i—l»W(tk,i—l),ﬂk(Wk))]
Step 4: Let ¢y 43 =tro + (@ +3)h
Step 5: Let

h
W (tivs) = W (tiiaz) + 52 19" (tk,i+3: w(tei+3) Ak (Wk))

+19f¢ (tk,i+2'W(tk,i+2)' Ak(Wk)) —5f* (tk,i+1: W(tk,i+1)'/1k(wk))
+f° (tk,i' w(ty,:), Ak(Wk))]

Wa(tk,i+3) _a(tsz)"‘ 9f (tk,i+3'W(tk,i+3);lk(Wk))
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+19F (tk,m,w(tk,m), Ak(wk)) —5f" (tk,m, w(tk,m),/lk(wk))
+f (tk,i, w(t), A (wk))]
Step6:i=i+1.
Step 7:if i < N — 3, go to step 3.
Step 8: The algorithm ends, and (m“(tkﬂ),wa(tkﬂ)) approximates the value of
(). T )
Theorem 8: The Adams-Bashforth explicit four step method is stable method.

Proof: there exists only one characteristic polynomial p(1) = A* — 23, so0
satisfies the root condition. And therefore, it is a stable method.

Theorem 9: The Adams-Bashforth implicit three step method.

Proof: there exists only one characteristic polynomial p(1) = A* — 43, s0
satisfies the root condition. And therefore, it is a stable method.

Theorem 10: The Milne's explicit four step method is stable method.

Proof: there exists only one characteristic polynomial p(1) = A* — 1, s0
satisfies the root condition. And therefore, it is a stable method.

Theorem 11: The Milne's implicit three step method.

Proof: there exists only one characteristic polynomial p(1) = A* — A2, so
satisfies the root condition. And therefore, it is a stable method.

To solve HFDEs (29) by Milne’s Fourth Order Predictor-Corrector Method
Suppose given the IVP

If y(0,a) = [0.75 + 0.25a, 1.125 — 0.125q]

4y(0.02,a) = [0.75 + 0.25a,1.125 — 0.125a]e 2
| ¥(0.04,a) = [0.75 + 0.25a,1.125 — 0.125a]e"%*
|»(0.06,a) = [0.75 + 0.25¢,1.125 — 0.125a]e

Let N =100 then h = 0.02

When t € [0,1]

(1)
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We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.7.1-3 and Figs 3.7.1-3 respectively, and
the absolute errors of the approximate results in Tables 3.7.4-6.

Table 3.7.1: Numerical values for the exact and approximate solutions (Milne’s) for t = 1

a Exact Milne’s of order four

Y(t, a)

Y(t, )

y(t,a)

y(t )

2.038711371344284

3.058067057016426

2.038711372736861

3.058067059105292

0.1

2.106668417055760

3.024088534160689

2.106668418494757

3.024088536226344

0.2

2.174625462767236

2.990110011304950

2.174625464252652

2.990110013347397

0.3

2.242582508478713

2.956131488449212

2.242582510010547

2.956131490468449

0.4

2.310539554190189

2.922152965593474

2.310539555768443

2.922152967589501

0.5

2.378496599901665

2.888174442737736

2.378496601526338

2.888174444710553

0.6

2.446453645613141

2.854195919881998

2.446453647284233

2.854195921831606

0.7

2.514410691324617

2.820217397026260

2.514410693042129

2.820217398952658

0.8

2.582367737036093

2.786238874170521

2.582367738800024

2.786238876073711

0.9

2.650324782747569

2.752260351314784

2.650324784557919

2.752260353194763

2.718281828459046

2.718281828459046

2.718281830315815

2.718281830315815

1

09

exact
*  Milne

22 24 26

y

-

28 3 32

Figure 3.7.1: Exact and Milne solutions for t = 1.5

Table 3.7.2: Numerical values for the exact and approximate solutions (Milne’s) for t = 1.5

a

Exact

Milne’s of order four

Yt a)

Y(t, )

y(t a)

y(t )

3.967666294227795

5.951499441341692

3.967666299420739

5.951499449131109

0.1

4.099921837368721

5.885371669771230

4.099921842734765

5.885371677474096

0.2

4.232177380509648

5.819243898200766

4.232177386048789

5.819243905817085

0.3

4.364432923650575

5.753116126630302

4.364432929362812

5.753116134160072

0.4

4.496688466791501

5.686988355059839

4.496688472676839

5.686988362503059

0.5

4.628944009932427

5.620860583489376

4.628944015990862

5.620860590846046

0.6

4.761199553073354

5.554732811918913

4.761199559304886

5.554732819189035

0.7

4.893455096214280

5.488605040348450

4.893455102618911

5.488605047532023

0.8

5.025710639355206

5.422477268777985

5.025710645932936

5.422477275875011

0.9

5.157966182496133

5.356349497207523

5.157966189246960

5.356349504217998

5.290221725637060

5.290221725637060

5.290221732560985

5.290221732560985
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Figure 3.7.2: Exact and Milne solutions for t = 1.5

Table 3.7.3: Numerical values for the exact and approximate solutions (Milne’s) for t = 2

a

Exact

Y

Y

Milne’s of order four

Y

y

7.257731754268338

10.88659763140251

7.257731764102271

10.88659764615341

0.1

7.499656146077282

10.76563543549804

7.499656156239015

10.76563545008503

0.2

7.741580537886227

10.64467323959356

7.741580548375756

10.64467325401667

0.3

7.983504929695171

10.52371104368909

7.983504940512497

10.52371105794829

0.4

8.225429321504116

10.40274884778462

8.225429332649243

10.40274886187992

0.5

8.467353713313061

10.28178665188015

8.467353724785982

10.28178666581155

0.6

8.709278105122007

10.16082445597567

8.709278116922723

10.16082446974318

0.7

8.951202496930950

10.03986226007120

8.951202509059467

10.03986227367481

0.8

9.193126888739894

9.918900064166728

9.193126901196209

9.918900077606438

0.9

9.435051280548839

9.797937868262256

9.435051293332952

9.797937881538067

9.676975672357784

9.676975672357784

9.676975685469694

9.676975685469694

exact
*  Mine| ]

95 10

Figure 3.7.3: Exact and Milne solutions for t = 2
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Table 3.7.4: The absolute errors of the Milne’s method (1 — differentiable) fort = 1

Absolute error

’ v -y~ V-l

0 1.3926 x 107° 2.0889 x 107°
0.1 1.4390 x 10~° 2.0657 x 107°
0.2 1.4854 x 10~° 2.0424 x 107°
0.3 1.5318 x 107° 2.0192 x 107°
0.4 1.5783 x 10~° 1.9960 x 10~°
0.5 1.6247 x 10~° 1.9728 x 10~°
0.6 1.6711 x 10~° 1.9496 x 10~°
0.7 1.7175 x 10~° 1.9264 x 107°
0.8 1.7639 x 10~° 1.9032 x 107°
0.9 1.8104 x 10~° 1.8800 x 10~°
1 1.8568 x 10~° 1.8568 x 10~°

Table 3.7.5: The absolute errors of the Milne’s method (1 — differentiable) for t = 1.5

Absolute error

« v —y| = Y -7 =

5.1929 x 10~° 7.7894 x 10~°
0.1 5.3660 x 10~° 7.7029 x 107°
0.2 5.5391 x 107° 7.6163 x 107°
0.3 5.7122 x 107° 7.5298 x 107°
0.4 5.8853 x 107° 7.4432 x 107°
0.5 6.0584 x 107° 7.3567 x 107°
0.6 6.2315 x 107° 7.2701 x 107°
0.7 6.4046 x 107° 7.1836 x 107°
0.8 6.5777 x 107° 7.0970 x 10~°
0.9 6.7508 x 10~° 7.0105 x 10~°
1 6.9239 x 107° 6.9239 x 107°

Table 3.7.6: The absolute errors of the Milne’s method (1 — differentiable) for t = 2

Absolute error

i ¥ —y| = Y -y| ~

0 9.8339 x 10~° 1.4751 x 1078
0.1 1.0162 x 1078 1.4587 x 1078
0.2 1.0490 x 1078 1.4423 x 1078
0.3 1.0817 x 1078 1.4259 x 1078
0.4 1.1145 x 1078 1.4095 x 1078
0.5 1.1473 x 1078 1.3931 x 1078
0.6 1.1801 x 1078 1.3768 x 1078
0.7 1.2129 x 1078 1.3604 x 1078
0.8 1.2456 x 1078 1.3440 x 1078
0.9 1.2784 x 1078 1.3276 x 1078
1 1.3112 x 1078 1.3112 x 1078
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As shown in Tables 3.7.1-6, the PCM using Milne's 4™ order obtained accurate

results.

To solve HFDEs (29) by Adams-Bashforth four step method Predictor-
Corrector Method. Let IVP (51), N = 100 then h = 0.02.

By Matlab software the exact solutions with approximate results of this example
are presented in Tables 3.7.7-9 and Figs 3.7.4-6 respectively., and the absolute
errors of the approximate results in Tables 3.7.10-12.

Table 3.7.7: Numerical values for the exact and approximate solutions (Adams-Bashforth)

fort=1
a Exact Adams-Bashforth of order four
Y Y y y
0 2.038711371344284 | 3.058067057016426 | 2.038711378478180 | 3.058067067717269
0.1 | 2.106668417055760 | 3.024088534160689 | 2.106668424427452 | 3.024088544742633
0.2 | 2.174625462767236 | 2.990110011304950 | 2.174625470376725 | 2.990110021767997
0.3 | 2.242582508478713 | 2.956131488449212 | 2.242582516325997 | 2.956131498793360
0.4 | 2.310539554190189 | 2.922152965593474 | 2.310539562275270 | 2.922152975818724
0.5 | 2.378496599901665 | 2.888174442737736 | 2.378496608224543 | 2.888174452844087
0.6 | 2.446453645613141 | 2.854195919881998 | 2.446453654173816 | 2.854195929869452
0.7 | 2.514410691324617 | 2.820217397026260 | 2.514410700123088 | 2.820217406894816
0.8 | 2.582367737036093 | 2.786238874170521 | 2.582367746072360 | 2.786238883920178
0.9 | 2.650324782747569 | 2.752260351314784 | 2.650324792021633 | 2.752260360945542
1 2.718281828459046 | 2.718281828459046 | 2.718281837970906 | 2.718281837970906

09r

08

0.7

exact

# Adam-Bashforth| |

2 22

24 26
y

28 3

32

Figure 3.7.4: Exact and Adams-Bashforth solutions for t = 1
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Table 3.7.8: Numerical values for the exact and approximate solutions (Adams-Bashforth)

fort =1.5
a Exact Adams-Bashforth of order four
Y Y y y
0 3.967666294227795 | 5.951499441341692 | 3.967666323833623 | 5.951499485750433
0.1 | 4.099921837368721 | 5.885371669771230 | 4.099921867961409 | 5.885371713686539
0.2 | 4.232177380509648 | 5.819243898200766 | 4.232177412089197 | 5.819243941622646
0.3 | 4.364432923650575 | 5.753116126630302 | 4.364432956216984 | 5.753116169558751
0.4 | 4.496688466791501 | 5.686988355059839 | 4.496688500344771 | 5.686988397494859
0.5 | 4.628944009932427 | 5.620860583489376 | 4.628944044472560 | 5.620860625430963
0.6 | 4.761199553073354 | 5.554732811918913 | 4.761199588600348 | 5.554732853367072
0.7 | 4.893455096214280 | 5.488605040348450 | 4.893455132728134 | 5.488605081303179
0.8 | 5.025710639355206 | 5.422477268777985 | 5.025710676855920 | 5.422477309239282
0.9 | 5.157966182496133 | 5.356349497207523 | 5.157966220983708 | 5.356349537175389
1 5.290221725637060 | 5.290221725637060 | 5.290221765111497 | 5.290221765111497
; -
exact
0.9 1| % Adam-Bashforth
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Figure 3.7.5: Exact and Adams-Bashforth solutions for t = 1.5

Table 3.7.9: Numerical values for the exact and approximate solutions (Adams-Bashforth)
fort =2

Exact

Adams-Bashforth of order four

Y

Y

y

y

7.257731754268338

10.88659763140251

7.257731810544643

10.88659771581696

0.1

7.499656146077282

10.76563543549804

7.499656204229461

10.76563551897455

0.2

7.741580537886227

10.64467323959356

7.741580597914283

10.64467332213214

0.3

7.983504929695171

10.52371104368909

7.983504991599104

10.52371112528973

0.4

8.225429321504116

10.40274884778462

8.225429385283924

10.40274892844732

0.5

8.467353713313061

10.28178665188015

8.467353778968748

10.28178673160491

0.6

8.709278105122007

10.16082445597567

8.709278172653573

10.16082453476250

0.7

8.951202496930950

10.03986226007120

8.951202566338390

10.03986233792009

0.8

9.193126888739894

9.918900064166728

9.193126960023209

9.918900141077673

0.9

9.435051280548839

9.797937868262256

9.435051353708031

9.797937944235263

9.676975672357784

9.676975672357784

9.676975747392856

9.676975747392856
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y
Figure 3.7.6: Exact and Adams-Bashforth solutions for t = 2

Table 3.7.10: The absolute errors of the Adams-Bashforth method (1 — differentiable)

exact
# Adams-Bashforth

8 85 9 95

fort=1

10 10.5 "

Absolute error

) ¥ —y| =~ Y -y|~

0 7.1339 x 108 1.0701 x 1078
0.1 7.3717 x 10~° 1.0582 x 1078
0.2 7.6095 x 10~° 1.0463 x 1078
0.3 7.8473 x 107° 1.0344 x 1078
0.4 8.0851 x 10~° 1.0225 x 1078
0.5 8.3229 x 10~° 1.0106 x 1078
0.6 8.5607 x 10~° 9.9875 x 10~°
0.7 8.7985 x 10~° 9.8686 x 10~°
0.8 9.0363 x 107° 9.7497 x 10~°
0.9 9.2741 x 107° 9.6308 x 10~°
1 9.5119 x 107° 9.5119 x 10~°

Table 3.7.11: The absolute errors of the Adams-Bashforth method (1 — differentiable)

fort =1.5

Absolute error

) ¥ —y| = Y —-y| ~

0 7.1339 x 1078 1.0701 x 1078
0.1 73717 x 10~° 1.0582 x 1078
0.2 7.6095 x 10~° 1.0463 x 1078
0.3 7.8473 x 107° 1.0344 x 1078
0.4 8.0851 x 10~° 1.0225 x 1078
0.5 8.3229 x 107° 1.0106 x 1078
0.6 8.5607 x 10~° 9.9875 x 10~°
0.7 8.7985 x 10~° 9.8686 x 10~°
0.8 9.0363 x 107° 9.7497 x 10~°
0.9 9.2741 x 107° 9.6308 x 10~°
1 9.5119 x 10~° 9.5119 x 10~°
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Table 3.7.12: The absolute errors of the Adams-Bashforth method (1 — differentiable)

fort =2
Absolute error

‘ ¥ —y|= Y -y| ~

0 5.6276 x 1078 8.4414 x 1078
0.1 5.8152x 1078 8.3477 x 1078
0.2 6.0028 x 1078 8.2539 x 108
0.3 6.1904 x 108 8.1601 x 108
0.4 6.3780 x 1078 8.0663 x 108
0.5 6.5656 x 1078 7.9725 x 1078
0.6 6.7532 x 1078 7.8787 x 1078
0.7 6.9407 x 1078 7.7849 x 1078
0.8 7.1283 x 1078 7.6911 x 1078
0.9 7.3159 x 1078 7.5973 x 1078
1 7.5035 x 1078 7.5035 x 1078

As shown in Tables 3.7.7-12, the PCM using Adams-Bashforth 4" order gave
accurate results.

3.8 Improved Predictor-Corrector (IPC) Method

In this section an improved predictor-corrector (IPC) method will be applied to
solve hybrid fuzzy differential equations. The algorithm is illustrated by an
example.

Notation 2: Triangular fuzzy numbers are those fuzzy sets in Ry which are
characterized by an ordered triple (x%, x¢ x") € R3 with x! < x¢ < x" such
that U, = [x!,x"] and U; = {x}, then

Uy, =[x—(1—-a)x¢—x),x¢+ (1 —a)(x" —x°)]

Theorem 12 : Let (t;, U;),i = 0,1,2,---,n be the observed data and suppose that
each of U; = (u}, uf,u}) is an element of R. Then for each t € [ty, t,,], f(¢) =

(Fl@. e, f7(®) € Rr,

Flo= ) Lou+ ) Lo,

l;(t)=0 I;(t)<o0
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Fo©) = ) L(ous
i=0

frO= ) LW+ ) Lo

li(t)=0 l;(t)<0

Explicit three-step method

For the hybrid fuzzy differential equation (3), implemented the explicit three-
step method by an application of the explicit three-step method for fuzzy
differential equation.

For fixed «, replace each interval [t t.,,] by a set of N,,,discrete equally
spaced grid points, t, =ty o < tx1 < - <ty = try (INCluding the end points) at
which the exact solution Y (¢) is approximated by some y,(t). By fix k € Z*. The
hybrid fuzzy initial value problem (3) can be solved by explicit three-step
method. Let the fuzzy initial values be y(t;;_1), y(tx:), ¥ (tiiv1), that is

F (im0 (-2 400 o f (80 Y (t) 200 ) (B ¥ (tria ) 2 i) ),
{F (i 9 (tei2) e 0) £ (b0 ¥ (tii2) 230 7 (i Y (Erin) 230 )
(P (t0 v (6 2 00) £ (b1t Y (810) 20 ) £t ¥ (t1), 232}
{F (trien Y (0 ) £ (troien V(b 230 F7 (epnns ¥ (Beinn) A ()}

Also, integrating equation (3) from ¢ ;_,to t;4,, We get

Ytea) =yt + [ F(E@, )t (52)

tki-1

By fuzzy linear spline interpolation for

f(tk,i—liy(tk,i—l):Ak()’k))'f(tk,i'Y(tk,i):Ak(:Vk)):f(tk,i+1::V(tk,i+1)f/1k(yk)),

fi (e v, 1 (i) = tktk_l—;tf (tk,i—l'y(tk,i—l)'lk(yk))

k,i—-1

t— ki1
—f (tk,i'Y(tk,i)' Ak(yk))vt € [tyi—1, ]
ti — trji-1

121



trivr1 — t
fo (e v (0, 2 (vi)) = —k'lil f (tk,iJY(tk,i);/lk(yk))
i — tiji-1
t— 1ty
P 'f(tk,i+1'Y(tk,i+1)JAk(yk))Jt € [th,i thi+1]
tk,l+1 tk,l

Thus for ¢t € [t;;_4, t,;] We have

] fll(tk,yk (t),ﬂk()’k)) =
I t =ty
ki £l (tk,i—l' }/(tk,i—l)J Ak (yk)) + #fll (tk,i: Y(tk.i): Ak()’k))
R =
f (tk,yk (t),lk(J’k)) =
t— lgi-1
F (tramn ¥ (i) A 00) + g
f1r(tk»37k (t),lk(J’k)) =

t—t,:_
£ (timn ¥ (tima) 2e) ) + %

Ui — tii-1

A

tri —t ff (tk,i: Y(twi), Ak(yk)) &9

Ui — tri-1

tei —t

fi (tk,i: Y(tii) A ()’k))

U ki — ki1 ki~ Cii-1

And for t € [ty;, tri41] We have

( f3 (tk; Vi (£), A (YR)) =
triv: — ¢ E i
i+l " gl (tk,i,y(tk,i),/lk ()’k)) +— — -f (tk,i+1lY(tk,i+1)"1k(Yk))
tk,1+1 tk,l
5 (tier v (), (i) =
t—t,;
fzc (tk,i' Y(tk,i)')lk (yk)) + . _k'; .fZC (tk,i+1l y(tk,i+1)' Ak(yk))
ki+1 ki
£ (e 7 (O, 4 (7)) =

tk,i+1 —t t — tk,i
er (tk,il y(tk,l)l Ak (YR)) + fzr (tk,i+1' y(tk'l‘+1), Ak(yk))
ktk,i - tk,i—l t —_ tk,i

k,i+1

tki — tii-1

{ kit ¢ (54)

b — tri-1

From equations (52) it follows that

ya(tk,i+2) = [Xa(tk,i+2): v (tk,i+2)]

Where

rX'z(tk,wz) = y“(tri-1) + f:k'i {“fi (tk' Y ), ﬂk(yk)) +1-of (tk' yk(t),ﬂk(ylc))}dt

ki-1

; f (afS (67,0, 2,)) + A = OF, (t7, O, 1(y,)) e
< ki y %)
Y (tirz) =V (thio1) + f {“fi (tk' Y, (©), Ak(yk)) +- a)f; (tk' yk(t)’lk(yk))}dt

t
tki-1

+f T (b v O ) + A - @ (103, A(y,)) e

Uk,i
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Using equations (53) and (54) in (55) we get

Xa(tk,HZ) = Xa(tk,i—l)

tk,i
f
t

ki-1

ti—t E7 izt e
{a {k’—fl (tk,i—lf y(tk,i—l)J Ak(yk)) + tkl’ — ];k l'_ll fl (tk,il y(tk,i)l Ak(yk))}

Cki — ki1
tei—t
Cii — ki1

t—tp
+ —kllfll (tk,i. y(tii), Ak()’k))}} dt

L — Chi-

+(1-a) { fll (tk,i—bY(tk,i—l)ﬂlk(yk))

t—ty;

itz triv1 —t ¢ c
+J; {a {sz (tk,i; Y(tk,i);ﬂk(yk)) + 0 f, (tk,i+1,J’(tk,i+1),/1k(yk))}

ki bii — Thi-1 i1 Ui

Cit1 —t 4 ,
ri-o {tk,i — Cri-1 f2 (tk’l’Y(tk*l)’Ak(yk))

flz (tk,i+1» Y(thie1) A (yk))}} dt

t—ty;

+ —_—
Criv1 — Lk

By integrating we get the following result

Y (thir2) =
hr e
Y*(thi-1) + > [af (tk,i—l'Y(tk,i—1):/1k(yk)) +(1-a)f' (tk,i—pY(tk,i—1),/1k(yk))]
) hp . (56)
+3 [af (tk,i'}’(tk,i):ﬂk(yk)) +(1 - a)f (tk,iJY(tk,i):/lk(yk))]
\ 2h [afc (tk,i+1:J’(tk,i+1):/1k(yk)) +1-a)f (tk,i+1;Y(tk,i+1)»ﬂk(yk))]
and similarly it can be deduced that
( ?a(tk,wz) =
—a h c
Y (tri1) + 3 [Off (tk,i—p}’(tk,i—1),/1k(yk)) +(1-a)f' (tk,i—pJ’(tk,i—1),ﬂk(yk))]
(57)

+ g [afc (tk,i' y(tk,i)'/‘{k(yk)) + (1 - a)fl (tk,i: y(tk,i)! Ak(yk))]
2k |af® (teirn ¥(teir ) () + (4 = OF (teirt Y(teisn) (7))

and thus
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Xa(tk,i+2) = Xa(tk,i—l)
+ g []_m (tk,i—l' Y(tii-1), Ak(yk)) +f (tk,iJ (i), Ak()’k))
+ 4 (tr i Y (trien) A 00 )| (58)

Y (tiie2) = (tio1)
+ § " (timt ¥ (ti-1) 200 + T (e ¥ (1) A 30
+4f" (tk,i+1'y(tk,i+1)'/1k (Yk))] (59)

Therefore, the explicit three-step method is as follows:

h
( Y*(trirz) = y(tui-1) + S (tk,i—1:Y(tk,i—1):/1k (}’k)) +f* (tk,i,J’(tk,i)Jk(}’k))

+4f* (tk,i+1: Y(tieir1)s A (}’k))]
o —a h —«a —a
IV (tivz) = ¥ (tii) + Sl (tk,i—l»Y(tk,i—l):}‘k(YR)) +f (tk,i'y(tk,i)'lk(yk)) (60)

+47a (tk,i+1:)/(tk,i+1):/1k ()’k))]
Xa(tk,i—l) = Qo, )_’a(tk,i) = ay, Xa(tk,Hl) =
\ v (tk,i—l) = az, ?a(tk,i) = Ay, 7a(tk,i+1) = as

Implicit two-step method

Fix k € Z*. The hybrid fuzzy initial value problem (3) can be solved by
implicit two-step method. Let the fuzzy initial values be y(tx;—1),
y(t;.;) subject to given:

f (tk,i—l: Y(triz1) Ak (Yk)) f (tk,i: Y(ti) Ak (J’k)),

which are triangular fuzzy numbers and are shown as
{fl (tk,i—liy(tk,i—l):Ak(}’k))'fc (tk,i—l'Y(tk,i—l): Ak()’k)) ST (tk,i—l,Y(tk,i—1),/1k(3’k))}

{fl (tk,i'y(tk,i)'/lk(yk)) € (tk,i'Y(tk,i)'ﬂk(Yk))'fr (tk,i'Y(tk,i)Jk(Yk))}
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Consider the following hybrid fuzzy equation,

V(o) = Y(e) * [ A9, A 00)dt (61)

tki-1

By fuzzy linear spline interpolation for

£ (Boien ¥ (b)) f (60 ¥ (6 ) f (b ¥t ) A 02)),
and from (61) we have
Y (thi) = [Xa(tk,i+1>;?a(tk,i+1)]
where
Y (tris1) = y*(tri1)

+ ftk'i [“ff (tk,i»}’(tk,i)»lk (Yk)) + (1 -a)f} (tk,i,J’(tk.i)'Ak(yk))] dt

tki-1

+ ftkﬁl [“fzc (tk,i'y(tk,i)J Ak(}’k)) +(1—-a)ff (tk,i:Y(tk,i)'Ak(yk))] dt, (62)

ya(tk,Hl) = ya (tk,i—'1)
+ f . [aff (tk,iJY(tk,i)'Ak ()’k)) + (1 -a)ff (tk,i’Y(tk,i)'/lk(yk))] dt

tk,i-1

+ _ftk’iﬂ [afzc (tk,i'y(tk,i)' Ak()’k)) +1-af; (tk'i'y(tk'i)'ﬁk(yk))] 4. (63)

ki
Using equations (53) and (54) in (62) and (63), by the Explicit three-step
method we obtained the following implicit two-step method.
)’ “(tyir1) = y “(tyi-1) + (tkl Y (tri-1), Ak()’k)) +2 (tkl Y(twi)s Ak(yk))
+f (tki+1'3’(tki+1)ﬂ1k()’k))]
a —a h —
< Y (tiie1) = ¥ (tiz1) +§ (tkz 0 Y(tiz1), Ak()’k)) +2f (tk,i,Y(tk,i)Jk(Yk)) (64)

+f (tk,i+1'Y(tk,i+1)'/1k(yk))]
. Xa(tk,i—l) = o, Xa(tk,i) =a;, V(twi-) = Y (tii) = as

Theorem 13 : The explicit three- step method is stable.

The proof is elaborated in [35]
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Theorem 14 : The implicit- two step method is stable.

The proof is elaborated in [35]

To solve HFDESs (29) by Milne’s Fourth Order Predictor-Corrector Method

Let IVP

y(0, @) = [0.75 + 0.25a,1.125 — 0.125q]
y(0.02, @) = [0.75 + 0.25a,1.125 — 0.125a]e’?
y(0.04, ) = [0.75 + 0.25,1.125 — 0.125a]*%*

Let N = 100 then h = 0.02.

When t € [0,1]

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 3.8.1-3 and Figs 3.8.1-3 respectively, and

the absolute errors of the approximate results in Tables 3.8.4-6.

Table 3.8.1: Numerical values for the exact and approximate solutions (IPCM) for t = 1

a

Exact

IPCM

Y

Y

Y

y

2.038711371344284

3.058067057016426

2.038775193568358

3.058162790352537

0.1

2.106668417055760

3.024088534160689

2.106734366687303

3.024183203793064

0.2

2.174625462767236

2.990110011304950

2.174693539806248

2.990203617233592

0.3

2.242582508478713

2.956131488449212

2.242652712925193

2.956224030674118

0.4

2.310539554190189

2.922152965593474

2.310611886044139

2.922244444114646

0.5

2.378496599901665

2.888174442737736

2.378571059163084

2.888264857555173

0.6

2.446453645613141

2.854195919881998

2.446530232282029

2.854285270995701

0.7

2.514410691324617

2.820217397026260

2.514489405400975

2.820305684436228

0.8

2.582367737036093

2.786238874170521

2.582448578519919

2.786326097876755

0.9

2.650324782747569

2.752260351314784

2.650407751638865

2.752346511317283

2.718281828459046

2.718281828459046

2.718366924757810

2.718366924757810

-

22 24 26
y

¥

28 3 32

Figure 3.8.1: Exact and IPCM solutions for t = 1
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Table 3.8.2: Numerical values for the exact and approximate solutions (IPCM) for t = 1.5

a

Exact

IPCM

Y

Y

y

y

3.967666294227795

5.951499441341692

3.967945475290978

5.951918212936468

0.1

4.099921837368721

5.885371669771230

4.100210324467344

5.885785788348284

0.2

4.232177380509648

5.819243898200766

4.232475173643709

5.819653363760102

0.3

4.364432923650575

5.753116126630302

4.364740022820075

5.753520939171917

0.4

4.496688466791501

5.686988355059839

4.497004871996443

5.687388514583735

0.5

4.628944009932427

5.620860583489376

4.629269721172808

5.621256089995551

0.6

4.761199553073354

5.554732811918913

4.761534570349173

5.555123665407369

0.7

4.893455096214280

5.488605040348450

4.893799419525541

5.488991240819185

0.8

5.025710639355206

5.422477268777985

5.026064268701903

5.422858816231002

0.9

5.157966182496133

5.356349497207523

5.158329117878271

5.356726391642821

5.290221725637060

5.290221725637060

5.290593967054637

5.290593967054637

’\,\:

4 45

y

5

*

55 6

Figure 3.8.2: Exact and IPCM solutions for t = 1.5

Table 3.8.3: Numerical values for the exact and approximate solutions (IPCM) for t = 2

a

Exact

IPCM

Y

Y

y

y

7.257731754268338

10.88659763140251

7.258263345818116

10.88739501872717

0.1

7.499656146077282

10.76563543549804

7.500205457345387

10.76642396296354

0.2

7.741580537886227

10.64467323959356

7.742147568872656

10.64545290719991

0.3

7.983504929695171

10.52371104368909

7.984089680399926

10.52448185143627

0.4

8.225429321504116

10.40274884778462

8.226031791927200

10.40351079567263

0.5

8.467353713313061

10.28178665188015

8.467973903454469

10.28253973990900

0.6

8.709278105122007

10.16082445597567

8.709916014981738

10.16156868414536

0.7

8.951202496930950

10.03986226007120

8.951858126509013

10.04059762838173

0.8

9.193126888739894

9.918900064166728

9.193800238036276

9.919626572618089

0.9

9.435051280548839

9.797937868262256

9.435742349563549

9.798655516854458

9.676975672357784

9.676975672357784

9.677684461090820

9.677684461090820
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Table 3.8.4: The absolute errors of the IPCM (1 — differentiable) fort = 1

7 75 8 85

9
y
Figure 3.7.3: Exact and IPCM solutions for t = 2

95 10 10.5

Absolute error
a — —
¥ —y| = ¥ -y ~

0 6.3822 x 107° 9.5733 x 107>
0.1 6.5950 x 107> 9.4670 x 107>
0.2 6.8077 x 107> 9.3606 x 107>
0.3 7.0204x 1075 9.2542 x 107>
0.4 7.2332 x 1075 9.1479 x 107>
0.5 7.4459 x 107° 9.0415 x 10~°
0.6 7.6587 x 1075 8.9351 x 107>
0.7 7.8714 x 1075 8.8287 x 107>
0.8 8.0841 x 10~° 8.7224 x 10~°
0.9 8.2969 x 10~° 8.6160 x 10~°
1 8.5096 x 10~° 8.5096 x 10~°

Table 3.8.5: The absolute errors of the IPCM (1 — differentiable) fort¢ = 1.5

Absolute error
a —
|X - y| ~ Y -]~

0 2.7918 x 10™* 2.7918 x 1074
0.1 2.8849 x 10~* 2.8849 x 1074
0.2 2.9779 x 10~* 2.9779 x 1074
0.3 3.0710 x 10~* 3.0710 x 104
0.4 3.1641 x 10~* 3.1641 x 1074
0.5 3.2571 x 107* 3.2571 x 1074
0.6 3.3502 x 10~* 3.3502 x 104
0.7 3.4432 x 107* 3.4432 x 1074
0.8 3.5363 x 10~* 3.5363 x 1074
0.9 3.6294 x 10~* 3.6294 x 1074
1 3.7224 x 10~* 3.7224 x 1074
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Table 3.8.6: The absolute errors of the IPCM (1 — differentiable) fort = 2

Absolute error

’ v -y~ -yl

0 5.3159 x 10~* 7.9739 x 1074
0.1 5.4931 x 10~* 7.8853 x 10~*
0.2 5.6703 x 10~* 7.7967 x 10~*
0.3 5.8475 x 10~* 7.7081 x 10~*
0.4 6.0247 x 10~* 7.6195 x 1074
0.5 6.2019 x 10~* 7.5309 x 10~*
0.6 6.3791 x 10~* 7.4423 x 1074
0.7 6.5563 x 10~* 7.3537 x 10~*
0.8 6.7335 x 1074 7.2651 x 10~*
0.9 6.9107 x 10~* 7.1765 x 10~*
1 7.0879 x 10~* 7.0879 x 10~*

As shown in Tables 3.8.1-6, the IPCM gave less accurate results than the other
methods.

3.9 Summery

An example of the HFDEs was solved by several numerical methods using
triangular fuzzy number as initial conditions. A Matlab code was constructed
for each numerical method. The exact and approximate solutions were
compared under generalized Hukuhara derivative. Finally, the results were
compared for the used numerical methods.
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Chapter Four

Numerical Solutions for HFDEs with Selected Types of
Fuzzy Numbers as Initial Conditions

In this Chapter, the HFDEs (29) will be solved with different initial conditions
as trapezoidal and triangular shaped fuzzy numbers by several numerical
methods and Hukuhara derivative will be used to find exact solution and
compare them with approximate solutions.

4.1 Picard's Method

We will solve a hybrid fuzzy differential equations (29) by the Picard Method
using N = 50.

a- Trapezoidal Fuzzy Number
let y(0) = (0.5,0.75,1,1.125)

y(0,a) = [0.5 + 0.25a,1.125 — 0.125«], 0<ac=<l1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.1.1-3 and Figs 4.1.1-3 respectively, and
the absolute errors of the approximate results in Tables 4.1.4-6.

Table 4.1.1: Numerical values for the exact and approximate solutions (Picard) for t = 1

a Exact Picard
Y Y y y
0 1.359140914229523 | 3.058067057016426 | 1.359140914229523 | 3.058067057016426
0.1 1.427097959940999 | 3.024088534160689 | 1.427097959940999 | 3.024088534160688
0.2 1.495055005652475 | 2.990110011304950 | 1.495055005652475 | 2.990110011304950
0.3 1.563012051363951 | 2.956131488449212 | 1.563012051363951 | 2.956131488449211
04 1.630969097075427 | 2.922152965593474 | 1.630969097075427 | 2.922152965593474
0.5 1.698926142786903 | 2.888174442737736 | 1.698926142786903 | 2.888174442737736
0.6 1.766883188498380 | 2.854195919881998 | 1.766883188498379 | 2.854195919881997
0.7 1.834840234209856 | 2.820217397026260 | 1.834840234209856 | 2.820217397026260
0.8 1.902797279921332 | 2.786238874170521 | 1.902797279921332 | 2.786238874170521
0.9 1.970754325632808 | 2.752260351314784 | 1.970754325632808 | 2.752260351314783
1 2.038711371344284 | 2.718281828459046 | 2.038711371344284 | 2.718281828459045
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exact
* Picard | |

16 18 2 22
y

*

24 26 28 3 32

Figure 4.1.1: Exact and Picard solutions for t = 1

Table 4.1.2: Numerical values for the exact and approximate solutions (Picard) for t = 1.5

a

Exact

Picard

Y

Y

Y

y

2.645110862818530

5.951499441341692

2.645110862818530

5.951499441341692

0.1

2.777366405959457

5.885371669771230

2.777366405959456

5.885371669771228

0.2

2.909621949100383

5.819243898200766

2.909621949100383

5.819243898200766

0.3

3.041877492241309

5.753116126630302

3.041877492241309

5.753116126630300

0.4

3.174133035382236

5.686988355059839

3.174133035382234

5.686988355059840

0.5

3.306388578523162

5.620860583489376

3.306388578523161

5.620860583489376

0.6

3.438644121664089

5.554732811918913

3.438644121664088

5.554732811918911

0.7

3.570899664805015

5.488605040348450

3.570899664805015

5.488605040348450

0.8

3.703155207945942

5.422477268777985

3.703155207945942

5.422477268777984

0.9

3.835410751086868

5.356349497207523

3.835410751086868

5.356349497207522

3.967666294227795

5.290221725637060

3.967666294227794

5.290221725637058

4.5
Y

Figure 4.1.2: Exact and Picard solutions for t = 1.5
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Table 4.1.3: Numerical values for the exact and approximate solutions (Picard) for t = 2

a Exact Picard
Y Y y y
0 4,838487836178892 | 10.88659763140251 | 4.838487836178891 | 10.88659763140251
0.1 | 5.080412227987837 | 10.76563543549804 | 5.080412227987836 | 10.76563543549803
0.2 | 5.322336619796782 | 10.64467323959356 | 5.322336619796781 | 10.64467323959356
0.3 | 5.564261011605725 | 10.52371104368909 | 5.564261011605725 | 10.52371104368909
0.4 | 5.806185403414671 | 10.40274884778462 | 5.806185403414667 | 10.40274884778462
0.5 | 6.048109795223614 | 10.28178665188015 | 6.048109795223613 | 10.28178665188015
0.6 | 6.290034187032560 | 10.16082445597567 | 6.290034187032558 | 10.16082445597567
0.7 | 6.531958578841504 | 10.03986226007120 | 6.531958578841503 | 10.03986226007120
0.8 | 6.773882970650448 | 9.918900064166728 | 6.773882970650449 | 9.918900064166724
0.9 | 7.015807362459393 | 9.797937868262256 | 7.015807362459393 | 9.797937868262254
1 7.257731754268338 | 9.676975672357784 | 7.257731754268336 | 9.676975672357781

Figure 4.1.3: Exact and Picard solutions for t = 2

Table 4.1.4: The absolute errors of the Picard method fort = 1

Absolute error

« ¥ —y|~ Y -5~
0 1016 10716

0.1 1016 8.8818 x 10~
0.2 10716 10-16

0.3 1016 8.8818 x 10~
0.4 10-16 10-16

0.5 10-16 10-16

0.6 8.8818 x 1071 8.8818 x 1016
0.7 10-16 1016

0.8 10-16 10-16
0.9 1016 8.8818 x 1016
1 1016 8.8818 x 10~16
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Table 4.1.5: The absolute errors of the Picard method fort = 1.5

Absolute error

: ¥ —y| = Y —y| ~

0 10-16 10716

0.1 8.8818 x 10716 1.7764 x 10715
0.2 10716 10716

0.3 10-16 1.7764 x 10715
0.4 2.2204 x 10715 8.8818 x 10716
0.5 8.8818 x 1071¢ 10-16

0.6 8.8818 x 10716 1.7764 x 10715
0.7 10716 10716

0.8 10-16 1.7764 x 10715
0.9 10-16 8.8818 x 10716
1 8.8818 x 10716 1.7764 x 10715

Table 4.1.6: The absolute errors of the Picard method fort =2

Absolute error

“ ¥ —y|~ Y -y|~

0 8.8818 x 10716 1016

0.1 1.7764 x 10715 1.0658 x 10~1*
0.2 8.8818 x 10~ 1¢ 10716

0.3 1071t 10716

0.4 3.5527 x 10~ 1° 10-16

0.5 8.8818 x 10~ 1¢ 10716

0.6 1.7764 x 1015 10716

0.7 8.8818 x 10~ 1¢ 10716

0.8 8.8818 x 10716 3.5527 x 10~1°
0.9 10~16 1.7764 x 10715
1 1.7764 x 10715 3.5527 x 10~1°

As shown in Tables 4.1.1-6 , the Picard method with trapezoidal fuzzy number
as initial condition gave high accurate results when used with high number of
iteration.

b- Triangular Shaped Fuzzy Number
let y(0,a) = [0.75 + 0.25@?,1.125 — 0.125e?],0 < a < 1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.1.7-9 and Figs 4.1.4-6 respectively, and
the absolute errors of the approximate results in Tables 4.1.10-12.
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Table 4.1.7: Numerical values for the exact and approximate solutions (Picard) for t = 1

a Exact Picard
Y Y y y
0 2.038711371344284 | 3.058067057016426 | 2.038711371344284 | 3.058067057016426
0.1 | 2.045507075915432 | 3.054669204730852 | 2.045507075915432 | 3.054669204730852
0.2 | 2.065894189628875 | 3.044475647874132 | 2.065894189628875 | 3.044475647874131
0.3 | 2.099872712484613 | 3.027486386446262 | 2.099872712484613 | 3.027486386446262
0.4 | 2.147442644482646 | 3.003701420447245 | 2.147442644482646 | 3.003701420447245
0.5 | 2.208603985622974 | 2.973120749877081 | 2.208603985622974 | 2.973120749877081
0.6 | 2.283356735905599 | 2.935744374735769 | 2.283356735905598 | 2.935744374735769
0.7 | 2.371700895330517 | 2.891572295023310 | 2.371700895330517 | 2.891572295023309
0.8 | 2.473636463897732 | 2.840604510739702 | 2.473636463897731 | 2.840604510739702
0.9 | 2.589163441607241 | 2.782841021884948 | 2.589163441607241 | 2.782841021884948
1 2.718281828459046 | 2.718281828459046 | 2.718281828459045 | 2.718281828459045

exact
* Picard | |

22 24 26
y

Figure 4.1.4: Exact and Picard solutions for t = 1

Table 4.1.8: Numerical values for the exact and approximate solutions (Picard) fort = 1.5

a

Exact

Picard

Y

Y

y

y

3.967666294227795

5.951499441341692

3.967666294227794

5.951499441341692

0.1

3.980891848541887

5.944886664184645

3.980891848541888

5.944886664184645

0.2

4.020568511484165

5.925048332713508

4.020568511484165

5.925048332713507

0.3

4.086696283054629

5.891984446928276

4.086696283054629

5.891984446928275

0.4

4.179275163253278

5.845695006828951

4.179275163253277

5.845695006828951

0.5

4.298305152080111

5.786180012415534

4.298305152080110

5.786180012415533

0.6

4.443786249535131

5.713439463688025

4.443786249535130

5.713439463688024

0.7

4.615718455618335

5.627473360646422

4.615718455618334

5.627473360646421

0.8

4.814101770329725

5.528281703290727

4.814101770329724

5.528281703290726

0.9

5.038936193669300

5.415864491620940

5.038936193669300

5.415864491620940

5.290221725637060

5.290221725637060

5.290221725637058

5.290221725637058
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y

Figure 4.1.5: Exact and Picard solutions for t = 1.5

Table 4.1.9: Numerical values for the exact and approximate solutions (Picard) for t = 2

a

Exact

Picard

Y

Y

Y

y

7.257731754268338

10.88659763140251

7.257731754268336

10.88659763140251

0.1

7.281924193449231

10.87450141181206

7.281924193449234

10.87450141181206

0.2

7.354501510991915

10.83821275304072

7.354501510991916

10.83821275304072

0.3

7.475463706896387

10.77773165508848

7.475463706896390

10.77773165508848

0.4

7.644810781162650

10.69305811795535

7.644810781162649

10.69305811795535

0.5

7.862542733790699

10.58419214164133

7.862542733790698

10.58419214164132

0.6

8.128659564780540

10.45113372614641

8.128659564780538

10.45113372614641

0.7

8.443161274132168

10.29388287147059

8.443161274132166

10.29388287147059

0.8

8.806047861845585

10.11243957761388

8.806047861845583

10.11243957761388

0.9

9.217319327920789

9.906803844576279

9.217319327920791

9.906803844576283

9.676975672357784

9.676975672357784

9.676975672357781

9.676975672357781

8 85 9
y

95

g

10 10.5 1"

Figure 4.1.6: Exact and Picard solutions for t = 2
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Table 4.1.10: The absolute errors of the Picard method fort =1

Absolute error

: ¥ —y| = Y —y| ~

0 10-16 10716

0.1 10716 10716

0.2 10~ 8.8818 x 10716
0.3 10716 10716

0.4 10716 10716

0.5 10716 10716

0.6 8.8818 x 10716 10716

0.7 10-16 8.8818 x 10716
0.8 1.3323 x 10715 10-16

0.9 107t 10716

1 8.8818 x 10716 8.8818 x 10716

Table 4.1.11: The absolute errors of the Picard method for¢ = 1.5

Absolute error

¢ ¥ —y| =~ Y -¥|~

0 8.8818 x 10716 1016

0.1 8.8818 x 10~ 1° 10716

0.2 10-16 8.8818 x 10~ 1°
0.3 10-16 8.8818 x 10~ 1¢
0.4 8.8818 x 10~ 1¢ 10716

0.5 8.8818 x 10~ 1¢ 8.8818 x 10~ 1¢
0.6 8.8818 x 10~ 1° 8.8818 x 10~ 1°
0.7 8.8818 x 10~ 1° 8.8818 x 10~ 1°
0.8 8.8818 x 10~ 1¢ 8.8818 x 10~ 1°
0.9 1016 1016

1 1.7764 x 10715 1.7764 x 10715

Table 4.1.12: The absolute errors of the Picard method for t = 2

Absolute error

“ ¥ -y| = Y —y] =

0 1.7764 x 10~1° 10-16

0.1 2.6645 x 10715 10~

0.2 8.8818 x 10~1¢ 10-16

0.3 2.6645 x 10715 10-16

0.4 8.8818 x 1071¢ 10-16

0.5 8.8818 x 1071¢ 8.8818 x 1071°
0.6 1.7764 x 10715 10~

0.7 1.7764 x 10715 10-16

0.8 1.7764 x 10~1° 10~

0.9 1.7764 x 107> 3.5527 x 10~1°
1 3.5527 x 10715 3.5527 x 10~ 1°
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As shown in Tables 4.1.7-12 , the Picard method with triangular shaped fuzzy
number as initial condition gave high accurate results when used with high
number of iteration.

4.2 Runge-Kutta of Order Five

We will apply the Runge-Kutta of order five for hybrid fuzzy differential

equations (29). Let N = 100 When t € [0,2]

a- Trapezoidal Fuzzy Number

let y(0) = (0.5,0.75,1,1.125)
y(0,a) = [0.5 + 0.25a,1.125 — 0.125«],

0<ac<l1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.2.1-3 and Figs 4.2.1-3 respectively, and

the absolute errors of the approximate results in Tables 4.2.4-6.

Table 4.2.1: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=1

Exact

Runge-kutta

Y

Y

Y

y

1.359140914229523

3.058067057016426

1.359140913927534

3.058067056336951

0.1

1.427097959940999

3.024088534160689

1.427097959623911

3.024088533488763

0.2

1.495055005652475

2.990110011304950

1.495055005320287

2.990110010640575

0.3

1.563012051363951

2.956131488449212

1.563012051016664

2.956131487792387

0.4

1.630969097075427

2.922152965593474

1.630969096713041

2.922152964944198

0.5

1.698926142786903

2.888174442737736

1.698926142409418

2.888174442096010

0.6

1.766883188498380

2.854195919881998

1.766883188105794

2.854195919247821

0.7

1.834840234209856

2.820217397026260

1.834840233802171

2.820217396399633

0.8

1.902797279921332

2.786238874170521

1.902797279498548

2.786238873551445

0.9

1.970754325632808

2.752260351314784

1.970754325194924

2.752260350703256

2.038711371344284

2.718281828459046

2.038711370891301

2.718281827855068

*

1

09

7

\

exact
* RK5

14 16 18 2 22

*

26 28 3 32

y
Figure 4.2.1: Exact and RK5 solutions for t =1
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Table 4.2.2: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=15

Exact

Runge-kutta

Y

Y

y

y

2.645110862818530

5.951499441341692

2.645110861483967

5.951499438338925

0.1

2.777366405959457

5.885371669771230

2.777366404558166

5.885371666801826

0.2

2.909621949100383

5.819243898200766

2.909621947632363

5.819243895264729

0.3

3.041877492241309

5.753116126630302

3.041877490706562

5.753116123727630

0.4

3.174133035382236

5.686988355059839

3.174133033780761

5.686988352190530

0.5

3.306388578523162

5.620860583489376

3.306388576854960

5.620860580653431

0.6

3.438644121664089

5.554732811918913

3.438644119929157

5.554732809116330

0.7

3.570899664805015

5.488605040348450

3.570899663003356

5.488605037579232

0.8

3.703155207945942

5.422477268777985

3.703155206077555

5.422477266042134

0.9

3.835410751086868

5.356349497207523

3.835410749151752

5.356349494505033

3.967666294227795

5.290221725637060

3.967666292225951

5.290221722967934

Table

09l exact

* RKS5

25 3

35 4 45
Y

5 55 6

Figure 4.2.2: Exact and RK5 solutions for

4.2.3: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=2

Exact

Runge-kutta

Y

Y

y

y

4.838487836178892

10.88659763140251

4.838487833636942

10.88659762568312

0.1

5.080412227987837

10.76563543549804

5.080412225318790

10.76563542984220

0.2

5.322336619796782

10.64467323959356

5.322336617000635

10.64467323400128

0.3

5.564261011605725

10.52371104368909

5.564261008682483

10.52371103816035

0.4

5.806185403414671

10.40274884778462

5.806185400364332

10.40274884231943

0.5

6.048109795223614

10.28178665188015

6.048109792046180

10.28178664647850

0.6

6.290034187032560

10.16082445597567

6.290034183728024

10.16082445063758

0.7

6.531958578841504

10.03986226007120

6.531958575409873

10.03986225479666

0.8

6.773882970650448

9.918900064166728

6.773882967091722

9.918900058955734

0.9

7.015807362459393

9.797937868262256

7.015807358773566

9.797937863114807

7.257731754268338

9.676975672357784

7.257731750455414

9.676975667273885
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Table 4.2.4: The absolute errors of the Runge-kutta method fort = 1

5 6 7
y

8

9

kS

10 1"

Figure 4.2.3: Exact and RKS5 solutions for t = 2

Absolute error

“ [r-y] ~ 7 =51~

3.0199 x 10~10 6.7948 x 10710
0.1 3.1709 x 10~10 6.7193 x 10710
0.2 3.3219 x 10710 6.6437 x 10710
0.3 3.4729 x 10710 6.5682 x 10~10
0.4 3.6239 x 10710 6.4928x 10710
0.5 3.7748 x 10710 6.4173 x 10710
0.6 3.9259 x 10710 6.3418 x 10710
0.7 40768 x 10710 6.2663 x 10710
0.8 42278 x 10710 6.1908 x 10710
0.9 43788 x 10710 6.1153 x 10710
1 45298 x 10~10 6.0398 x 10710

Table 4.2.5: The absolute errors of the Runge-kutta method for t = 1.5

Absolute error

) ¥ —y|~ Y -5~

0 1.3346 x 107° 3.0028 x 107°
0.1 14013 x 107° 2.9694 x 107°
0.2 1.4680 x 107° 2.9360% 10~°
0.3 1.5347 x 107° 2.9027 x 107°
04 1.6015 x 107° 2.8693 x 107°
0.5 1.6682 x 107° 2.8359 x 107°
0.6 1.7349 x 107° 2.8026 x 107°
0.7 1.8017 x 107° 2.7692 x 107°
0.8 1.8684 x 107° 2.7359 x 107°
0.9 1.9351 x 107° 2.7025 x 107°
1 2.0018 x 107° 2.6691 x 107°
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Table 4.2.6: The absolute errors of the Runge-kutta method for t = 2

Absolute error

“ v —y| = Y -3~

0 2.5419%x 10~° 5.7194 x 107°
0.1 2.6690 x 10~° 5.6558 x 10~°
0.2 2.7961 x 10~° 5.5923 x 10~°
0.3 2.9232 x 107° 5.5287 x 10~°
0.4 3.0503 x 10~° 5.4652 x 107°
0.5 3.1774 x 107° 5.4017 x 107°
0.6 3.3045 x 10~° 5.3381 x 107°
0.7 3.4316 x 10~° 5.2745 x 10~°
0.8 3.5587 x 10~° 5.2110 x 10~°
0.9 3.6858 x 10~° 5.1474 x 107°
1 3.8129 x 10~° 5.0839 x 10~°

As shown in Tables 4.2.1-6 , the Runge-Kutta of order five method with
trapezoidal fuzzy number as initial condition gave accurate results with small h.

b- Triangular Shaped Fuzzy Number

let y(0, ) = [0.75 + 0.25a2,1.125 — 0.1250¢2,0 < a < 1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.2.7-9 and Figs 4.2.4-6 respectively, and
the absolute errors of the approximate results in Tables 4.2.10-12.

Table 4.2.7: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=1
a Exact Runge-kutta
Y Y y y
0 2.038711371344284 | 3.058067057016426 | 2.038711370891301 | 3.058067056336951
0.1 | 2.045507075915432 | 3.054669204730852 | 2.045507075460939 | 3.054669204052133
0.2 | 2.065894189628875 | 3.044475647874132 | 2.065894189169852 | 3.044475647197676
0.3 | 2.099872712484613 | 3.027486386446262 | 2.099872712018040 | 3.027486385773582
0.4 | 2.147442644482646 | 3.003701420447245 | 2.147442644005503 | 3.003701419779850
0.5 | 2.208603985622974 | 2.973120749877081 | 2.208603985132243 | 2.973120749216481
0.6 | 2.283356735905599 | 2.935744374735769 | 2.283356735398257 | 2.935744374083473
0.7 | 2.371700895330517 | 2.891572295023310 | 2.371700894803547 | 2.891572294380829
0.8 | 2.473636463897732 | 2.840604510739702 | 2.473636463348112 | 2.840604510108546
0.9 | 2.589163441607241 | 2.782841021884948 | 2.589163441031952 | 2.782841021266626
1 2.718281828459046 | 2.718281828459046 | 2.718281827855068 | 2.718281827855068
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Figure 4.2.4: Exact and RKS5 solutions for ¢t =1

Table 4.2.8: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=15
a Exact Runge-kutta
Y Y y y
0 3.967666294227795 | 5.951499441341692 | 3.967666292225951 | 5.951499438338925
0.1 | 3.980891848541887 | 5.944886664184645 | 3.980891846533372 | 5.944886661185217
0.2 | 4.020568511484165 | 5.925048332713508 | 4.020568509455631 | 5.925048329724087
0.3 | 4.086696283054629 | 5.891984446928276 | 4.086696280992729 | 5.891984443955537
0.4 | 4.179275163253278 | 5.845695006828951 | 4.179275161144667 | 5.845695003879568
0.5 | 4.298305152080111 | 5.786180012415534 | 4.298305149911448 | 5.786180009496180
0.6 | 4.443786249535131 | 5.713439463688025 | 4.443786247293065 | 5.713439460805369
0.7 | 4.615718455618335 | 5.627473360646422 | 4.615718453289524 | 5.627473357807141
0.8 | 4.814101770329725 | 5.528281703290727 | 4.814101767900820 | 5.528281700501491
0.9 | 5.038936193669300 | 5.415864491620940 | 5.038936191126958 | 5.415864488888424
1 5.290221725637060 | 5.290221725637060 | 5.290221722967934 | 5.290221722967934

Figure 4.2.5: Exact and RK5 solutions for t = 1.5

45

a¥

y

5 55
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Table 4.2.9: Numerical values for the exact and approximate solutions (Runge-Kutta) for

t=2
a Exact Runge-kutta
Y Y y y
0 7.257731754268338 | 10.88659763140251 | 7.257731750455414 | 10.88659762568312
0.1 | 7.281924193449231 | 10.87450141181206 | 7.281924189623601 | 10.87450140609903
0.2 | 7.354501510991915 | 10.83821275304072 | 7.354501507128155 | 10.83821274734675
0.3 | 7.475463706896387 | 10.77773165508848 | 7.475463702969076 | 10.77773164942629
0.4 | 7.644810781162650 | 10.69305811795535 | 7.644810777146367 | 10.69305811233764
0.5 | 7.862542733790699 | 10.58419214164133 | 7.862542729660033 | 10.58419213608081
0.6 | 8.128659564780540 | 10.45113372614641 | 8.128659560510064 | 10.45113372065580
0.7 | 8.443161274132168 | 10.29388287147059 | 8.443161269696468 | 10.29388286606260
0.8 | 8.806047861845585 | 10.11243957761388 | 8.806047857219236 | 10.11243957230121
0.9 | 9.217319327920789 | 9.906803844576279 | 9.217319323078376 | 9.906803839371642
1 9.676975672357784 | 9.676975672357784 | 9.676975667273885 | 9.676975667273885

7.,5 8 8,5 9
y
Figure 4.2.6: Exact and RK5 solutions for t = 2

10 10.5 1"

Table 4.2.10: The absolute errors of the Runge-kutta method for t = 1

Absolute error

) ¥ —y|~ Y -5~

0 45298 x 10710 6.7948 x 10710
0.1 45449 x 10710 6.7872 x 10710
0.2 45902 x 10710 6.7646x 10710
0.3 4.6657 x 10710 6.7268 x 10~10
04 47714 x 10710 6.6740 x 10~10
0.5 49073 x 10710 6.6060 x 10~10
0.6 5.0734 x 10710 6.5230 x 10°10
0.7 5.2697 x 10710 6.4248 x 10~10
0.8 5.4962 x 10710 6.3116 x 10°10
0.9 5.7529 x 10710 6.1832 x 10710
1 6.0398 x 10710 6.0398 x 10°10
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Table 4.2.11 :The absolute errors of the Runge-kutta method for t = 1.5

Absolute error

“ v —y| = Y -3~

0 2.0018 x 10~° 3.0028 x 10~°
0.1 2.0085 x 10~° 2.9994 x 107°
0.2 2.0285 x 10~° 2.9894 x 107°
0.3 2.0619 x 10~° 2.9727 x 107°
0.4 2.1086 x 10~° 2.9494 x 107°
0.5 2.1687 x 107° 2.9194 x 107°
0.6 2.2421 x 107° 2.8827 x 107°
0.7 2.3288 x 107° 2.8393 x 107°
0.8 24289 x 107° 2.7892 x 107°
0.9 2.5423 x 107° 2.7325 x 107°
1 2.6691 x 10~° 2.6691 x 107°

Table 4.2.12: The absolute errors of the Runge-kutta method for t = 2

Absolute error
a — —
Y — y| = |Y — yl ~

0 3.8129 x 107° 5.7194 x 107~°
0.1 3.8256 x 10~° 5.7130 x 10~°
0.2 3.8638 x 10~° 5.6940 x 10~°
0.3 3.9273 x 10~° 5.6622 x 107°
0.4 40163 x 10~° 5.6177 x 107°
0.5 41307 x 10~° 5.5605 x 10~°
0.6 42705 x 10~° 5.4906 x 10~°
0.7 44357 x 10~° 5.4080 x 10~°
0.8 46263 x 107° 5.3127 x 107°
0.9 48424 x 107° 5.2046 x 10~°
1 5.0839 x 10~° 5.0839 x 10~°

As shown in Tables 4.2.7-12 , the Runge-Kutta of order five method with
triangular shaped fuzzy number as initial condition gave accurate results with
small h.
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4.3 General Linear Methods (GLM)

We will apply the GLM for hybrid fuzzy differential equations (29). Let

N =100 When t € [0,2]

When K =4

a- Trapezoidal Fuzzy Number

let y(0) = (0.5,0.75,1,1.125)
y(0,a) = [0.5 + 0.25a,1.125 — 0.125«],

0<ac<l1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.3.1-3 and Figs 4.3.1-3 respectively, and

the absolute errors of the approximate results in Tables 4.3.4-6.

Table 4.3.1: Numerical values for the exact and approximate solutions (FGLM) for t = 1

a

Exact

FGLM

Y

Y

Y

y

1.359140914229523

3.058067057016426

1.359140845041163

3.058066901342616

0.1

1.427097959940999

3.024088534160689

1.427097887293220

3.024088380216586

0.2

1.495055005652475

2.990110011304950

1.495054929545279

2.990109859090558

0.3

1.563012051363951

2.956131488449212

1.563011971797337

2.956131337964530

0.4

1.630969097075427

2.922152965593474

1.630969014049394

2.922152816838501

0.5

1.698926142786903

2.888174442737736

1.698926056301453

2.888174295712471

0.6

1.766883188498380

2.854195919881998

1.766883098553512

2.854195774586440

0.7

1.834840234209856

2.820217397026260

1.834840140805570

2.820217253460412

0.8

1.902797279921332

2.786238874170521

1.902797183057628

2.786238732334387

0.9

1.970754325632808

2.752260351314784

1.970754225309687

2.752260211208354

2.038711371344284

2.718281828459046

2.038711267561744

2.718281690082326

*

X exact
¥ GLM | ]
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y

24

¥

26 28 3 32

Figure 4.3.1: Exact and FGLM solutions for t = 1
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Table 4.3.2: Numerical values for the exact and approximate solutions (FGLM) for t = 1.5

a Exact FGLM
Y Y y y

0 | 2.645110862818530 | 5.951499441341692 | 2.645110567705002 | 5.951498777336254
0.1 | 2.777366405959457 | 5.885371669771230 | 2.777366096090250 | 5.885371013143627
0.2 | 2.909621949100383 | 5.819243898200766 | 2.909621624475501 | 5.819243248951001
0.3 | 3.041877492241309 | 5.753116126630302 | 3.041877152860752 | 5.753115484758379
0.4 | 3.174133035382236 | 5.686988355059839 | 3.174132681245999 | 5.686987720565753
0.5 | 3.306388578523162 | 5.620860583489376 | 3.306388209631251 | 5.620859956373129
0.6 | 3.438644121664089 | 5.554732811918913 | 3.438643738016503 | 5.554732192180500
0.7 | 3.570899664805015 | 5.488605040348450 | 3.570899266401753 | 5.488604427987878
0.8 | 3.703155207945942 | 5.422477268777985 | 3.703154794787003 | 5.422476663795258
0.9 | 3.835410751086868 | 5.356349497207523 | 3.835410323172253 | 5.356348899602628
1 [ 3.967666294227795 | 5.290221725637060 | 3.967665851557501 | 5.290221135410005

* GLM

exact

3

35 R 45
y

Figure 4.3.2: Exact and GLM solutions for t = 1.5

Table 4.3.3: Numerical values for the exact and approximate solutions (FGLM) for t = 2

a

Exact

FGLM

Y

Y

y

y

4.838487836178892

10.88659763140251

4.838487274706883

10.88659636809048

0.1

5.080412227987837

10.76563543549804

5.080411638442222

10.76563418622281

0.2

5.322336619796782

10.64467323959356

5.322336002177567

10.64467200435513

0.3

5.564261011605725

10.52371104368909

5.564260365912914

10.52370982248747

0.4

5.806185403414671

10.40274884778462

5.806184729648250

10.40274764061979

0.5

6.048109795223614

10.28178665188015

6.048109093383600

10.28178545875212

0.6

6.290034187032560

10.16082445597567

6.290033457118945

10.16082327688444

0.7

6.531958578841504

10.03986226007120

6.531957820854288

10.03986109501678

0.8

6.773882970650448

9.918900064166728

6.773882184589633

9.918898913149114

0.9

7.015807362459393

9.797937868262256

7.015806548324976

9.797936731281430

7.257731754268338

9.676975672357784

7.257730912060317

9.676974549413766
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Table 4.3.4: The absolute errors of the FGLM for t = 1

Figure 4.3.3: Exact and GLM solutions for t = 2

Absolute error

“ ¥ —y|~ Yy -¥|~

0 6.9188 x 10~8 1.5567 x 10~7
0.1 7.2648 x 1078 1.5394 x 1077
0.2 7.6107 x 1078 1.5221 x 1077
0.3 7.9567 x 1078 1.5048 x 10~7
0.4 8.3026 x 108 1.4875 x 10~7
0.5 8.6485 x 1078 1.4703 x 1077
0.6 8.9945 x 108 1.4530 x 1077
0.7 9.3404 x 1078 1.4357 x 1077
0.8 9.6864 x 1078 1.4184 x 1077
0.9 1.0032 x 1077 1.4011 x 107
1 1.0378 x 1077 1.3838 x 1077

Table 4.3.5: The absolute errors of the FGLM fort = 1.5

Absolute error

i ¥ —y|~ Y -]~

0 2.9511 x 1077 6.6401 x 1077
0.1 3.0987 x 1077 6.5663 x 1077
0.2 3.2462 x 1077 6.4925 x 1077
0.3 3.3938 x 1077 6.4187 x 1077
0.4 3.5414 x 1077 6.3449 x 1077
0.5 3.6889 x 10~ 6.2712 x 1077
0.6 3.8365 x 10~ 6.1974 x 1077
0.7 3.9840 x 1077 6.1236 x 1077
0.8 41316 x 1077 6.0498 x 1077
0.9 42791 x 1077 5.9760 x 107
1 44267 x 1077 5.9023 x 1077
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Table 4.3.6: The absolute errors of the FGLM fort = 2

Absolute error
a
v —y] = ¥ -5l~

0 5.6147 x 1077 1.2633 x 107°
0.1 5.8955 x 10~7 1.2493 x 107°
0.2 6.1762 x 1077 1.2352 x 107°
0.3 6.4569x 107 1.2212 x 107°
0.4 6.7377 x 1077 1.2072 x 107°
0.5 7.0184 x 1077 1.1931 x 107°
0.6 7.2991 x 1077 1.1791 x 10~°
0.7 7.5799 x 1077 1.1651 x 107°
0.8 7.8606 x 1077 1.1510 x 107°
0.9 8.1413 x 1077 1.1370 x 10~°
1 8.4221 x 1077 1.1229 x 107°

As shown in Tables 4.3.1-6, the fuzzy general linear method with trapezoidal

fuzzy number as initial condition gave less accurate than Runge-Kutta but it
needed less number of steps.

b- Triangular Shaped Fuzzy Number

We solve by Matlab software the exact solutions with approximate results of

let y(0, @) = [0.75 + 0.25a2,1.125 — 0.125a¢2,0 < a < 1

this example are presented in Tables 4.3.7-9 and Figs 4.3.4-6 respectively, and
the absolute errors of the approximate results in Tables 4.3.10-12.

Table 4.3.7: Numerical values for the exact and approximate solutions (FGLM) fort = 1

a

Exact

FGLM

Y

Y

y

y

2.038711371344284

3.058067057016426

2.038711267561744

3.058066901342616

0.1

2.045507075915432

3.054669204730852

2.045506971786950

3.054669049230014

0.2

2.065894189628875

3.044475647874132

2.065894084462567

3.044475492892205

0.3

2.099872712484613

3.027486386446262

2.099872605588597

3.027486232329192

0.4

2.147442644482646

3.003701420447245

2.147442535165037

3.003701267540970

0.5

2.208603985622974

2.973120749877081

2.208603873191889

2.973120598527546

0.6

2.283356735905599

2.935744374735769

2.283356619669154

2.935744225288912

0.7

2.371700895330517

2.891572295023310

2.371700774596830

2.891572147825074

0.8

2.473636463897732

2.840604510739702

2.473636337974917

2.840604366136030

0.9

2.589163441607241

2.782841021884948

2.589163309803415

2.782840880221781

2.718281828459046

2.718281828459046

2.718281690082326

2.718281690082326
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Figure 4.3.4: Exact and GLM solutions for t = 1

Table 4.3.8: Numerical values for the exact and approximate solutions (FGLM) for t = 1.5

a

Exact

FGLM

Y

Y

Y

y

3.967666294227795

5.951499441341692

3.967665851557501

5.951498777336254

0.1

3.980891848541887

5.944886664184645

3.980891404396027

5.944886000916993

0.2

4.020568511484165

5.925048332713508

4.020568062911601

5.925047671659204

0.3

4.086696283054629

5.891984446928276

4.086695827104228

5.891983789562895

0.4

4.179275163253278

5.845695006828951

4.179274696973901

5.845694354628052

0.5

4.298305152080111

5.786180012415534

4.298304672520626

5.786179366854693

0.6

4.443786249535131

5.713439463688025

4.443785753744404

5.713438826242805

0.7

4.615718455618335

5.627473360646422

4.615717940645231

5.627472732792390

0.8

4.814101770329725

5.528281703290727

4.814101233223103

5.528281086503453

0.9

5.038936193669300

5.415864491620940

5.038935631478029

5.415863887375990

5.290221725637060

5.290221725637060

5.290221135410005

5.290221135410005

Y
Figure 4.3.5: Exact and GLM solutions for t = 1.5
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Table 4.3.9: Numerical values for the exact and approximate solutions (FGLM) for t = 2

a Exact FGLM
Y Y y y
0 | 7.257731754268338 | 10.88659763140251 | 7.257730912060317 | 10.88659636809048
0.1 | 7.281924193449231 | 10.87450141181206 7.281923348433852 | 10.87450014990372
0.2 | 7.354501510991915 | 10.83821275304072 | 7.354500657554453 | 10.83821149534341
0.3 | 7.475463706896387 | 10.77773165508848 7.475462839422129 | 10.77773040440958
0.4 | 7.644810781162650 | 10.69305811795535 | 7.644809894036866 | 10.69305687710221
0.5 | 7.862542733790699 | 10.58419214164133 | 7.862541821398675 | 10.58419091342130
0.6 | 8.128659564780540 | 10.45113372614641 | 8.128658621507558 | 10.45113251336687
0.7 | 8.443161274132168 | 10.29388287147059 8.443160294363510 | 10.29388167693889
0.8 | 8.806047861845585 | 10.11243957761388 | 8.806046839966523 | 10.11243840413738
0.9 [9.217319327920789 | 9.906803844576279 | 9.217318258316608 | 9.906802694962339
1 9.676975672357784 | 9.676975672357784 9.676974549413766 | 9.676974549413766

exact
* GLM | ]

\

i

021 ¥
01 #
-

8 85 9
y

95

10 10.5 1"

Figure 4.3.6: Exact and GLM solutions for t = 2

Table 4.3.10: The absolute errors of the FGLM fort = 1

Absolute error

« ¥ —y| = Y -y| ~

1.0378 x 1077 1.5567 x 10~7
0.1 1.0413 x 1077 1.5550 x 10~7
0.2 1.0517 x 1077 1.5498 x 10~7
0.3 1.0690 x 1077 1.5412 x 1077
04 1.0932 x 1077 1.5291 x 1077
0.5 1.1243% 1077 1.5135 x 1077
0.6 1.1624 x 1077 1.4945 x 10~7
0.7 1.2073 x 1077 1.4720 x 1077
0.8 1.2592 x 1077 1.4460 x 10~7
0.9 1.3180 x 1077 1.4166 x 1077
1 1.3838 x 1077 1.3838 x 1077
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Table 4.3.11: The absolute errors of the FGLM fort = 1.5

Absolute error

: ¥ —y| = Y —y| ~

0 44267 x 1077 6.6401 x 1077
0.1 44415 x 1077 6.6327 x 1077
0.2 4.4857 x 1077 6.6105 x 1077
0.3 4.5595 x 1077 6.5737 x 1077
0.4 46628 x 1077 6.5220 x 1077
0.5 4.7956 x 1077 6.4556 x 10~7
0.6 49579 x 1077 6.3745 x 1077
0.7 5.1497 x 1077 6.2785 x 1077
0.8 53711 x 1077 6.1679 x 1077
0.9 5.6219 x 10~ 6.0424 x 1077
1 5.9023 x 1077 5.9023 x 1077

Table 4.3.12: The absolute errors of the FGLM fort = 2

Absolute error
a = —
v -y|~ v -5~

0 8.4502 x 1077 1.2633 x 107°
0.1 8.5344 x 1077 1.2619 x 107°
0.2 8.6747 x 1077 1.2577 x 107
0.3 8.8713x 1077 1.2507 x 107
0.4 9.1239 x 1077 1.2409 x 107
0.5 9.4327 x 1077 1.2282 x 107
0.6 9.7977 x 10~7 1.2128 x 107
0.7 1.0219 x 107° 1.1945 x 107°
0.8 1.0696 x 107° 1.1735 x 107°
0.9 1.1229 x 107° 1.1496 x 107°
1 8.4502 x 1077 1.1229 x 107°

As shown in Tables 4.3.7-12, the fuzzy general linear method with triangular
shaped fuzzy number as initial condition gave less accurate than Runge-Kutta
but it needed less number of steps.

When K =5

a- Trapezoidal Fuzzy Number
let y(0) = (0.5,0.75,1,1.125)
y(0,a) = [0.5 + 0.25a,1.125 — 0.125«], 0<a<1
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We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.3.13-15 and Figs 4.3.7-9 respectively,
and the absolute errors of the approximate results in Tables 4.3.16-18.

Table 4.3.13: Numerical values for the exact and approximate solutions (FGLM) fort = 1

a

Exact

FGLM

Y

Y

y

y

1.359140914229523

3.058067057016426

1.359140912938296

3.058067054111163

0.1

1.427097959940999

3.024088534160689

1.427097958585210

3.024088531287706

0.2

1.495055005652475

2.990110011304950

1.495055004232123

2.990110008464247

0.3

1.563012051363951

2.956131488449212

1.563012049879039

2.956131485640793

0.4

1.630969097075427

2.922152965593474

1.630969095525954

2.922152962817334

0.5

1.698926142786903

2.888174442737736

1.698926141172869

2.888174439993877

0.6

1.766883188498380

2.854195919881998

1.766883186819783

2.854195917170421

0.7

1.834840234209856

2.820217397026260

1.834840232466698

2.820217394346960

0.8

1.902797279921332

2.786238874170521

1.902797278113612

2.786238871523505

0.9

1.970754325632808

2.752260351314784

1.970754323760527

2.752260348700048

2.038711371344284

2.718281828459046

2.038711369407443

2.718281825876591

/

/

k exact
* GLM | ]
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¥
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24 26 28 3 32

Figure 4.3.7: Exact and GLM solutions for t =1

Table 4.3.14: Numerical values for the exact and approximate solutions (FGLM) for t = 1.5

a Exact FGLM
Y Y y y
0 2.645110862818530 | 5.951499441341692 | 2.645110857325112 | 5.951499428981495
0.1 2.777366405959457 | 5.885371669771230 | 2.777366400191366 | 5.885371657548369
0.2 2.909621949100383 | 5.819243898200766 | 2.909621943057618 | 5.819243886115239
0.3 3.041877492241309 | 5.753116126630302 | 3.041877485923876 | 5.753116114682116
0.4 3.174133035382236 | 5.686988355059839 | 3.174133028790132 | 5.686988343248985
0.5 3.306388578523162 | 5.620860583489376 | 3.306388571656389 | 5.620860571815860
0.6 3.438644121664089 | 5.554732811918913 | 3.438644114522641 | 5.554732800382736
0.7 3.570899664805015 | 5.488605040348450 | 3.570899657388897 | 5.488605028949600
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0.8 | 3.703155207945942 | 5.422477268777985 | 3.703155200255151 | 5.422477257516476
0.9 | 3.835410751086868 | 5.356349497207523 | 3.835410743121407 | 5.356349486083349
1 3.967666294227795 | 5.290221725637060 | 3.967666285987665 | 5.290221714650222

*

3

35 4 45

y

5 55 6

Figure 4.3.8: Exact and GLM solutions for t = 1.5

Table 4.3.15: Numerical values for the exact and approximate solutions (FGLM) for t = 2

a

Exact

FGLM

Y

Y

Y

y

4.838487836178892

10.88659763140251

4.838487825728191

10.88659760788841

0.1

5.080412227987837

10.76563543549804

5.080412217014596

10.76563541224522

0.2

5.322336619796782

10.64467323959356

5.322336608300999

10.64467321660200

0.3

5.564261011605725

10.52371104368909

5.564260999587413

10.52371102095881

0.4

5.806185403414671

10.40274884778462

5.806185390873822

10.40274882531560

0.5

6.048109795223614

10.28178665188015

6.048109782160234

10.28178662967240

0.6

6.290034187032560

10.16082445597567

6.290034173446638

10.16082443402920

0.7

6.531958578841504

10.03986226007120

6.531958564733049

10.03986223838597

0.8

6.773882970650448

9.918900064166728

6.773882956019454

9.918900042742784

0.9

7.015807362459393

9.797937868262256

7.015807347305866

9.797937847099576

7.257731754268338

9.676975672357784

7.257731738592279

9.676975651456381

5 6 7
y

Figure 4.3.9: Exact and GLM solutions for t = 2
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Table 4.3.16: The absolute errors of the FGLM fort =1

Absolute error

v —y| = 7 -7~
0 1.2912 x 10~° 2.9053 x 107°
0.1 1.3558 x 10~° 2.8730 x 10~°
0.2 1.4204 x 10~° 2.8407 x 10~°
0.3 1.4849 x 10~° 2.8084 x 10~°
0.4 1.5495 x 10~° 2.7761 x 10~°
0.5 1.6140 x 10~° 2.7439 x 10~°
0.6 1.6786 x 10~° 2.7116 x 10~°
0.7 1.7432 x 107° 2.6793 x 107°
0.8 1.8077 x 10~° 2.6470 x 10~°
0.9 1.8723 x 10~° 2.6147 x 10~°
1 1.9368 x 10~° 2.5825 x 107°

Table 4.3.17: The absolute errors of the FGLM fort = 1.5

Absolute error

i ¥ —y|~ Y -¥|~

0 5.4934 x 10~° 1.2360 x 108
0.1 5.7681 x 10~° 1.2223 x 1078
0.2 6.0428 x 10~° 1.2086 x 10~8
0.3 6.3174 x 10~° 1.1948 x 1078
0.4 6.5921 x 10~° 1.1811 x 1078
05 6.8668 x 10~° 1.1674 x 1078
0.6 7.1414 x 10~° 1.1536 x 1078
0.7 7.4161 x 10~° 1.1399 x 1078
0.8 7.6908 x 10~° 1.1262 x 1078
0.9 7.9655 x 10~° 1.1124 x 1078
1 8.2401 x 10~° 1.0987 x 1078

Table 4.3.18 :The absolute errors of the FGLM fort = 2

Absolute error

« ¥ —y| = Y —-y| ~
1.0451 x 1078 2.3514 x 1078
0.1 1.0973 x 1078 2.3253 x 1078
0.2 1.1496 x 1078 2.2992 x 1078
0.3 1.2018 x 1078 2.2730 x 1078
0.4 1.2541 x 1078 2.2469 x 1078
0.5 1.3063 x 1078 2.2208 x 1078
0.6 1.3586 x 1078 2.1946 x 1078
0.7 1.4108 x 1078 2.1685 x 1078
0.8 1.4631 x 1078 2.1424 x 1078
0.9 1.5154 x 1078 2.1163 x 1078
1 1.5676 x 1078 2.0901 x 108
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As shown in Tables 4.3.13-18, the fuzzy general linear method with trapezoidal
fuzzy number as initial condition gave less accurate than Runge-Kutta but it
needed less number of steps.

b- Triangular Shaped Fuzzy Number
let y(0,a) = [0.75 + 0.25a?,1.125 — 0.125a?],0 < a < 1

We solve by Matlab software the exact solutions with approximate results of
this example are presented in Tables 4.3.19-21 and Figs 4.3.10-12 respectively,
and the absolute errors of the approximate results in Tables 4.3.22-24.

Table 4.3.19: Numerical values for the exact and approximate solutions (FGLM) for t = 1

a

Exact

FGLM

Y

Y

Y

y

2.038711371344284

3.058067057016426

2.038711369407443

3.058067054111163

0.1

2.045507075915432

3.054669204730852

2.045507073972134

3.054669201828817

0.2

2.065894189628875

3.044475647874132

2.065894187666208

3.044475644981782

0.3

2.099872712484613

3.027486386446262

2.099872710489666

3.027486383570052

0.4

2.147442644482646

3.003701420447245

2.147442642442506

3.003701417593631

0.5

2.208603985622974

2.973120749877081

2.208603983524728

2.973120747052521

0.6

2.283356735905599

2.935744374735769

2.283356733736335

2.935744371946717

0.7

2.371700895330517

2.891572295023310

2.371700893077324

2.891572292276222

0.8

2.473636463897732

2.840604510739702

2.473636461547696

2.840604508041035

0.9

2.589163441607241

2.782841021884948

2.589163439147451

2.782841019241159

2.718281828459046

2.718281828459046

2.718281825876591

2.718281825876591

4 45

y

55 6

Figure 4.3.10: Exact and GLM solutions fort = 1
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Table 4.3.20: Numerical values for the exact and approximate solutions (FGLM) for t = 1.5

a

Exact

FGLM

Y

Y

y

y

3.967666294227795

5.951499441341692

3.967666285987665

5.951499428981495

0.1

3.980891848541887

5.944886664184645

3.980891840274289

5.944886651838181

0.2

4.020568511484165

5.925048332713508

4.020568503134166

5.925048320408249

0.3

4.086696283054629

5.891984446928276

4.086696274567295

5.891984434691680

0.4

4.179275163253278

5.845695006828951

4.179275154573673

5.845694994688491

0.5

4.298305152080111

5.786180012415534

4.298305143153301

5.786180000398678

0.6

4.443786249535131

5.713439463688025

4.443786240306182

5.713439451822237

0.7

4.615718455618335

5.627473360646422

4.615718446032315

5.627473348959170

0.8

4.814101770329725

5.528281703290727

4.814101760331699

5.528281691809477

0.9

5.038936193669300

5.415864491620940

5.038936183204331

5.415864480373159

5.290221725637060

5.290221725637060

5.290221714650222

5.290221714650222

9
y

85

95

Figure 4.3.11: Exact and GLM solutions for t = 1.5

Table 4.3.21: Numerical values for the exact and approximate solutions (FGLM) for t = 2

a

Exact

FGLM

Y

Y

y

y

7.257731754268338

10.88659763140251

7.257731738592279

10.88659760788841

0.1

7.281924193449231

10.87450141181206

7.281924177720919

10.87450138832409

0.2

7.354501510991915

10.83821275304072

7.354501495106844

10.83821272963114

0.3

7.475463706896387

10.77773165508848

7.475463690750045

10.77773163180953

0.4

7.644810781162650

10.69305811795535

7.644810764650527

10.69305809485929

0.5

7.862542733790699

10.58419214164133

7.862542716808297

10.58419211878040

0.6

8.128659564780540

10.45113372614641

8.128659547223347

10.45113370357288

0.7

8.443161274132168

10.29388287147059

8.443161255895680

10.29388284923672

0.8

8.806047861845585

10.11243957761388

8.806047842825295

10.11243955577191

0.9

9.217319327920789

9.906803844576279

9.217319308012186

9.906803823178459

9.676975672357784

9.676975672357784

9.676975651456381

9.676975651456381
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Figure 4.3.12: Exact and GLM solutions for t = 2

Table 4.3.22: The absolute errors of the FGLM fort = 1

Absolute error

¢ ¥ —y|~ Y -¥|~

0 1.9368 x 107~° 2.9053 x 107°
0.1 1.9433 x 107° 2.9020 x 107°
0.2 1.9627 x 107° 2.8923 x 107°
0.3 1.9949 x 10~° 2.8762 x 107°
0.4 2.0401 x 107° 2.8536 x 107°
0.5 2.0982 x 107° 2.8246 x 107°
0.6 2.1693 x 10~° 2.7891 x 10~°
0.7 2.2532 x 107° 2.7471 x 107°
0.8 2.3500 x 10~° 2.6987 x 10~°
0.9 2.4598 x 10~° 2.6438 x 10~°
1 2.5825 x 107° 2.5825 x 107°

Table 4.3.23: The absolute errors of the FGLM fort = 1.5

Absolute error

i ¥ —y|= Y -y|~

0 8.2401 x 10~° 1.2360 x 1078
0.1 8.2676 x 10~° 1.2346 x 1078
0.2 8.3500 x 10~° 1.2305 x 1078
0.3 8.4873 x 107° 1.2237 x 1078
0.4 8.6796 x 10~° 1.2140 x 1078
0.5 8.9268 x 10~° 1.2017 x 1078
0.6 9.2289 x 107° 1.1866 x 1078
0.7 9.5860 x 10~° 1.1687 x 1078
0.8 9.9980 x 10~° 1.1481 x 1078
0.9 1.0465 x 1078 1.1248 x 1078
1 1.0987 x 1078 1.0987 x 1078
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Table 4.3.24: The absolute errors of the FGLM fort = 2

Absolute error

: ¥ —y| = Y —y| ~

0 1.5676 x 1078 2.3514 x 1078
0.1 1.5728 x 1078 2.3488 x 108
0.2 1.5885 x 1078 2.3410 x 108
0.3 1.6146 x 1078 2.3279 x 1078
0.4 1.6512 x 1078 2.3096 x 1078
0.5 1.6982x 1078 2.2861 x 108
0.6 1.7557 x 1078 2.2574 x 1078
0.7 1.8236 x 1078 2.2234 x 1078
0.8 1.9020 x 1078 2.1842 x 1078
0.9 1.9909 x 1078 2.1398 x 108
1 2.0901 x 108 2.0901 x 108

As shown in Tables 4.3.19-24, the fuzzy general linear method with triangular
shaped fuzzy number as initial condition gave less accurate than Runge-Kutta
but it needed less number of steps.

4.4 Variational Iteration Method (VIM)

The Variational Iteration Method will be applied for hybrid fuzzy differential
equations (29).

a- Trapezoidal Fuzzy Number
let y(0) = (0.5,0.75,1,1.125)

y(0,a) = [0.5 + 0.25¢,1.125 — 0.125a], O0<a<1

when t € [0,1] the iteration formulas (43) can be used.

Starting with initial approximations

y(0,@) = (0.5 + 0.25a),

by iteration formulas, one can obtain

y1(t, @) = e(0.5 + 0.25),

y2(t, @) = e*(0.5 + 0.25a),

y(0,a) = (1.125 — 0.125a),

y,(t, @) = e'(1.125 — 0.125a)

y,(t a) = e*(1.125 — 0.125a)

0<ac<l1
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these are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

For the case where t € [1,1.5] the iteration formulas (43) can be used.

Starting with initial approximations
X(l' a) = (0.5 + 0.25a)e, y(1,a) = (1.125 - 0.125a)e, 0<ac<1

by iteration formulas, the following is obtained:

yi(ta) =y(1,a)(3et =2t), Yy, (ta)=y(1,a)(3e"" —2t)

Y2 (t,a) = X(l' a)(3et™1 —2¢), ¥, a) =y(1,a)( 3et~1 — 2¢)

they are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

when t € [1.5,2] by using iteration formulas (43):

starting with initial approximations

y(15,a0) = y(1,a)(3e* -3),  y(1,a) =y(1,a)(3e**~3), 0<a<l1
by iteration formulas, the following is obtained:

yi(t,a) = y(1,a)(Bet™t — 4et~15 — 2 + 2t)
y,(t,a) =y(1,a)(3et™" —4e'™> — 2 + 2t)

v, (t,a) = y(1,a)(3et™t — 4et715 — 2 + 2t)
y,(t,a) =y(1,a)(3et™ —4e'1° — 2 + 2t)

they are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

b- Triangular Shaped Fuzzy Number
let y(0,a) = [0.75 + 0.25@?,1.125 — 0.125e?],0 < a < 1
When t € [0,1],
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y(0,a) = [0.75 + 0.25a2,1.125 — 0.125a?], 0<ac<i1
by iteration formulas (43), the following is obtained:

yi(ta) = et(0.75 + 0.25a?), y,(t,a) = e*(1.125 - 0.125a?)
y2(t, @) = e'(0.75 + 0.25a?), y,(t, a) = ef(1.125 - 0.125a?)

they are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

When t € [1,1.5], starting with initial approximations
y(1,a) = (0.75 + 0.25a?)e, y(1,a) = (1.125 — 0.125a?)e, 0<a<1
by iteration formulas(43), the following is obtained:
yita) =yl a)(3e" —2t), y,(ta)=y(1,a)(3e"" —2t)
y2(t @) =y(1,a)(3e"1 = 2t), y,(t,a) =y(1,a)(3e'™" —2t)
they are exactly the same as the components of equations (31). Therefore, by
only one iteration, the exact solution is obtained.

when t € [1.5,2], starting with initial approximations

3_/(1.5, Q) = X(l' a)(3e%° - 3), y(1,a) =y(1,a)(3e% —3), 0<a<1

by iteration formulas (43) , the following is obtained:

yi(t, @) = y(1,a)(Bet™t —4et~15 — 2 4 20),
y,(t,a) =y(1,a)(3et™" —4e'> — 2 + 2t)

y,(t,a) = y(1,a)(Bet™t —4et15 — 2 4 20),
y,(t,a) =y(1,a)(3et™ — 4e'1° — 2 + 2t)

they are exactly the same as the components of Equations (31). Therefore, by
only one iteration the exact solution is obtained.

159



4.5 Adomian Decomposition Method (ADM)

The Adomian decomposition method will be applied for hybrid fuzzy

differential equations (29).

a- Let y(0) = (0.5,0.75,1,1.125)

y(0,a) = [0.5 + 0.25a,1.125 — 0.125«],

0<ac=<l

According to Equations (49), when t € [0,1] we have

,(t, @) = 1.125 — 0.125a,

Approximating X(t' a) and y(t, a), with 96(1:) and 56(t), respectively, as

follows:

6
6 (0) = Z yi(ta),
k=0

t

y1(t, @) =f Yo(s,a)ds,

0
yi(t, @) = (0.5 + 0.25a)¢,

£2
Y2 (t,a) = (0.5 + 0.25a)?,

t6

3_/6(t, a) = (0.5 + 0.25a) 720"

6 k
(D)= yolt,@) s,
k=0

To find exact solution

X(t: a) = }Ll_r)glo Qn(t) )

y(t, a) = yo(t, a)et,

when t € [1,1.5] we have

XO(t’ a) = 0.5+ 0.25a

6
P, () = Z ¥, (t, )
k=0

t

y,(ta) = j Yo (s, a)ds
0

y,(t,@) = (1.125 — 0.125a)t

tZ
¥,(t @) = (1125 - 0.1250) —

6

_ t
y6(t, a) = (1.125 - 0.125a) 70

6 k
3,0 = Y Tt
k=0

y(t,a) = lim ¢, ()

y(ta) =y, (t a)et

yola) = y(1,a) = [(0.5 + 0.25a)et, (1.125 — 0.125a)e!]
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Yo(t, @) = yo(a) + f 2y(1,a)(s — 1)ds

7. (t,a) = 7, (@) + f 25(1,a)(s — 1)ds
Yot @) =y, (- 12+ 1), F,(t@) =F(La)((t — 1)* + 1)

Approximating X(t’ a) and y(t, a), with %(t) and 56(t), respectively, as
follows:

6 6
P =) ¥,  IO=) 7t
k=0 k=0

y1(t, @) =f Yols,@)ds,  y,(ta) = j Y, (s,a)ds

—1)3 _1)3
Xl(t,a)=z(1,a)<(t 31) +t—1>, yl(t,a)=y(1,a)<(t 31) +t—1>

—1)4 —_1)2
7,00 =300 ()

—1)4 —_1)2
w0 =ya (e ),

—1)8 _1\6
Vst @) :3—'(1’“)@0122) * (t72(1)) >

Then

-1 8 -1 6
Vet @) =?<1'“><(20162) + (t720) )

6
2(t —1DF2 (t—1)k
be(t) = ZX(L“)< K+ T ! >
k=0

_ o, 20t — 1)k*2 (£ — 1)k
¢6(t):;3’(1'“)< G+2)r ! >

To find exact solution

y(t @) = lim ¢, (1),  y(t,a) = lim ¢, (£)

X(t' Q) = X(l' a)(3et™1 = 2t), y(t,a) =y(1,a)(Bet™1 - 2t)
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when t € [1.5,2] we have
yo(@) = y(15,@) = [y(1,@)(3°5 = 3),5(1,0)(3¢°° - 3)|

t t

yot@) = @+ [ 2y10C-9ds,  Fa) =7,@+ [ 250 -s)ds

1.5 1.5

SZ
Yo(t, @) = y(1.5,a) + 2y(1,a) (25 -5 |§.5>;

_ _ _ 52
y,(t, @) =y(1.5a) +2y(1,a) <2$ -y |§.5>

XO(t' a) = 2(1.5, a) — X(l’ a)((t —1.5)2 - (t— 1.5)),
Vot @) =y(1.5,a) - y(1,a)((t — 1.5)% — (¢t — 1.5))

Approximating X(t' a) and y(t,a), with 96(1:) and Ee(t), respectively, as
follows:

6 6
P =) ¥,  IO=) 7t
k=0 k=0

t

t
it a) = f Yo(s,adds, ¥, (ta)= f Y, (s, a)ds
1.5 1.5

yi(ta) = f (y(l 5,a) —y(1,a)((s = 1.5)2 = (s - 1. 5))) ds
15

(t—15)* (t— 1.5)*
2

3_/1(t, a) = 2(1.5, a)(t—1.5) — X(l' a) < 3

(15—15)3 (t—15)

y,(t,a) =y(1.5a)(t - 15) —y(1,a) <

(t— (t—15)4

y2(t,a) = y(1.5,a) -y, @)

15)
15)

y,(ta) =y(1.5,a) -y, )

)
)
)
)

(t—1. 5)2 <(t - 1. 5)4

Ye(t, @) = y(1.5, a)( —15° y(1,a) <(t —15)% (t—1.5) >

720 20160 5040
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3.6 @) = J(L5,a) o) (t-15)° (t-15) >

720 Y “)< 20160 5040
Then

6 k+1
(t — 1.5)% 2(t — 1.5)%2 (t—1.5)
d(1) = kzo: yA5a)=——-y(La) ( k+2)!  (k+1D) )

6 k+1
_ _ (t—1.5kF _ 2(t =152 (t-1.5)
e () =kzzoy(1'5'“) k! _3’(1’“)< k+2)!  (k+1D! )

To find exact solution
y(t,a) = lim ¢,(6),  y(t,a) = lim ¢, (t)
yta)=y(1,a)2t -2+ 3et~1 — 4et719)

y(t, a) =y(1,a) (2t — 2 + 3et™1 — 4et~15)

b- Triangular Shaped Fuzzy Number
y(0,a) = [0.75 + 0.25a?,1.125 — 0.125a?], 0<a<1

According to Equations (49), when t € [0,1]:

Yot @) =yo(a), ¥yt @) =y (a)
XO(t' ) = 0.5+ 0.25a?, y,(t,a) = 1.125 - 0.125a

Approximating y(¢, @) and y(¢, a), with ¢4 (¢) and 56(t), respectively, as

follows:
6 6
Ps(t) = Z Veta), )= Z ¥, (t, @)
k=0 k=0

t t
y1(t, a) =f Yo(s,a)ds,  y,(ta) = f Y, (s, @)ds
0 0

y1(t,a) = (0.5 + 0.25a?)t, y,(t,a) = (1.125 — 0.125a)t

t? t?
ya(t, @) = (0.5 + O.ZSaZ)?, y,(t a) = (1125 — 0.125a2)?
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t6

— 2
X6(t, a) = (0.5 + 0.25« )720,

6 k
s = Y wtO—,
k=0

To find exact solution
y(t ) = lim ¢, (1),
y(t, @) = yo(t, a)e’,

when t € [1,1.5] we have

t6
¥ (t,a) = (1.125 - 0.125a%) -—

720

6 k
3,0 =) 7,
k=0

¥(t,@) = lim §,(6)

y(t a) =y, (ta)e’

yo(a) = y(1,a) = [(0.5 + 0.25a?)et, (1.125 — 0.125a?)e!]

Yo(t, @) = yo(a) + f 2y(1,a)(s — 1ds,

Yolt, @) =y(1L,a)((t —1D* + 1),

7. (t,a) = 7, (@) + J 25(1,a)(s — 1)ds

Vot =y(L,a)((t -1+ 1)

Approximating y(¢, @) and y(¢, a), with ¢4 (¢) and 56(t), respectively, as

follows:

6
b6 (0) = Z yi(ta),
k=0

t
yi(ta) = f Yo(s,a)ds,
1

_ 3
y1(ta) =y(1,a) <(t 31) +t— 1>,

_14 _12
zz(t,a)=z(1,a)<(t 12) + 5 )>,

_ 1 8 _ 1 6
ACEY :X(l‘“)<(;0163) * (t720) )

Then

@@=§Q&m<
k=0

6
EXOEACHD
k=0

y,(ta) = f Yo(s, a)ds

y,(ta) =y(1,a) <(t _31)3 +t— 1>

(t—1)* G 1)2>

y,(t ) = ?(1,6!)( 12 >

_ 1 8 _ 1 6
Ye(t,a) =y(1,a) <(;0162) + (t720) >

2(t —DF*2 (t—1)k
Gk+2! | ! >
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B,(0) = Zm,a) (B or)
To find exact solution
y(t,a) = lim ¢, (),  y(t,a) = lim ¢, ()
y(t @) =y(1,a)(3e" " - 2t)

y(t, a) =y, a)(Bet™t - 2t)

when t € [1.5,2] we have

yola) = y(1.5,a) = [X(l’ @) (3e%5 — 3),5(1, @) (3¢5 — 3)]

1o®) =@+ [ 2y00C-94 T,k =T,@+ [ 250, -s)ds
1.5

- 1.5

XO(t' a) = X(l.S,a) — X(l' a)((t —1.5)% —(t - 1.5))
Y, (t @) =y(1.5,a) - y(1,a)((t — 1.5)% — (¢t — 1.5))

Approximating y(¢, @) and y(¢, a), with ¢4 (¢) and 56(t), respectively, as
follows:

6 6
Ps(t) = Z yeta), o) = Z ¥, (t, @)
k=0 k=0

t t
(6 a) = f Yo(s, a)ds, y,(ta) = f Y, (s, a)ds
1.5 1.5

(t—15)% (t-1.5)°
-

Xl(t' a) = 2(1.5, a)(t—1.5) — X(l' a) <

y,(t,a) =y(1.5a)(t—15) -y(1,a) < )’
(1:—15)2 (t—15)4 (t—15)

)
(15—15)3 - 1.5 >

Y2 (6,@) = y(1.5,a) ~y(1,a)

-y(,

y,(t @) = y(1.5,@) (¢t~ 5)2 <(t —15)* (t— 1.5) >
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—1.5)¢
ye(t, @) = y(1.5, a)%—z(l,a)(

(t—15)% (t—1.5)
20160 5040

Vet a) =y(1.5a)

t-15)° _ . (E=15° (t —1.5)
720 _y(’“)< 20160 5040 >

Then

(t — 5)k 2(t — 1.5)k2  (t—1.5)""
s(8) = Zﬂ“ T X“"”( G+ (k+ D! )

6 k+1
_ _ (t—1.5kF _ 2(t =152 (t—-1.5)
¢6(t)=;y(1'5'“)T_Y(l’a)< k+2)  (k+1D)! )

To find exact solution
y(ta) = lim ¢,(t),  y(t,a) = lim ¢, ()
3_/(t, Q) = )_/(1, a)(2t — 2 + 3et™1 — 4et719)

Y(t, @) = (1, a) (2t — 2 + 3et~1 — 4et~15)

4.8 Summery

An example of the HFDEs was solved by several numerical methods and it is
the first time the trapezoidal and triangular shaped fuzzy number were used as
initial conditions. A Matlab code was constructed for each numerical method.
Then exact and approximate solutions were compared under Hukuhara
derivative. Finally, the results were compared for the used numerical methods.
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Chapter Five

Conclusion and Comments

In this work, we solved a hybrid fuzzy differential equation by several
numerical methods (Picard method, Runge-Kutta of order five, General linear
method (GLM), Variational iteration method (VIM), Adomian decomposition
method (ADM), Predictor-Corrector method (PCM) and Improved Predictor-
Corrector (IPC) method) and different cases of initial conditions as triangular,
trapezoidal and triangular shaped fuzzy numbers. Also, we solved HFDEs with
generalized Hukuhara derivative.

Now to discuss the results and give some interpretation, we found out that.
Picard method gives high accurate results for each initial conditions. However,
these accurate results are obtained with high number of iterations which require
more CPU time by Matlab software.

Although Runge-Kutta of order five is rarely used by researchers, however, it
gives accurate results with small h. One can't compare between Picard method
and Runge-Kutta method because the first depends on iteration but the second
depends on the value of h.

The general linear method was applied using Runge-Kutta and multistep type
methods. The results for this method were less accurate than classical 4™ order
Runge-Kutta but it needed less number of steps compared with Runge-Kutta 4™
order.

Variational iteration and Adomian decomposition methods give exact solutions
under generalized Hukuhara derivative (1 —derivative, 2 —derivative).

We applied predictor-corrector method using Milne's 4" order and Adams-
Bashforth 4™ order and obtained accurate results. To find initial conditions for
the method, we utilized the 4™ order Runge-Kutta method.

Applying the improved predictor-corrector method to fuzzy equations, the
obtained results were less accurate than previous methods.
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Triangular Fuzzy
Number

Trapezoidal and
Triangular Shaped
Fuzzy Number

1- and 2- differentiable

accurate results when

1 - differentiable

Picard Method e |Is€d With high number
of iteration
J J
RK5 accurate results with
small h
J A J
less accurate than
GLM Runge-Kutta but it
needed less number of
J steps J
VIM and ADM more accurate results
compared to the others
"4 \ J
PCM — accurate results
J A J
IPCM less accurate than other
methods
J  * J
accurate results when
Picard Method used with high number
of iteration
J
RK5S accurate results when
used with small h
J
less accurate than
Runge-Kutta but it
CLMY needed less number of
L steps J
VIM and ADM more accurate results

compared to the others

7
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Appendix

a- 1 — differentiable

Picard Method

+

syms t w v z r
format long
wO=zeros (1,11)
v0= zeros(1l,11)
for i=1:11
w0 (1,1)=0.75+0.25*(i-1)*0.1
v0(1,1)=1.125-0.125*(i-1)*0.1
end

t0=0
n=50
for k=1:11
for j=1:n
if j==
w(k,3)=w0(1,k)+int (w0 (1,k),t0,t)
v(k,3)=v0(1l,k)+int(v0(1,k),t0,t)
else

w(k,j)=wO0(1l,k)+int (w(k,j-1),t0,t)

v(k,j)=v0(1l,k)+int (v (k,j-1),t0,t)
end
z(t)=w(k,7J)
r(t)=v(k,J)
end
z (1)
r(l)
end
syms t w v z ¢
format long
w0=[2.038711371344284,2.106668417055760,2.174625462767236,2.242582508
478713,2.310539554190189,2.378496599901665,2.446453645613141,2.514410
691324617,2.582367737036093,2.650324782747569,2.718281828459045]
v0=[3.058067057016426,3.024088534160688,2.990110011304950,2.956131488
449211,2.922152965593474,2.888174442737736,2.854195919881997,2.820217
397026260,2.786238874170521,2.752260351314783,2.718281828459045]
t0=1

n=50

for k=1:11
for j=1:n

if ==

w(k,3)=wO0(1l,k)+int(wO(1,k)+2*w0(1,k)*(t-1),t0,t)
vi(k,3)=v0(l,k)+int(vO(1l,k)+2*v0(1,k)*(t-1),t0,t)

else
w(k,3)=w0(1l,k)+int(w(k,j-1)+2*wO(1,k)*(t-1),t0,t)
vi(k,3)=v0(1,k)+int (v(k,j-1)+2*v0 (1, k) *(t-1),t0,t)
end
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+

syms t w v z T

format long
c0=[2.038711371344284,2.106668417055760,2.174625462767236,2.242582508
478713,2.310539554190189,2.378496599901665,2.446453645613141,2.514410
691324617,2.582367737036093,2.650324782747569,2.718281828459045]
d0=[3.058067057016426,3.024088534160688,2.990110011304950,2.956131488
449211,2.922152965593474,2.888174442737736,2.854195919881997,2.820217
397026260,2.786238874170521,2.752260351314783,2.718281828459045]
w0=[3.967666294227794,4.099921837368721,4.232177380509647,4.364432923
650575,4.496688466791502,4.628944009932427,4.761199553073354,4.893455
096214280,5.025710639355206,5.157966182496131,5.290221725637058]
v0=[5.951499441341692,5.885371669771228,5.819243898200766,5.753116126
630300,5.686988355059840,5.620860583489376,5.554732811918911,5.488605
040348450,5.422477268777984,5.356349497207522,5.290221725637058 ]
t0=1.5

n=50

for k=1:11
for j=1:n

if j==

w(k,3)=w0 (1,k)+int (w0 (1,k)+2*c0(1,k)*(2-t),t0,t)
v(k,3)=v0 (1,k)+int (vO (1, k)+2*d0(1,k)* (2-t),t0,t)

else
w(k,3)=w0(1l,k)+int(w(k,j-1)+2*w0(1,k)*(t-1),t0,t)
v(k,j)=v0(l,k)+int (v(k,j-1)+2*v0 (1, k)*(t-1),t0,t)
end

Runge-Kutta Method

+

syms t w v

format long

wO=zeros (1,11)

vO=zeros (1,11)

for i=1:11

w0 (1,1)=0.75+0.25*(1i-1)*0.1

z0(1,i)=1.125-0.125*(i-1)*0.1

end

h=0.02

t0=0

n=50

fl(t,w)=w

f2(t,v)=v

for i=1:n

t(1)=tO0+i*h

end

for j=1:n

if ==
for k=1:11
kl1=h*f1 (t0,w0(1,k))
k1l=h*f2 (t0,v0 (1, k))
k2=h*f1 (t0+ (h/3),w0(1,k)+(k1/3))
k22=h*f2 (t0+ (h/3),v0(1,k)+(k11/3))
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k3=h*f1 (t0+ (h/3),w0(1,k)+(kl/6)+(k2/6))

k33=h*f2 (t0+ (h/3),v0 (1,k)+(k1l1l/6)+(k22/6))
k4=h*fl(t0+(h/2),wO(l,k)+(k1/8)+(3*k3/8))
k44=h*£f2 (t0+ (h/2),v0(1,k)+(k11/8)+(3*k33/8))
k5=h*f1 (t0+h, w0 (1,k)+(k1/2)-(3*k3/2)+(2*k4))
k55=h*f2 (t0+h,vO0 (1, k)+(k11/2)-(3*k33/2)+(2*k44))
w(j,k)=wO0(1l,k)+(1/6)* (k1+4*k4+k5)
v(j,k)=v0(1l,k)+(1/6)* (kl1+4*k44+k55)

end

else

for k=1:11

k1=h*f1(t(3-1),w(i-1,k))

kll=h*f2 (t(j-1),v(j-1, k))

k2=h*fl1 (t(j-1)+(h/3) j -1,k)+(k1/3)
k22=h*f2 (t (7j-1) h/3 (3-1, k) k11/3
k3=h*fl(t(j-1) h/3 j -1,k)+(k1/6)+ k2/6))
k33=h*f2 (t (7-1) h/3 (3-1, k) (k11/6)+ k22/6
kd=h*f1l (t(j-1) h/2 j -1,k)+(k1/8)+(3*k3/8)
kd4=h*f2 (£t (j-1) h/2 (3-1, k) (k11/8)+ 3*k33/8
kS5=h*fl (t(j- 1)+h w(j- 1 kK)+(k1/2)-(3*k3/2)+ 2*k4))
k55=h*f2 (£t (j-1) +h, V(j -1, k) k11/2 - (3*k33/2)+(2*k44))
w(j,k)=w(j-1,k)+(1/6)* (kl+4*kd+k5)
v(j,k)=v(j-1,k)+(1/6)*(kl1+4*k44+k55)

end

end

end

ww=double (w)
vv=double (v)

+ syms t w v
format long
w0=

[2.038711370891301,2.106668416587678,2.174625462284054,2.242582507

980431,2.310539553676808,2.378496599373185,2.446453645069561,2.514410
690765938,2.582367736462314,2.650324782158691,2.718281827855068]

v0=

[3.058067056336951,3.024088533488763,2.990110010640575,2.956131487

792387,2.922152964944198,2.888174442096010,2.854195919247821,2.820217
396399633,2.786238873551445,2.752260350703256,2.718281827855068]

h=0.02

t0=1

n=25
fl1(t,w)=w+2*w0* (t
f2(t,v)=v+2*v0* (t
for i=1:n
t(i)=t0+i*h

end

for j=1:n

if ==

-1)
-1)

for k=1:11

kl=h*fl (t0,w0 (1,

k3=h*£f1l (t0+ (h/3)

k33=h*f2 (t0+ (h/3)

k4=h*f1 (t0+ (h/2)

k44=h*£2 (t0+(h/2)

k5=h*f1 (t0+h, w0 (1
k55=h*£f2 (£t0+h,v0 (1
(1/6)*
(1/6)*

=wO0 (1,k)+
=v0(1l,k)+

w(Jj, k)
v (3, k)

k))
k1ll=h*f2 (t0,vO0 (1,
k2=h*f1 (t0+ (h/3),w0
k22=h*f2 (t0+ (h/3),v0

k))

(1, k) +(k1(1,k)/3))

(1, k) +(k11(1,k)/3))
0(1,k)+(k1(1,k)/6)+(k2(1, k /6 ))
0(1,k)+(k11(1,k) /6 (k22(1,k)/6))
0(1,k)+(k1(1,k)/8)+(3*k3(1 )/8))
0(1,k)+(k11(1,k)/8)+ 3*k33 1,k)/8)

k)+(k1(1,k)/2)-(3*k3(1,k)/2)
k)+(k11(1,%k)/2)-(3*k33(1,k)/2)
1(1,k)+4*k4(1,k)+k5(1,k))
(k11(1,k)+4*k44(1,k)+k55(1,k))

2*k4(1 k)))

+(2*k44(1,k)))
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end

else

for k=1:11

k1=h*£1(t(j-1),w(j-1,k))

kll=h*f2 (t(j-1),v(j-1, k))

k2=h*fl (t(j-1)+(h/3), j -1,k)+(k1(1,k)/3))

k22=h*f2 (£t (7-1)+ h/3) (jJ-1,k)+(k11(1,k)/3))

k3=h*fl (t(j-1)+(h/3), j -1,k)+(k1(1,k)/6)+(k2(1,k)/6))
k33=h*f2 (£t (7-1)+ h/3) (J-1,k)+(k11(1,k)/6)+(k22(1,k)/6))
kd=h*fl (t(j-1)+(h/2), j -1,k)+(k1(1,k)/8)+(3*k3(1,k)/8))
kdd=h*f2 (£t (7-1)+ h/2) (jJ-1,k)+(k11(1,k)/8)+(3*k33(1,k)/8))
kS5=h*fl (t(j-1)+h,w(j-1, k) (k1(1,k)/2)-(3*k3(1,k)/2)+(2*k4(1,k)))
k55=h*f2 (t (j-1)+h,v(j-1,k)+ (k11 (1,k)/2)-

(3*k33(1,k)/2)+ 2*k44(1 k)))

w(j,k)=w(j-1,k)+(1/6) 1(1,k)+4*k4(1,k)+k5(1,k))
v(j,k)=v(j-1,k)+(1/6) kll(1,k)+4*k44(1,k)+k55(1,k))

end

end

end

ww=double (w)
vv=double (v)

+ syms t w v

format long
c0=[2.038711370891301,2.106668416587678,2.174625462284054,2.242582507
980431,2.310539553676808,2.378496599373185,2.446453645069561,2.514410
690765938,2.582367736462314,2.650324782158691,2.718281827855068]
d0=[3.058067056336951,3.024088533488763,2.990110010640575,2.956131487
792387,2.922152964944198,2.888174442096010,2.854195919247821,2.820217
396399633,2.786238873551445,2.752260350703256,2.718281827855068]
w0=[3.967666292225951,4.099921835300150,4.232177378374347,4.364432921
448546,4.496688464522745,4.628944007596944,4.761199550671140,4.893455
093745340,5.025710636819537,5.157966179893736,5.290221722967934]
v0=[5.951499438338925,5.885371666801826,5.819243895264729,5.753116123
727630,5.686988352190530,5.620860580653431,5.554732809116330,5.488605
037579232,5.422477266042134,5.356349494505033,5.290221722967934]
h=0.02

t0=1.5

n=25
fl(t,w)=w+2*w0O* (2-t)
f2 (t,v)=v+2*v0* (2-t)
for i=1:n
t(i)=t0+i*h

end

for j=1:n

if ==

for k=1:11

kl=h*fl (t0,w0 (1,

k1ll=h*f2 (t0,vO0 (1,
k2=h*f1 (t0+ (h/3),w0
k22=h*f2 (t0+ (h/3)

k3=h*f1 (t0+ (h/3)

k33=h*f2 (t0+ (h/3)

k4=h*f1 (t0+ (h/2)

k44=h*£2 (t0+(h/2)

k))
k))

(1, k) +(k1(1,k)/3))
0(1,k)+
0(1,k)+(k1l(1,k)/6)+
0(1,k)+(k11(1,k)/6)+
0(1,k)+(k1(1,k)/8)+

0(1,k)+(k11(1,k)/8)+

(k11(1,k)/3))
(k2 (1, k /6

))

k22 k)/6))
(3*k3( /8))

3*k33 1,k)/8)

k5=h*f1 (t0+h,wO0 (1,k)+(k1(1,k)/2)-(3*k3(1,k)/2) 2*k4(1 k)))
k55=h*f2 (t0+h,v0 (1, k) +(k11(1,k)/2)-(3*k33(1,k)/2)+(2*kd44(1,k)))
w(j,k)=wO(1l,k)+(1/6)*(kl1(1l,k)+4*k4(1,k)+k5(1,k))
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v(j,k)=v0(1l,k)+(1/6)*(k11(1,k)+4*k44(1,k)+k55(1,k))

end
else
for k=1:11
k1=h*f1(t(§-1),w(j-1,k))
kll=h*f2 (t(j-1),v(j-1, k))
]

k2=h*fl (t(j-1)+(h/3), -1,k)+(k1(1,k)/3))

k22=h*f2 (£t (7-1)+ h/3) (jJ-1,k)+(k11(1,k)/3))

k3=h*fl (t(j-1)+(h/3), j -1,k)+(k1(1,k)/6)+(k2(1,k)/6))
k33=h*f2 (£t (7-1)+ h/3) (J-1,k)+(k11(1,k)/6)+(k22(1,k)/6))
kd=h*fl (t(j-1)+(h/2), j -1,k)+(k1(1,k)/8)+(3*k3(1,k)/8))
kdd=h*f2 (£t (7-1)+ h/2) (J-1,k)+(k11(1,k)/8)+(3*k33( l k) /8)
kS5=h*fl (t(j-1)+h,w(j-1, k) (k1(1,k)/2)-(3*k3(1,k)/2) 2*k4(1 k)))
k55=h*f2 (t (j-1)+h,v(j-1,k)+(k11(1,k)/2)-

(3*k33(1,k)/2)+ 2*k44(1 k)))

w(j,k)=w(j-1,k)+(1/6) 1(1,k)+4*k4(1,k)+k5(1,k))
v(j,k)=v(j-1,k)+(1/6) kll(1,k)+4*k44(1,k)+k55(1,k))

end

end

end

ww=double (w)
vv=double (v)

General Linear Method

K=4

+ syms t w v
format long
fl(t,w)=w
f2(t,v)=v
a=0
b=1
N=50
h=(b-a) /N
t(l)=a
for j=1:11
w0 (1,3)=0.75+(0.25*(3-1)*0.1)
v0(1l,3)=1.125-(0.125*(j-1)*0.1)
t(l)=a
for i=1:3
t(1i+1)=t (i) +h
if i==
k1(j,1)=h*fl1(t(i),w0 (1 ))
k11 (j,1)=h*f2(t (i), VO( 3))
k2(3,1)=h*fl(t (i) +0. 5*h wO(l,j)+O.5*k1(j,i))
k22 (3,1)=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k11(j,1))
k3(3,1)=h*f1(t(1i)+0.5*h,w0(1,j)+0.5%k2(j,1))
k33(3,1)=h*f2(t (1)+0.5*h,v0(1,3)+0.5*k22(j,1))
k4 (3,1)=h*£1(t(i+1),w0(1,3)+k3(3,1))
k44 (3,1)=h*f2 (t (i+1) vO(l,j)+k33(j,i))
w(3,1)=w0(1,3)+ (k1 (3, 1)+2% (k2(3,1)+k3(J,1))+k4(3,1))/6
v(3,4)=v0 (1, 3)+ (k11 (3, 1) +2% (k22 (3, 1) +k33 (3, 1)) +k44 (3,1)) /6
else
kl(j,1)=h*fl1(t(i),w(j,1-1))
kll(j,i)=h*f2(t(i),v(3,1i-1))
k2(3,1)=h*f1(t(1i)+0.5*h,w(j,1i-1)+0.5*k1(j,1))
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k22 (j,1)=h*f2(t (1)+0.5*h,v(j,1-1)+0.5*k11(3,1))
k3(3,1)=h*f1(t(i)+0.5*h,w(j,i-1)+0.5*k2(j,1))
k33(j,1)=h*f2(t (1)+0.5*h,v(j,1-1)+0.5*k22(3,1))

k4 (3,1)=h*£(t (i+1),w(j,i-1)+k3 (3, 1))
k44 (7,1)=h*f(t (i+1l),v(j,1i-1)+k33(3,1))
wi(d, i) =w(j, i-1)+(k1(j,1)+2% (k2 (3,1)+k3(j,1))+kd(3,1))/6
VI3, 1)=v (3, i-1)+ (k11 (3, 1) +2* (k22 (3,1) +k33(3,1))+k44 (j,1))/6
end
end
for i=4:N
tO0=a+i*h
Pl (1,J)=55*f1(t(4),w(]J,3))-59*£1(t(3),w(],2))+37*£1(t(2),w(],1))-
9*f1(t(1),w0(1,3))
dl (1,3)=55*f2(t(4),v(3,3))-59*f2(t(3),v(],2))+37*f2(t(2),v(],1))-
9*f2 (t(1),v0(1,3))
z0(1,3)=w(j,3)+h*(pl(1,3))/24
q0(1,3)=v(j,3)+h*(d1(1,3)) /24
for e=1:3
t (e)=t (e+l)
if e==1
w0 (1,3)=w(j,1)
v0(1,3)=v(j,1)
else
w(j,e-1)=w(j,e)
v(j,e-1l)=v(j,e)
end
end
t (4)=t0
w(j,3)=z0(1,3)
v(j,3)=90(1,3)
end
ww=double (w)
vv=double (v)
end

1
1
1
1

* syms t w v
format long
c0=[2.038711267561744,2.106668309813803,2.174625352065861,2.2425823943179, 9
,2.310539436569978,2.378496478822036,2.446453521074094,2.514410563326151, 2.
582367605578210,2.650324647830267,2.718281690082326]
f0=[3.058066901342616,3.024088380216586,2.990109859090558,2.956131337964530
,2.922152816838501,2.888174295712471,2.854195774586440,2.820217253460412,2.
786238732334387,2.752260211208354,2.718281690082326]
fl(t,w)=y+2*cO0* (t-1)
f2(t,v)=y+2*£f0* (t-1)
a=1
b=1.5
N=25
h=(b-a) /N
t(l)=a
for j=1:11
w0=[2.038711267561744,2.106668309813803,2.174625352065861,2.2425823943179,9
,2.310539436569978,2.378496478822036,2.446453521074094,2.514410563326151, 2.
582367605578210,2.650324647830267,2.718281690082326]
v0=[3.058066901342616,3.024088380216586,2.990109859090558,2.956131337964530
,2.922152816838501,2.888174295712471,2.854195774586440,2.820217253460412,2.
786238732334387,2.752260211208354,2.718281690082326]

t(l)=a
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for i=1:3
t(1+1)
if i==
kl=h*f1 (t(i),w0(1,3))
k11l=h*f2 (£t (1i),v0(1,3))

=t (i) +h

k2=h*f1(t(1)+0.5*h,w0(1,3)+0.5*k1(1,3))
k22=h*f2(t(1)+0.5*h,v0(1,J)+0.5*k11(1,3))
k3=h*f1(t(1)+0.5*h,w0(1,3)+0.5*k2(1,3))
k33=h*f2(t(1)+0.5*h,v0(1,J)+0.5*k22(1,3))

k4=h*f1 (t
k44=h*f2 (t
w(l,i)=w0(1,3)+
v(l,i)=v0(1,3)+

else
kl=h*fl(t(i),w(l,1i-1))
kll=h*f2 (t(1),v(1l,1-1)

)

(i+1),w0(1,3)+k3(1,3))
(i+1),v0(1,3)+k33(1,3))

(k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))
(k11 (1,3)+2* (k22(1,3)+k33(1,3))+k44(1,3))/6

k2=h*f1(t(1i)+0.5*h,w(1,i-1)+0.5*k1(1,7))
k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,7))
k3=h*fl1(t(1i)+0.5*h,w(1,i-1)+0.5*k2(1,7))

k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
kd=h*f1 (t (i+1),w(1l,i-1)+k3(1,3))
kd4=h*f2 (t (i+1),v(1l,i-1)+k33(1,]
w(l,i):w(l,i—1)+(k1(1,j)+2*(k2(1,j)+k3(1,j))+k4
w(l,i)=v(1l,i-1)+(k11(1,j)+2*(k22(1,7J)+k33(1
end
end
for i=4:N
tO0=a+i*h
pl= 55*f1(t(4),w(1 3))-59*f1(t(3),w(l,2))+37*fl (t
9*f1(t(1),w0(1,3))
dl= 55*f2(t(4),v(1 3))=-59*f2(t (3),v(1,2))+37*f2 (t
9*f2 (£ (1),v0(1,3))

z0 (1, ) =w(1l,3)+h* (pl ) /24
g0 (1,3)=v(1l,3)+h* (dl ) /24
for e=1:3

t (e)=t (e+l)

if z==

w0 (1,3)=w(1l,1)
v0(1,j)=v(1,1)

else
w(l,e-1)=w(l,e)
v(l,e-1)=v(l,e)

end
end
t (4)=t0

w(l,3)=z0(1,7)
V(1/3)=q0(1/j)
end
ww=double (w)
vv=double (v)
end

/6

) /6

))+k44(1,j))/6

(2) ,w(l, 1))~

(2),v(1,1))-
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+ syms t w v
format long
c0=[2.038711267561744,2.106668309813803,2.174625352065861,2.242582394
3179,9,2.310539436569978,2.378496478822036,2.446453521074094,2.514410
563326151,2.582367605578210,2.650324647830267,2.718281690082326]
f0=[3.058066901342616,3.024088380216586,2.990109859090558,2.956131337
964530,2.922152816838501,2.888174295712471,2.854195774586440,2.820217
253460412,2.786238732334387,2.752260211208354,2.718281690082326]
fl(t,w)=y+2*c0* (2-t)
f2(t,v)=y+2*£0* (2-t)
a=1l.5
b=2
N=25
h=(b-a) /N
t(l)=a
for j=1:11
w0=[3.967665851557501,4.099921379942754,4.232176908328005,4.364432436
713252,4.496687965098505,4.628943493483756,4.761199021869006,4.893454
550254253,5.025710078639504,5.157965607024751,5.290221135410005]
v0=[5.951498777336254,5.885371013143627,5.819243248951001,5.753115484
758379,5.686987720565753,5.620859956373129,5.554732192180500,5.488604
427987878,5.422476663795258,5.356348899602628,5.290221135410005]
t(l)=a
for i=1:3
t(i+1l)=t (i) +h
if i==1
kl1=h*fl (t(i),w0(1,3))
kll=h*f2(t(i),v0(1,3))
k2=h*f1(t(1)+0.5*h,w0(1,3)+0.5*k1(1,3))
k22=h*f2(t(1)+0.5*h,v0(1,3)+0.5*k11(1,3))
k3=h*f1(t(1i)+0.5*h,w0(1,3)+0.5*k2(1,3))
k33=h*f2(t(1i)+0.5*h,v0(1,])+0.5*k22(1,7))
k4=h*fl (t (i+1),w0(1,3)+k3(1,3))
k44=h*f2 (£t (i+1),v0(1,3)+k33(1,3))
w(l,i)=w0(1,3)+(k1(1,3)+2%(k2(1,3)+k3(1,3))+k4(1,3))/6
v(1,1)=v0(1,3)+ (k11 (1,3)+2* (k22(1,3)+k33(1,3))+kd4(1,3))/6

else

kl=h*fl(t(i),w(1l,i-1))

kll=h*f2 (t(i),v(1,1i-1))
k2=h*f1(t(1)+0.5*h,w(1,i-1)+0.5*k1(1,7))

k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,7))
k3=h*f1(t(1)+0.5*h,w(1,i-1)+0.5*k2(1,7))

k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))

kd=h*fl (t(i+1),w(1l,i-1)+k3(1,3))

kd4=h*f2 (t (i+1),v(1,1i-1)+k33(1,3))
w(l,i)=w(l,i-1)+(kL1(1,3)+2* (k2(1,3)+k3(1,3))+k4(1,3))/6
w(l,i)=v(1,1-1)+(k11(1,3)+2*(k22(1,73)+k33(1,73))+kd44(1,3))/6

end

end

for i=4:N

tO0=a+i*h

pl=55*f1(t(4),w(1l,3))-59*f1(t(3),w(1l,2))+37*f1(t(2),w(l,1))-

9*£1(t(1),w0(1,3))
dl=55*f2(t(4),v(1,3))=-59*f2(t(3),v(1,2))+37*f2(t(2),v(1l,1))-
9*f£2(t(1),v0(1,3))

z0(1,3)=w(l,3)+h*(pl(1,3))/24

181



q0(1,3)=v(1,3)+h*(d1(1,])) /24

for e=1:3
t(e)=t(e+l)
if z==
w0 (1,3)=w(1,1)
v0(1l,3)=v(1,1)
else
w(l,e-1)=w(l,e)
v(l,e-1)=v(1l,e)
end
end
t (4)=t0
w(l,3)=z0(1,3)
v(1,3)=q0(1,7)
end
ww=double (w)
vv=double (V)
end

K=5

+ syms t w v
format long
fl(t,w)=w
f2(t,v)=v
a=0
b=1
N=50
h=(b-a) /N
t(l)=a
for j=1:11
w0 (1,3)=0.75+(0.25*(j-1)*0.1)
v0(1,3)=1.125-(0.125*(3-1)*0.1)
t(l)=a
for i=1:4
t(i+1l)=t (i) +h
if i==
kl1(j,1)=h*fl(t(i),w0(1,3))
k1l (j,i)=h*f2(t(1),v0(1,3))

e

k2(j,1)=h*f1(t(1)+0.5*h,w0(1,3j)+0.5*k1(3,1))
k22 (j,1)=h*f2(t(1)+0.5*h,v0(1,3j)+0.5*k11(j,1))
k3(j,1)=h*f1(t(1i)+0.5*h,w0(1,3)+0.5*k2(3,1))
k33(j,1)=h*f2(t(1)+0.5*h,v0(1,j)+0.5*k22(j3,1))
K4 (3,1)=h*f1(t (i+1),w0 (1,3)+k3 (3, 1))

k44 (j,1)=h*f2 (t (i+1),v0(1,j)+k33(j, 1))
w(j,1)=w0 (1,

1se
kl(j,1)=h*fl1(t(i),w(j,1-1))
kll(j,i)=h*f2(t(i),v(3,1i-1))
k2(3,1)=h*f1(t(1)+0.5*h,w(j,1i-1)+0.5*k1(j,1))
k22 (3,1)=h*f2(t (1)+0.5*h,v(j,1i-1)+0.5*k11(j,1))
k3(3,1)=h*f1(t(1i)+0.5*h,w(j,1i-1)+0.5*k2(j,1))
k33(3,1)=h*f2(t (1)+0.5*h,v(j,1i-1)+0.5*k22(j,1))

k4 (j,i)=h*f£(t(i+l),w(j,i-1)+k3(j,1))
k44 (§,1)=h*f (t(i+l),v(J,1i-1)+k33(3,1))

w(j,1)=w(j,i-1)+(kl(j,1)+2*(k2(3,1)+k3(j,1))+k4(j,1))/6

)+ (k1(3,1)+2*(k2(J,1)+k3(J,1))+k4(3,1))/6
v(3,1)=v0(1,3)+ (k11 (J,1)+2* (k22 (J,1)+k33(J,1))+k44(3,1))/6

182



v(j,i)=v(j,i-1)+
end
end
for i=5:N
tO0=a+i*h
pl(1,3)=1901*£1 (t(5),w (3
1274*f1(t(2) ,w(j,1))+251*f1 (t
dl(1,3)= 1901*f2(t(5),v (]
1274*£2 (t(2),v (], 1))+251*f2(
20 (1,3)=w (3, 4)+h* (pl(1,7)
g0 (1,3)=v (3,4) +h* (d1(1, )
for e=1:4
t(e)=t(e+l)
if e==

4))
(1),
4))
(1),
) /72
) /72

else
w(j,e-1)=
v(j,e-1)=

end
end
t (5)=t0
w(j,4)=z0(1,3)
v(3,4)=90(1,3)
end
ww=double (w)
vv=double (v)
end

+ syms t w v
format long
c0=

(k11 (3,1)+2* (k22 (j,1)+k33 (73,

-2774%f1 (t
w0 (1,3))
-2774%£2 (t
v0<1 3))

1)) +k44(3,1))/6

(4) ,w(3,3))+2616*£1(t(3),w(J,2)) -

(4) ,v(3,3))+2616*£2(t(3),v(],2))~

[2.038711369407443,2.106668415054357,2.174625460701272,2.242582506

348186,2.310539551995102,2.378496597642015,2.446453643288931,2.514410
688935846,2.582367734582760,2.650324780229675,2.718281825876591]

f0=

[3.058067054111163,3.024088531287706,2.990110008464247,2.956131485

640793,2.922152962817334,2.888174439993877,2.854195917170421,2.820217
394346960,2.786238871523505,2.752260348700048,2.718281825876591]

f1(t,w)
f2(t,v)
a=1
b=1.5
N=25
h=(b-a) /N
t(l)=a

for j=1:11
w0=

=y+2*c0* (t-1)
=y+2*£0* (t-1)

[2.038711369407443,2.106668415054357,2.174625460701272,2.242582506

348186,2.310539551995102,2.378496597642015,2.446453643288931,2.514410
688935846,2.582367734582760,2.650324780229675,2.7182818258765911]

v0=

[3.058067054111163,3.024088531287706,2.990110008464247,2.956131485

640793,2.922152962817334,2.888174439993877,2.854195917170421,2.820217
394346960,2.786238871523505,2.752260348700048,2.718281825876591]

t(l)=a
for i=1:4
t(i+l)=t(i)+h
if i==
kl=h*fl(t (i),
k1ll=h*f2 (t (1),
k2=h*fl (t (1
k22=h*f2 (t (1

w0 (1,3))
v0(1,3))

)+0.5*h, w0 (1,3)+0.5%k1(1,73))
)+0.5*h,v0(1,3)+0.5*k11(1,3))
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k3=h*f1 (£t (1)+0.5*h,w0(1,7)+0.5*k2(1,3))

k33=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k22(1,7))

kd=h*f1l (t (i+1),w0(1,73)+k3(1,3))

kdd=h*f2 (t (i+1),v0(1,7)+k33(1,3))
w(l,1)=w0(1,3)+ (k1 (1,3)+2* (k2 (1,3)+k3(1,3))+k4(1,3))/6
v(1,1)=v0(1,3)+ (k11 (1,3)+2* (k22 (1,3)+k33(1,3))+k44(1,3)) /6

else
kl=h*fl(t(i),w(l,1i-1))
kll=h*f2 (t(i),v(1l,1i-1))
k2=h*f1 (£t (i)+0.5*h,w(1,i-1)+0.5*k1(1,7))
k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k3=h*f1 (t(i)+0.5*h,w(1,i-1)+0.5*k2(1,7))
k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
kd=h*f1 (t (i+1),w(1l,i-1)+k3(1,3))
kdd=h*f2 (t (i+1),v(1l,i-1)+k33(1,3))
wi(l,1i)=w(l,i-1)+(k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6
w(l,i)=v(1,1i-1)+ (k11 (1,3)+2* (k22 (1,3)+k33(1,3))+k44(1,3))/6
end
end
for i=5:N
t0=a+i*h
pl=1901*f1(t(5),w(l,4))-2774*f1(t(4),w(1l,3))+2616*f1(t(3),w(l,2))~-
1274*f1(t(2) ,w(l,1))+251*f1 (£ (1),w0(1,3))
d1=1901*f2(t(5),v(1,4))-2774*£2(t(4),v(1,3))+2616*f2(t(3),v(1l,2))-
1274*f2 (£ (2),v(1,1))+251*f2 (£ (1),v0(1,3))
z0(1,3)=w(1,4)+h* (pl(1,3))/720
g0 (1,3)=v(1,4)+h*(d1(1,3))/720
for e=1:4
t (e)=t (e+l)
if z==
w0 (1,3)=w(1l,1)
v0(1,j)=v(1,1)
else
w(l,e-1)=w(l,e)
v(l,e=-1)=v(1l,e)
end
end
t (5)=t0
w(l,4)=z0(1,7)
v(l, 4):qo(lrj)
end
ww=double (w)
vv=double (v)
end

+ syms t w v
format long
c0=[2.038711369407443,2.106668415054357,2.174625460701272,2.242582506
348186,2.310539551995102,2.378496597642015,2.446453643288931,2.514410
688935846,2.582367734582760,2.650324780229675,2.718281825876591]
f0=[3.058067054111163,3.024088531287706,2.990110008464247,2.956131485
640793,2.922152962817334,2.888174439993877,2.854195917170421,2.820217
394346960,2.786238871523505,2.752260348700048,2.718281825876591]
fl(t,w)=y+2*c0* (2-t)
f2 (t,v)=y+2*£0* (2-t)
a=1.5
b=2
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N=25

=(b-a) /N

t(l)=a

for j=1:11
w0=[3.967665851557501,4.099921379942754,4.232176908328005,4.364432436
713252,4.496687965098505,4.628943493483756,4.761199021869006,4.893454
550254253,5.025710078639504,5.157965607024751,5.290221135410005]
v0=[5.951498777336254,5.885371013143627,5.819243248951001,5.753115484
758379,5.686987720565753,5.620859956373129,5.554732192180500,5.488604
427987878,5.422476663795258,5.356348899602628,5.290221135410005]

t(l)=a

for i=1:4

t(i+1l)=t(i)+h

if i==

kl=h*f1 (t(i),w0(1,73))

k1l=h*f2 (£t (i),v0(1,73))

k2=h*f1 (£t (1)+0.5*h,w0(1,7)+0.5*k1(1,3))

k22=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k11(1,7))

k3=h*f1 (£t (1)+0.5*h,w0(1,7)+0.5*k2(1,7))

k33=h*f2 (t (1)+0.5*h,v0(1,3)+0.5*k22(1,7))

kd=h*f1 (t (i+1),w0(1,7)+k3(1,3))

kd4=h*f2 (£t (i+1),v0(1,7)+k33(1,3))
w(l,i):wO(1,j)+(k1(1,j)+2*(k2(1,j)+k3(1,j))+k4 )/ 6
v(1,1)=v0(1,9)+(k11(1,3)+2* (k22 (1,F)+k33 (1, >>+k44<1,j>>/6

else

kl=h*fl(t(i),w(l,i-1))

kll=h*f2 (t(i),v(1l,i-1))
k2=h*f1(t(i)+0.5*h,w(1l,i-1)+0.5*k1(1,3))

k22=h*f2 (t(i)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k3=h*f1(t(i)+0.5*h,w(1,i-1)+0.5*k2(1,3))

k33=h*f2 (t(i)+0.5*h,v(1,i-1)+0.5*k22(1,3))

kd=h*f1 (t(i+1),w(1l,i-1)+k3(1,3))

k44=h*f2 (t (i+1),v(1,1-1)+k33(1,3))
w(l,i):w(l,i—1)+(k1(1,j)+2*(k2(1,j)+k3(1,j))+k4 )/ 6
w(l,i)=v(1l,i-1)+(k11(1,J)+2* (k22 (1,])+k33(1 ))+k44(l j))/6

end
end
for i=5:N
tO0=a+i*h
pl=1901*f1(t(5),w(1l,4)) 2774*f1(t(4),w( 3))+2616*f1 (Lt (3),w(l,2))-
1274*£1(t(2), (1,1))+251*f1( (1) ,w0(1,3))
dl1=1901*f2 (t(5),v(1,4)) 2774*f2(t(4),v( 3))+261l6*f2 (£ (3),v(1,2)) -
1274*£2(t(2), (1,1))+251*f2( (1),v0(1,3))
z0(1,3)=w(l, 4)+h*(p1 /720
g0 (1,3)=v(1l,4)+h* (dl( ) /720
for e=1:4
t (e)=t (e+l)
if z==
w0 (1,3)=w(1l,1)
v0(1,3) (1,1)
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end

ww=double (w)
vv=double (V)

end

Variational Iteration Method (VIM)

+

syms t w v h gz r

format long

wO=zeros (1,11)

a=1

b=0

for i=1:11

w0 (1,1)=0.75+0.25*(i-1)*0.1

v0(1,1)=1.125-0.125*(1i-1)*0.1
end

t0=0

z(r)=int(1l,r,t)

exp (z)

syms t w v h gz r

format long

for i=1:11

wO(1,1)=(0.75+0.25* (i-1)*0.1) *exp (1)

v0(1l,1)=(1.125-0.125*(i-1)*0.1) *exp (1)
end

a=1

for k=1:11

bl(1,k)=2*w0(1,k)*(r-1)

bl1(1,k)= 2*v0(1l,k)*(r-1)

end

t0=1

z(r)=int(a,r,t)

for k=1:11

w(k)=w0 (1,k)-int (exp(z(r))*(-a*w0(1l,k)-b1(1,k)),r,t0,t)
v(k)=v0(1l,k)-int (exp(z(r))*(-a*v0(l,k)-b1l1(1,k)),r,t0,t)
h(t)=w(k)

g (t)=v(k)

h(1.5)

g(l.5)

end

syms t w v hgzr

format long

for i=1:11

c0(1,1)=(0.75+0.25* (1i-1)*0.1) *exp (1)
d0(1,1)=(1.125-0.125*(1-1)*0.1) *exp (1)
end
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w0=[3.967666294227795,4.099921837368721,4.232177380509648,4.364432923
650575,4.496688466791501,4.628944009932427,4.761199553073354,4.893455
096214280,5.025710639355206,5.157966182496133,5.290221725637060]
v0=[5.951499441341692,5.885371669771230,5.819243898200766,5.753116126
630302,5.686988355059839,5.620860583489376,5.554732811918913,5.488605
040348450,5.422477268777985,5.356349497207523,5.290221725637060]

a=1

for k=1:11

bl(1l,k)=2*c0(1,k)*(2-xr)

bll(1l,k)= 2*d0(1,k)*(2-xr)

end

t0=1.5

z(r)=int(a,r,t)

for k=1:11

w(k)=w0 (1,k)-int (exp(z(r))*(-a*w0(1,k)-b1(1,k)),r,t0,t)
v(k)=v0(l,k)-int(exp(z(r))*(-a*v0(1l,k)-b1l1(1,k)),r,t0,t)
h (t)=w (k)

g (t)=v(k)

h(2)

a(2)

end

Adomian Decomposition Method (ADM)

+ syms t w v z h s
format long
t0=0
a=1
b=0
yO0=zeros (1,11
gO0=zeros (1,11
wO=zeros (1,11
vO=zeros (1,11
for i=1:11
y0(1,1)=0.75+0.25*(1i-1)*0.1
g0(1,1)=1.125-0.125*(1i-1)*0.1

wO ( =y0(1l,i)+int (b, s, t0,t)

0( =g0(1,i)+int (b, s, t0,t)

end

n=6

for k=1:11

z (t)=w0 (1,k)*t"0

h(t)=v0(1,k)*t"0

for j=1:n
if ==

w(k,Jj)=int (a*w0(1,k),s,t0,t)
v(k,Jj)=int (a*v0(1,k),s,t0,t)
else
w(k,Jj)=int (a*w(k,j-1),t0,t)
v(k,Jj)=int (a*v(k,j-1),t0,t)

)
)
)
)

1,1)
1,1)
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+

syms t w v z h s
format long
for i=1:11

v0 (1,1)=(0.7540.25% (i-1)*0.1) *exp (1)
g0 (1,1)=(1.125-0.125% (1-1)*0.1) *exp (1)

end
t0=1
a=1
for i=1:11
bl( ')—2*y0(1,i)*(s—1)

2(1,1)=2*q0(1,1)*(s-1)
(1,1)=i (b1(1,1),t0,s)
2(1,1i)=int (b2( ,1),t0,s)
0(1,1)=y0(1 )+Cl(1,i)
0(1,1)=g0(1 ')+02(l,i)
end
for i=1:11

wO(1l,i)=y0(1,1i)+cl(1,1)

v0(1l,i)=g0(1,1i)+c2(1,1)

end

n=6

for k=1:11

z(s)=w0 (1,k)*s"0

h(s)=v0(1,k)*s”0

for j=1:n

if j==1

w(k,j)=int (a*w0 (1, k), t0,s)
v(k,j)=int (a*v0(1,k),t0,s)

end
z(s)=z(s)tw(k,]
h(s)=h(s)+v(k, ]
z(1.5)
h(1.5)

end

end

syms t w v z h s
format long
for i=1:11

c0(1,1)=(0.75+0.25*(1-1)*0.1) *exp (1
d0(1,1)=(1.125-0.125*(1i-1)*0.1) *exp (1

end

y0=[3.967666294227795,4.099921837368721,4.232177380509648,4.364432923
650575,4.496688466791501,4.628944009932427,4.761199553073354,4.893455

096214280,5.025710639355206,5.157966182496133,5.290221725637060]

gq0=[5.951499441341692,5.885371669771230,5.819243898200766,5.753116126
630302,5.686988355059839,5.620860583489376,5.554732811918913,5.488605

040348450,5.422477268777985,5.356349497207523,5.290221725637060]

t0=1.5

a=1

for i=1:11

bl (1 ') =2*y0(1,i)*(2-s)
2*q0(1 i) *(2-s)
t(bl(1,1),t0,s)

=in
=in t(b2(1,i),t0,s)

(1,1)=
1(1,1)=
(1,1)=

wO(1,1)=y0(1,1i)+cl(1,1)

188



v0(l,i)=g0(1,i)+c2(1,1)
end
for i=1:11
w0 (1l,i)=y0(1,i)+c(1,1)
v0(l,i)=g0(1,i)+c2(1,1)
end
n=6
for k=1:11
z(s)=w0 (1, k) *s"0
h(s)=v0(1,k)*s"0
for j=1:n
if j==
w(k,j)=int (a*w0 (1, k), t0,s)

Predictor-Corrector Method
1-Milne’s four step method

+ syms t w v

format long

for j=1:11

w0 (1,3)=0.75+0.25*(j-1)*0.1
(0.75+0.25*% (§J-1)*0.1) *exp (0.02)
(0.75+0.25*% (§J-1)*0.1) *exp (0.04)
(0.75+0.25*% (§J-1)*0.1) *exp (0.06)
1.125-1.125*(3-1)*0.1
(
(
(

< < << = 5 5

WN RO WN P

R

~ N~ o~ o~ o~~~

e e e e e e
Il

fl(t,w)=w
f2(t,v)=v
t0=0
h=0.02
for i=1:50
t(1)=t0+i*h
end
for j=1:11
for i=1:47
if i==
k1 (i+3,73
f1(t(i+1),w2(1,73)
k2 (i+3,73
f2(t(i+1),v2(1,73)

+2*£1(t(1),wl(1,3)))

—_ — — —

+2*£2(t(1),v1(1,3)))

1.125-1.125*(j-1)*0.1) *exp (0.02)
1.125-1.125*(j-1)*0.1) *exp (0.04)
1.125-1.125*(j-1)*0.1) *exp (0.06)

=w0 (1,3)+(4*h/3)* (2*£1 (£ (i+2),w3(1,7)) -

=v0(1,3)+(4*h/3) * (2*£2 (£ (i+2),v3(1,7)) -

w(i+3,3)=w2(1,3)+(h/3)* (£1(t (i+3),k1(i+3,73))+4*£1(t (i+2),w3(1,3))+£1 (Lt (i+1)

(W2(1,3)))
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v(i+3,3)=v2(1,3)+(h/3)* (£2(t (i+3),k2(i+3,73)) +4*£2 (£ (i+2)
/v2(1,3)))

elseif i==

k1(i+43,3)=wl(1,])+(4*h/3)*(2*£1 (Lt (1+2) ,w(i+2,3)) -

F1(t(i+1),w3(1,J))+2*£1(t(i),w2(1,3)))

)
k2 (i+3,3)=v1(1,3)+(4*h/3) * (2*£2 (Lt (i+2) ,v (i+2,3)) -
))

f2 (£ (i+1),v3(1,3 +2*f2( ( ), v2(1,3)))

w(i+3,3)=w3(1,3)+(h/3)* (£1(t (i+3),k1 (i+3,73) ) +4*£1 (L (i+2),w

), w3(1,3)))

v(i+3,3)=v3(1,3)+(h/3)*(£2 (£t (i+3),k2(i+3,3) ) +4*f2 (£ (i+2),v

), v3(1,3)))

elseif i==

k1 (i+3,3)=w2(1,3)+
fl(t(i+1),w(i+1,j))+2*f1 t (i), w3

(4*h/3) *
(
k2 (i+3,3)=v2(1,j)+(4*h/3)*
(
*(

Z*fl(t(i+2),w(i+2,j))-
3)))

2*f2(t(i+2),v(i+2,j))-
3)))

f2(t(i+1),v(i+l,J))+ 2*f2 t(i),v3
w(i+3,3)=w(i+1,73)+ (h/3)
1) ,w(i+l,3)))

v(i+3,3)=v(i+1,3)+(h/3) * (£2 (£t (1i+3) ,k2 (i+3,3) ) +4*f1 (£t (i+2),v

1),v(i+1l,3)))
elseif i==4

k1 (i+3,9)=w3(1,3)+ (4*h/3) * (2*f1 (t (i+2),w(i+2,7)) -
f1<t<i+1),W<i+1,j))+2*f1<t< ) < 7 J3)))

k2 (i+3,9)=v3(1,3)+ (4*h/3) * (2*£2 (t (1+2),v (i+2,7)) -
f2<t<i+1),V<i+1,j))+2*f2<t< ), v(i,3)))
w(i+3,3)=w(i+1,73)+ (h/3) *(
1),w(i+l,3)))

v (i+3,3)=v(i+1,3)+(h/3) * (£2 (L (1+3) ,k2 (1i+3,3) ) +4*£2 (L (1i+2),v

1),v(i+1,3)))
else
K1 (i+3,3)=w(i-1,3)+(4*h/3)* (2*f1 (L (i+2),w(i+2,73)) -
FI(E(i+1),w(i+l,J))+2*£1(t(1),w(i,])))
k2 (i+3,3)=v(i-1,3)+(4*h/3)* (2*f2 (£ (i+2),v (i+2,73)) -
f2(t(i+1),v(i+1,3))+2*f2(c(i),v(i,3)))

w(i+3,3)=w(i+1,3)+(h/3) * (£1 (Lt (1+3),k1 (i+3,7))+4*£1 (Lt (1+2),w

1),w(i+l,3)))

v (i+3,3)=v(i+1,3)+(h/3) * (£2 (£ (1+3) ,k2 (1i+3,3) ) +4*£2 (£ (1i+2),v

1),v(i+l,3)))

end
end
ww=double (w(i+3, 7))
vv=double (v (i+3, 7))
end
+ syms t w v

format long

,v3(1,3))+f2(t

fl(t (1+3) kl(i+3,j))+4*f1(t(i+2),w

F1 (L (i+43), k1 (i+3,7))+4*£f1 (£ (i+2),w

(i+2,73))+£f1(t

(i+2,73))+f2 (t

(1+2,3))+f1(t

(i+2,73))+f2(t

(i+1)

(i+1

(i+1

(i+

(i+

(i+2,9))+£1 (t (i+

(i+2,73))+f2 (t

(i+2,73))+£f1(t

(i+2,73))+f2(t

(1i+

(1+
(1+

w0=[2.038711372736861,2.106668418494757,2.174625464252652,2.242582510
010547,2.310539555768443,2.378496601526338,2.446453647284233,2.514410
693042129,2.582367738800024,2.650324784557919,2.718281830315815]
v0=[3.058067059105292,3.024088536226344,2.990110013347397,2.956131490
468449,2.922152967589501,2.888174444710553,2.854195921831606,2.820217
398952658,2.786238876073711,2.752260353194763,2.718281830315815]

fl(t,w)=w+2*w0* (t-1)
f2(t,v)=v+2*v0* (t-1)
a=1

h=0.02
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end

fl(t
kll=
w(l,

f2 (t

t(l)=a
n=25
for i=1l:n
t(i+l)=t(i)-+h

end
for j=1:1
for i=1:3
if i==
kl=h*f1 (t(i),w0(1,73))
k2=h*f1 (£t (1)+0.5*h,w0(1,3)+0.5*k1(1,3))
k3=h*f1(t(1)+0 5*h,w0(1,3)+0.5*k2(1,3))
kd4=h*f1 (t (i+1),w0(1,J)+k3(1,3))
w(l,1)=w0(1,] ) (k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6
k1l=h*f2 (£t (1i),v0(1,73))
k22=h*f2 (t (1)+0.5*h,v0(1,3)+0.5*k11(1,3))
k33=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k22(1,73))
k44=h*f2 (t (i+1),v0(1,3)+k33(1,7))
v(l,1)=v0(1,3)+(k11(1,3)+2*(k22(1,J)+k33(1,]))+k44(1,3))/6
else
kl=h*f1l (t(i),w(l,i-1))
k2=h*f1 (t(i)+0.5%h,w(1l,1-1)+0.5*k1(1,7))
k3=h*f1l(t(i)+0.5%h,w(1l,1i-1)+0.5*k2(1,7))
kd=h*f1 (t (i+1),w(1,1i-1)+k3(1,7))
w(l,i)=w(l,i-1)+(k1(1,3)+2*(k2(1,3)+k3(1,]))+k4(1,3))/6
k1l=h*f2 (t(i),v(1,1i-1))
k22=h*f2 (t (1) +0.5*h,v(1,i-1)+0.5%*k11(1,3))
k33=h*f2 (t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
k44=h*£2 (t (i+1),v(1,i-1)+k33(1,3))
v(l,i)=v(1l,i-1)+(k11(1,3)+2*(k22(1,])+k33(1,3))+k44(1,3))/6
end
for i=1:22
if i==1
k1=w0 (1,3)+(4*h/3) *(2*f1 (£t (i+3),w(1,3)) -
(142) ,w(1l,2))+2*£1 (t(i+1),w(1l,1)))
(h/3)* (f1(t(i+4),k1(1,J))+4*f1 (£ (i+3),w(1,3))+f1 (Lt (i+2),w(1,2)))
i+3)=w(1l,2)+k11(1,73)
k2=v0 (1,3)+(4*h/3) *(2*f2 (£ (i+3),v(1,3)) -
(142),v(1,2))+2*f2(t (i+1),v(1,1)))
(h/3)*(f2(t (i+4),k2(1,J) ) +4*f2 (£ (i+3),v(1,3))+f2(t(i+2),v(1,2)))

k22=
v(l,

i+3)=v(1,2)+k22(1,73)
elseif i==

kl w(l,1)+(4*h/3)*(2*£1 (£ (1+3) ,w(1l,1i+2)) -

1(t
kll

w(l,

(1+2) wi(l,3))+2*f1(t(i+1),w(1,2)))

(h/3)* (£1(t(1+4) ,k1(1,3))+4*£1 (£ (i+3),w(l,i+2))+£1 (L (i+2),w

i+3)=w(1l,3)+k11(1,3)

k2=v(1,1)+(4*h/3) * (2*£2 (£t (1+3),v(1l,1+2)) -

f2(t
k22=
v(1l,

(1+2),v(1,3))+2*f2 (L (i+1),v(1,2)))

(h/3)* (£2 (£ (1+4) ,k2(1,3) ) +4*£2 (£ (1+3) ,v (1, i+2))+£2 (L (1i+2),v

i+3)=v(1,3)+k22(1,73)
elseif i==

kl w(l,2)+(4*h/3)*(2*£1(t (1+3),w(l,1+2))~

1(t

(1+2) (1,i+1))+2*f1(t(i+1),w(1,3)))

(1,3)))

(1,3)))

kll (h/3) 1(t(i+4),k1(1,9))+4*F1 (£t (i+3),w(1l,i+2))+f1 (t(i+2),w(1,1i+1)))
w(l,i+3)= <1 1+1)+k11(1,j)
k2=v (1,2)+ (4*h/3) * (2*£2 (£ (1+3),v(1,1+2)) -
£2 (t <1+2) v(l i+1))+2%£2 (£ (i+1),v(1,3)))
(f

k22=

(h/3)*

2(t(1+4),k2(1,3))+4*£2 (£ (1i+3),v(1l,1i+2))+£2 (L (i+2),Vv

(1,1+1)))
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v(l,

kl

1(t
kll

w(l,
=v(1l,3)+(4*h/3)*(2*£2 (£ (14+3),v (1, 1+2)) -
f2 (t
k22=
v(l,

k2

kl

1(t
kll

w(l,

k2

end

+

£
t(

e

fo
fo
if

kl=

k2

k3=

k4

=v(1l,i-1)+(4*h/3)* (2*f2 (Lt (i+3),Vv
£2 (t
k22=
v(l,

i+3)=v(1,1i+1)+k22(1,7)

elseif i==
(1,3)+(4*h/3)*(2*f1 (t (143) ,w(1l,1+2)) -
(1+2) w(l,i+1))+2*f1 (L (i+1),w(1l,1)))
(h/3)*(f1(t(i+4),k1(1,3))+4*f1(c(i+3),w(l,1+2))+£f1(t(i+2),w(1l,i+1)))
i+3)=w(1l,1i+1)+k11(1,7)

=W

(142),v(1,1+1))+2*f2 (£t (1+1),v(1,1)))
(h/3)*(f2(t (i+4),k2(1,3))+4*f2 (L (i+3),v(1l,1+2))+f2 (Lt (i+2),v(1,i+1)))
i+3)=v(1,1i+1)+k22(1,7)
else
w(l,i-1)+(4*h/3)*(2*£f1 (t (1+3),w(l,1+2
(1+2) (1,i+1))+2*f1(t(i+1),w(1,i)))
(h/3) 1(t(i+4),k1(1,3))+4*f1 (Lt (1i+3
i+3)=w(1,i+1)+k11(1,j)

)) -
), wi(l,1+2))+£1 (£ (1i+2),w(1l,1i+1)))

(1,i+2)) -
(i+2) ,v(l,i+1l))+2*£f2(t(i+1),v(1,1)))
(h/3)* (f2 (Lt (i+4),k2(1,]))+4*£2 (£ (i+3
i+3)=v (1, 1i+1)+k22(1,7)

), v(1,14+2))+£2 (£ (i+2),v(1,1i+1)))

end

end
ww=double (w(1,i+3))
vv=double (v (1,i+3))

syms t w v
format long
c0=[2.038711372736861,2.106668418494757,2.174625464252652,2.242582510
010547,2.310539555768443,2.378496601526338,2.446453647284233,2.514410
693042129,2.582367738800024,2.650324784557919,2.718281830315815]
d0=[3.058067059105292,3.024088536226344,2.990110013347397,2.956131490
468449,2.922152967589501,2.888174444710553,2.854195921831606,2.820217
398952658,2.786238876073711,2.752260353194763,2.718281830315815]
w0=[3.967666299420739,4.099921842734765,4.232177386048789,4.364432929
362812,4.496688472676839,4.628944015990862,4.761199559304886,4.893455
102618911,5.025710645932936,5.157966189246960,5.290221732560985]
v0=[5.951499449131109,5.885371677474096,5.819243905817085,5.753116134
160072,5.686988362503059,5.620860590846046,5.554732819189035,5.488605
047532023,5.422477275875011,5.356349504217998,5.290221732560985]
fl(t,w)=w+2*c0* (2-t)
f2(t,v)=v+2*d0* (2-t)
a=1.5
h=0.02

t(l)=a
n=25
or i=l:n
i+l)=t (i) +h
nd

r j=1:11
r i=1:3
==
h*fl
=h*fl
h*fl
=h*f1l

), w0 (1,73))

)+0.5*h, w0 (1,3)+0.5%k1(1,7))
)+0.5*h, w0 (1,3)+0.5%k2(1,7))
+1),w0(1,3)+k3(1,3))

e

(1
(1
(4
(1

1
1
1
1
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end

w(l,i+3)

v(l,1+3)

v(l,1+3)

v(l,1+3)

w(l,i)=
kll= h*f2
k22=h*f2
k33=h*f2
k44= h*f2
v(1

14
i
i
i
i

’_l/\/\/\/\’_l

0(1,3
(t (1),
(t(1)
(t(1)
(t (i+1
=v0(1,3)

14

else
kl=h*f1l
k2=h*f1l
k3=h*f1l
kd=h*f1
w(l,1i)
kll=h*f2
k22=h*f2
k33=h*f2
k44=h*f2
v(l,i)=

+

1
1
1
1
14

)y
)+
)
+

—_ e~~~

)
)
)+
+
i-
i
i
i
i
i-

t (1
t (1
t (1
t(
w (1
(t
(t
(t
(t
v (1

14
end

for i=1:22

if i==
k1=w0 (1,3)+(4*
£f1(t(i+2),w (1,
k1l=(h/3)* (£f1(
=w(l,2
k2=v0 (1,3)+(4*
f2(c(i+2),v (1,
k22=(h/3) *
=v(l,2

(f2 (t

)+ (k1(1,3)+2* (k2(1,])+k3(1,]))+k4(1,]))/6
v0(1,3))
+0.5%h,v0(1,3)+0.5%k11(1,7))
+0.5%h,v0 (1,3)+0.5%k22(1, 7))
), v0(1,3)+k33(1,3))

+(k11(1,3)+2*(k22(1,3)+k33(1,3))+k44(1,]3))/6

w(l,i-1))
0 5*h,w(l,i-1)+0.5*k1 (1
.5*h,w(l,i-1)+0.5*k2 (1
(1,1‘1)-}-}(3(1,]))

rJ3))
rJ3))

) (k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6

(1 i-1))
.5*h,v(1,1i-1)+0.5*k11(1,3))
+O 5*h,v(1,i-1)+0.5*k22(1,3))
), vi(1,1i-1)+k33(1,7))
1)+

1
h/3)* (2*£f1 (t
2))+2*f1 (t
t(i+4),k1(1,3))
)+k11(1,3)
h/3)* (2*£2 (£ (i+3),v(1,3)) -
2))+2%£2 (£ (i+1),v(1,1)))
(i+4),k2(1,5))+4*£2 (£ (i+3),v
)+k22(1,7)

(i+3),w(1,3))~
(i+1),w(1,1)))

+4*£f1 (£ (143),w(1,3))+fl (t

(1,3))+f2(t

elseif i==2

kl w(l,1)+
1(t (1+2)
kll

w(l,

:w(1,3
k2=v(1,1)+
f2(c(i+2),v
k22=(h/3) *
=v(l,3
elseif i

kl w(l,2)+
1(t (1+2)
kll

(1,

w(l,

(1,1
k2=v(1,2)+
f2(c(i+2),
k22=(h/3)*

(
v(l,

(

(

=v(l,1i

(4*h/3) *
(h/3)* (f1(t
w(l,1+3)
(4*h/3)*

(f2 (t

(4*h/3) *
(h/3)* (f1(t
w(l,i+3)=w
4*h/3) *

f2 (t

(2%F1 (£ (i+3),w(l,i+2)) -
3))+2%F1 (£ (1+1),w(1,2)))
(i+4),k1(1,9))+4*£1 (£ (i+3),w
)+k11(1,3)

(2%£2 (£ (i+3),v(1,i+2)) -
3))+2%£2 (£ (1+1),v(1,2)))
(i+4),k2(1,5))+4*£2 (£ (1+3),v
)+k22(1,73)

==3

(2%F1 (t (i+3),w(l,i+2)) -
1+1))+2%F1 (£ (i+1),w(1,3)))
(i+4),k1(1,5))+4*£1 (£ (i+3),w
+1) +k11(1,73)

(2%£2 (£ (i+3),v(1,1i+2)) -
1+1))+2%£2 (£ (i+1),v(1,3)))
(i+4),k2(1,5))+4*£2 (£ (1+3),v
+1) +k22 (1, 73)

elseif i==4

kl w(l,3)+

1(t (1+2)
kll
w(l,1+3)
k2=v(1,3)+
f2(c(i+2),v
k22=(h/3)*
v(l,1+3)

w(l,
=w(1,i

(1,

else

(4*h/3) *
(h/3)* (f1l(t
(4*h/3) *

(f2 (t
=v(l,i+1)+k22(1,7)

(2%£1 (£ (i+3),w(l,i+2)) -
i+1))+2%F1 (L (i+1),w(l,1)))
(i+4),k1(1,9))+4*£1 (t (i+3),w
+1) +k11(1,73)

(2%£2 (£ (i+3),v(1,1i+2)) -
i+1))+2%F2 (£ (i+1),v(1,1)))
(i+4),k2(1,3))+4*£2 (£ (1+3),v

(1,i+2))+£f1(t

(1,i+2))+f2(t

(1,i+2))+£f1(t

(1,i+2))+f2(t

(1,i+2))+£f1 (¢t

(1,i+2))+f2(t

(k11 (1,3)+2*(k22(1,J)+k33(1,7))+kd44(1,73))/6

(1i+2) ,w

(1+2) ,v

(i+2) ,w

(1i+2) ,v

(1+2) ,w

(1+2) ,v

(i4+2),w

(1+2) ,v

(1,2)))

(1,2)))

(1,3)))

(1,3)))

(1,1+1)))

(1,1+1)))

(1,1+1)))

(1,1+1)))
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kl w(l,i-1)+(4*h/3)*(2*£f1(t(i+3),w(1l,i+2))~-
1(t(i+2) ,w(l,i+1))+2*£1 (L (i+1),w(l,1)))

kll (h/3)* (£1 (Lt (i+4),k1(1,3))+4*£1 (Lt (i+3
w(l,i+3)=w(l,i+1)+k11(1,7)
k2=v(1,i-1)+(4*h/3) *(2*£2 (£ (i+3),v(1,1i+2
f2(t(i+2),v(l,i+1l))+2*£2 (L (i+1),v(1,1)))
k22=(h/3) * (£2(t (i+4) ,k2(1,J) ) +4*£2 (£t (i+3
v(l,i+3)=v(1,i+1)+k22(1,7)

Yy, ow(l,1i+2))+£1 (£ (i+2),w(1l,1i+1)))
)) -

), vi(l,1+2))+£2 (£ (1+2),v (1, 1+1)))

end

end
ww=double (w(1,i+3))
vv=double (v (1,i+3))
end

Adams-Bashforth four step method

+ syms t w v

format long

for j=1:11
wO( ') 0.75+0.25*(j-1)*0.1
(0.7540.25* (j-1)*0.1) *exp (0.02)
(0.7540.25* (j-1)*0.1) *exp (0.04)
(0.7540.25*(j-1)*0.1) *exp (0.06)
1.125-0.125*(j-1)*0.1
(
(
(

1.125-0.125*(j-1)*0.1) *exp (0.02)
1.125-0.125*(j-1)*0.1) *exp (0.04)
1.125-0.125*(j-1)*0.1) *exp (0.06)

1(1,3)
2(1,3)
3(1,3)
0(1,3)
1(1,3)
2(1,3)
3(1,3)

t(i)=t0+i*h
end
for j=1:11
for i=1:47
if i==
k1 (i+3,3)=w3(1,3)+(h/24)*(55*f1 (t (i+2),w3(1,j))—
59*f1(t(i+1),w2(1,j))+37*f1( (1) ,wl(1l,3))-9*£1(t0,w0(1,73)))
w(i+3,3)=w3(1,3)+(h/24)* (9*f1 (t (i+3), kl(i+3,j))+19*f1(t(i+2),w3(1,j))—
S*F1(t(i+1),w2(1,3))+f1(t ( ), wl(1,3)))
k2 (i+3,3)=v3(1,3)+(h/24) *(55*f2 (t (i+2),v3(1,])) -
59*f2(t(i+1),v2(1,j))+37*f2( (1),v1(1,3))-9*£2(t0,v0(1,73)))
v (i+3,3)=v3(1,3)+(h/24)* (9*f2 (t (i+3), k2(i+3,j))+19*f2(t(i+2),v3(1,j))—
S5*F2 (£ (i+1),v2(1,3))+£2(t(1),v1(1,3)))
elseif i==
k1 (i+3,3)=w(i+2,3)+(h/24)*( 5*f1( (
59*f1(t(i+1),w3(1,j))+37*f1( (1), w2 (
w(i+3,3)=w(i+2,3)+(h/24) * (9*f1 (t (i +3
S5*f1(t(i+1),w3(1,7))+fl(t ( ) w2 (1,73)

+2),w(i+2,3)) -

1,3))-9*£1(t(i-1),wl(1,3)))

i+3) ,k1(i+3,3))+19*£f1 (L (i+2),w(i+2,3)) -
))

k2 (1+3,3)=v(i+2,73)+ (h/24) 5*f2( (1+2) v(i+2,3)) -

59*f2(t(i+1),v3(1,j))+37*f2( (1) ,v2(1,3))-9*£2(t(i-1),v1i(1,3)))
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v(i+3,3)=v(i+2,3)+(h/24)* (9*f2 (L (i+3),k2(1i+3,7))+19*f2 (£t (i+2),v(i+2,7])) -
5*£2 (t (i+1),v3(1,3J))+£2(t(i),v2(1,3)))
elseif i==

k1 (i+3,3)=w(i+2,3)+(h/24)* (55*f1 (Lt (i+2),w(i+2,73)) -
S59*f1 (£t (i+1),w(i+1l,3))+37*f1(t(i),w3(1,3))-9*£f1(t(i-1),w2(1,3)))
w(i+3,3)=w(i+2,3)+(h/24)* (9*f1 (L (i+3), k1 (i+3,7))+19*fl (t (i+2),w(i+2,73)) -
S*£1 (Lt (i+41) ,w(i+1,J))+£1(t(1),w3(1,3)))
k2 (i+3,3)=v(i+2,3)+(h/24)* (55*f2 (£t (i+2),v (i+2,73)) -
59*%f2 (t (i+1),v(i+1l,3))+37*f2(t (i) ,v3(1,3))=-9*f2 (L (i-1),v2(1,3)))
v(i+3,3)=v(i+2,3)+(h/24)* (9*f2 (£ (i+3),k2(i+3,7))+19*f2 (t (i+2),v(i+2,])) -
S5*£2 (Lt (i+41),v(i+1,J))+£2(t(1),v3(1,3)))

elseif i==
kK1 (i+3,3)=w(i+2,3)+(h/24)* (55*f1 (£t (i+2),w(i+2,73)) -
59%f1 (t (i+1),w(i+1,3))+37*f1(t(1),w(i,F))-9*f1 (t(i-1),w3(1,3)))
w(i+3,3)=w(i+2,3)+(h/24)* (9*f1 (L (i+3), k1 (i+3,7))+19*fl (t (i+2),w(i+2,73)) -
S*F1(t (i+1),w(i+l,J))+£1 (L (1) ,w(i,3J)))
k2 (i+3,3)=v(i+2,3)+(h/24)* (55*f2 (£t (i+2),v (i+2,7)) -
59%£2 (t (i+1),v (i+1,3))+37*£2(t(1),v(1i,3))-9*£2(t(i-1),v3(1,3)))
v(i+3,3)=v(i+2,3)+(h/24)* (9*f2 (Lt (i+3) ,k2(i+3,7))+19*f2 (t (i+2),v(i+2,7])) -
S*f2 (L (i+1),v(i+1,3))+f2(t(1),v(i,3)))

else
kK1 (i+3,3)=w(i+2,3)+(h/24)* (55*f1 (£t (i+2),w(i+2,73)) -
S5O0*f1(t(i+1),w(i+1,3))+37*f1(t(i),w(i,]))-9*f1(t(i-1),w(i-1,3)))
w(i+3,3)=w(i+2,3)+(h/24)* (9*f1 (L (i+3), k1 (i+3,7))+19*f1 (£t (i+2),w(i+2,7)) -
S*EL(t (i+41) ,w(i+1l,3))+£f1(t (1), w(i,3)))
k2 (i+3,3)=v(i+2,3)+(h/24) * (55*f2 (£t (i+2),v (i+2,73)) -
S50*f2 (t (i+1),v(i+1,3))+37*f2(t(i),v(i,]))-9*f2(t(i-1),v(i-1,3)))
v(i+3,3)=v(i+2,3)+(h/24)* (9*f2 (£ (i+3),k2(i+3,7))+19*f2 (t (i+2),v(i+2,73)) -
S*E2 (t (i+41),v(i+1,3))+f2(t(1),v(i,3)))

end

end
ww=double (w (i+3, 7))
vv=double (v (i+3, 7))

end

+ syms t w v
format long

w0=[2.038711378478180,2.106668424427452,2.174625470376725,2.242582516
325997,2.310539562275270,2.378496608224543,2.446453654173816,2.514410

700123088,2.582367746072360,2.650324792021633,2.718281837970906]

v0=[3.058067067717269,3.024088544742633,2.990110021767997,2.956131498
793360,2.922152975818724,2.888174452844087,2.854195929869452,2.820217

406894816,2.786238883920178,2.752260360945542,2.718281837970906]
fl(t,w)=w+2*wO* (t-1)
f2 (t,v)=v+2*v0* (t-1)
a=1
h=0.02
t(l)=a
n=25
for i=1l:n
t(i+l)=t(i)+h
end

for j=1:11
for i=1:3
if i==

195



kl=h*f1 (t(i),w0(1,3))
k2=h*f1 (£t (1)+0.5*h,w0(1,3)+0.5*k1(1,3))
k3=h*f1 (£t (1)+0.5*h,w0(1,3)+0.5*k2(1,3))
kd=h*f1l (t (i+1),w0(1,73)+k3(1,3))
w(l,1)=w0(1,3)+(k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6
k1ll=h*f2 (£t (1i),v0(1,3))
k22=h*f2 (t(1)+0.5*h,v0(1,3)+0.5*k11(1,73))
k33= h*f2(t(1)+0 5*h,v0(1,3)+0.5*k22(1,7))
kd44= h*f2(t(1 ,vO0(1,3)+k33(1,3))
v(l,i)=v0 (1,7 (kll(l J)+2* (k22 (1,3)+k33(1,73))+k44(1,3)) /6
else
kl=h*fl(t(i),w(l,1i-1))
k2=h*f1 (t(1i)+0.5*h,w(1,i-1)+0.5*k1(1,7))
k3=h*f1 (t(i)+0.5*h,w(1,i-1)+0.5*k2(1,7))
kd=h*f1 (t (i+1),w(1l,i-1)+k3(1,3))
w(l,i)=w(1,i-1)+(k1(1,3)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6
kll=h*f2 (t(i),v(1l,1i-1))
k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
kd4d=h*f2 (t (i+1),v(1l,i-1)+k33(1,3))
v(1,1)=v(1,i-1)+(k11(1,3)+2* (k22(1,3)+k33(1,3))+k44(1,3))/6
end
end
for i=1:22
if i==1

kl=w(1,3)+ (h/24)* (55*f1 (t (i+3),w(1,3))-
59%f1 (t (i+2),w(1,2))+37*f1 (t(i+1),w(l,1))=-9*f1(t(i),w0(1,3)))
kll=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*f1 (£t (i+3),w(1l,3))-
5*f1(t(i+2),w(l,2))+f1l(t(i+1l),w(1l,1)))
w(l,i+3)=w(1l,3)+k11(1,7])
k2=v (1,3)+(h/24)* (55*f2 (t (1i+3),v(1,3)) -
59*f2 (t (i+2),v(1,2))+37*f2(t (i+1),v(1,1))=-9*f2(t(1i),v0(1,3)))
k22=(h/24)* (9*f2 (t (i+4),k2(1,3))+19*f2 (£t (i+3),v (1, 3)) -
5f2 (£t (i+2),v(1,2))+f2 (t(i+1),v(1,1)))
v(l,i+3)=v(1,3)+k22(1,7)

elseif i==2
kl=w(1l,1i+2)+(h/24)* (55*f1 (Lt (i+3),w(l,1+2)) -
59*f1 (£t (i+2),w(1l,3))+37*f1(t(i+1),w (1,2))-9*f1(t(1),w(l,1)))
k1l=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*f1 (Lt (i+3),w(l,1i+2))-
5f1(t(i+2),w(l,3))+f1(t(i+1),w(1,2)))
w(l,i+3)=w(l,i+2)+k11(1,3)
k2=v (1,1i+2)+ (h/24)* (55*f2 (t (1+3),v(1l,1+2)) -
50*f2 (£t (142),v(1,3))+37*£2 (£t (1+1),v(1l,2))=-9*f2(t(1),v(1,1)))
k22=(h/24)* (9*f2 (t (i+4) ,k2(1,3))+19*f2 (£ (i+3),v(1,1+2)) -
5%f2 (£t (i+2),v(1,3))+f2 (Lt (i+1),v(1,2)))
v(l,i+3)=v(1,i+2)+k22(1,7)

elseif i==

kl=w(1l,1i+2)+(h/24)* (55*f1 (t (i+3),w(l,1i+2)) -
S50*f1 (£t (14+2),w(l,i+1))+37*f1 (t(i+1),w(l,3))-9*f1(t(i),w(l,2)))
k11l=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*f1 (Lt (i+3),w(l,1i+2)) -
5*f1(t (142),w(1l,1i+1))+£f1(t(i+1),w(1,3)))
w(l,i+3)=w(1l,i+2)+k11(1,3)
k2=v (1,1i+2)+ (h/24)* (55*f2 (t (1i+3),v(1l,1+2)) -
590*f2 (£ (142),v(1l,i+1))+37*f2 (Lt (i+1),v(1,3))-9*f2(t(i),v(1,2)))
k22=(h/24) * (9*f2 (t (i+4) ,k2(1,]3))+19*f2 (£t (i+3),v(1l,1i+2)) -
5*¥f2 (t (142),v(1l,1i+1))+f2(t (i+1),v(1,3)))
v(l,i+3)=v(1,i+2)+k22(1,73)

elseif i==
kl=w(1l,1i+2)+(h/24)* (55*f1 (t (i+3),w(l,1i+2)) -
S50*%f1 (£t (i42),w(l,i+1))+37*f1 (Lt (i+1),w(1l,1))-9*f1(t(i),w(1l,3)))
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k1ll=(h/24)* (9*f1 (t (i+4),k1(1,]))+19*f1 (t (i+3),w(l,i+2)) -
5*f1(t (142),w(1l,1+1))+£f1(t(i+1),w(1l,1)))
w(l,i+3)=w(l,i+2)+k11(1,7)
k2=v(1,142)+ (h/24)* (55*f2 (t (14+3),v (1,1+2)) -
590*%f2 (t (1i42),v(1l,i+1))+37*f2 (Lt (i+1),v(1l,1))-9*f2(t(i),v(1,3)))
k22=(h/24)* (9*f2 (t (i+4),k2(1,]))+19*f2 (£t (i+3),v(1l,i+2)) -
5*xf2 (t (142),v(1l,1+1))+£f2(t (i+1),v(1,1)))
v(l,i+3)=v(1l,1i+2)+k22(1,7)

else
kl=w(1l,142)+ (h/24)* (55*f1 (t (14+3),w(1l,1+2))-
590*%f1 (£t (i42),w(l,i+1))+37*f1 (Lt (i+1),w(1l,1))-9*f1(t(i),w(l,1i-1)))
kll= (h/24)*(9*f1 (t(i+4),k1(1,3))+19*f1 (£t (i+3),w(l,i+2)) -
5*f1(t (142),w(1l,1+1))+£f1(t(i+1),w(1l,1)))
w(l,i+3)=w(l,i+2)+k11(1,7)
k2=v(1,142)+ (h/24)* (55*f2 (t (14+3),v (1,1+2)) -
590*%f2 (t (1i42),v(1l,i+1))+37*f2(t (1i+1),v(1l,1))-9*f2(t(i),v(1l,i-1)))
k22=(h/24)* (9*f2 (t (i+4),k2(1,]))+19*f2 (t (i+3),v(1l,i+2)) -
S*F2 (t (i+2),v(1,i+1))+f2 (t (i+1),v(1,i)))
v(l,i+3)=v(1,i+2)+k22(1,7)

end

end
ww=double (w(1l,i+3))
vv=double (v (1,i+3))

end

+ syms t w v
format long

c0=[2.038711378478180,2.106668424427452,2.174625470376725,2.242582516
325997,2.310539562275270,2.378496608224543,2.446453654173816,2.514410

700123088,2.582367746072360,2.650324792021633,2.718281837970906]

d0=[3.058067067717269,3.024088544742633,2.990110021767997,2.956131498
793360,2.922152975818724,2.888174452844087,2.854195929869452,2.820217

406894816,2.786238883920178,2.752260360945542,2.718281837970906]

w0=[3.967666323833623,4.099921867961409,4.232177412089197,4.364432956
216984,4.496688500344771,4.628944044472560,4.761199588600348,4.893455

132728134,5.025710676855920,5.157966220983708,5.290221765111497]

v0=[5.951499485750433,5.885371713686539,5.819243941622646,5.753116169
558751,5.686988397494859,5.620860625430963,5.554732853367072,5.488605

081303179,5.422477309239282,5.356349537175389,5.290221765111497

fl(t,w)=w+2*cO* (2-t)
f2 (t,v)=v+2*d0* (2-t)
a=1.5
h=0.02
t(l)=a
n=25
for i=1:n
t(i+1l)=t(i)+h

end
for j=1:11
for i=1:3
if i==
kl=h*f1(t(1i),w0(1,73))
k2=h*f1 (£t (1)+0.5*h,w0(1,3)+0.5*k1(1,7))
k3=h*f1 (£t (1)+0.5*h,w0(1,3)+0.5*k2(1,7))
k4=h*£f1 (t (i+1),w0(1,J)+k3(1,3))
w(l,1i)=w0(1,3)+(k1(1,]j)+2*(k2(1,7)+k3(1,3))+k4(1,j))/6
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k11l=h*f2 (£t (1),v0(1,3))
k22=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k11(1,3))
k33=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k22(1,3))
k44= h*f2(t(1+ ), vO(1,73)+k33(1,73))
v(1,1)=v0(1,3)+(k11(1,3)+2* (k22 (1,3)+k33(1,3))+k44(1,3))/6
else
kl=h*fl(t (i), (1 i-1))
k2=h*f1 (t(1i)+0.5*h,w(1,i-1)+0.5*k1(1,7))
k3= h*fl(t(1)+0 5*h,w(l,i-1)+0.5*k2(1,7))
k4= h*fl(t(1+ w(l,i-1)+k3(1,7))
wi(l,i)=w(l,i- ) (k1(1,9)+2% (k2(1,9)+k3(1,9))+k4(1,9))/6
kll= h*f2(t(1) v(l,1i-1))
k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
k44=h*f2 (t (i+1),v(1,1i-1)+k33(1,3))
v(l,1)=v(1,i-1)+(k11(1,7)+2* (k22(1,3)+k33(1,3))+k44(1,3))/6
end
end
for i=1:22
if i==1

kl=w(1,3)+ (h/24)* (55*f1 (t (i+3),w(1,3))-
59*f1 (t (l+2) wW(l,2))+37*f1 (t (1+1),w(l,1))=-9*f1 (t(i),w0(1,3)))
k1l=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*F1 (t (i+3),w(1,3))-
S*F1(t (i+2),w(l,2))+fl(t(i+1),w(l,1)))
w(l,i+3)=w(1,3)+k11(1,7)
k2=v (1,3)+ (h/24)* (55*f2 (t (i+3),v(1,3)) -
59%£2 (t (i+2),v(1,2))+37*£2 (£ (1+1),v(1,1))=-9*f2 (t(i),v0(1,3)))
k22=(h/24)* (9*f2 (t (i+4),k2(1,3))+19*f2 (£t (i+3),v (1, 3)) -
5f2 (£t (i+2),v(1,2))+f2 (Lt (i+1),v(1,1)))
v(l,i+3)=v(1,3)+k22(1,7)

elseif i==2
kl=w(1l,i+2)+(h/24)* (55*f1 (Lt (i+3),w(l,1+2)) -
59*f1 (£t (i+2),w(1l,3))+37*f1(t(i+1),w (1,2))-9*f1(t(1i),w(l,1)))
kll=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*f1 (t (i+3),w(l,i+2)) -
5*f1(t(i+2),w(l,3))+f1l(t(i+1l),w(1,2)))
w(l,i+3)=w(l,i+2)+k11(1,3)
k2=v (1,1i+2)+ (h/24)* (55*f2 (t (1+3),v(1l,14+2)) -
50*f2 (£ (142),v(1,3))+37*f2 (£t (1i+1),v(1l,2))=-9*f2(t(1),v(1,1)))
k22=(h/24)* (9*f2 (t (i+4) ,k2(1,3))+19*f2 (£ (i+3),v(1l,1+2)) -
5f2 (£t (i+2),v(1,3))+f2 (Lt (i+1),v(1,2)))
v(l,i+3)=v(1,i+2)+k22(1,3)

elseif i==

kl=w(1l,1i+2)+(h/24)* (55*f1 (Lt (i+3),w(l,1+2)) -
S50*f1 (£t (142),w(1l,i+1))+37*f1(t(i+1),w(l,3))-9*fl(t(i),w(l,2)))
k11l=(h/24)* (9*f1 (t (i+4),k1(1,3))+19*f1 (Lt (i+3),w(l,1i+2))-
5*f1(t (142),w(1l,1i+1))+£f1(t(i+1),w(1,3)))
w(l,i+3)=w(1l,i+2)+k11(1,7)
k2=v (1,1i+2)+ (h/24)* (55*f2 (t (1+3),v(1l,1+2)) -
590*f2 (£t (142),v(1l,i+1))+37*f2 (Lt (i+1),v(1,3))-9*f2(t(i),v(1,2)))
k22=(h/24)* (9*f2 (t (i+4) ,k2(1,3))+19*f2 (£ (i+3),v(1,1+2)) -
5*¥f2 (t (142),v(1l,1i+1))+£f2(t (i+1),v(1,3)))
v(l,i+3)=v(1,i+2)+k22(1,3)

elseif i==
kl=w(1l,1i+2)+(h/24)* (55*f1 (t (i+3),w(l,1i+2)) -
590*f1 (£t (1i4+2),w(1l,i+1))+37*f1 (t(i+1),w(l,1))-9*fl(t(i),w(l,3)))
k11l=(h/24)* (9*f1 (t (i+4),k1(1,J))+19*f1 (Lt (i+3),w(l,1i+2))-
5*f1(t (142),w(1l,1i+1))+£f1(t(i+1),w(l,1)))
w(l,i+3)=w(1l,i+2)+k11(1,3)
k2=v (1,1i+2)+ (h/24)* (55*f2 (t (i+3),v(1l,1+2)) -
590 f£2 (t (i42),v(1l,i+1))+37*f2 (Lt (i+1),v(1l,1))-9*f2(t(i),v(1,3)))

198



k22=(h/24)* (9*f2 (t (i+4),k2 (1,
5*f2 (t (142),v(1l,1+1))+£f2 (t (i+
v(l,i+3)=v(1,1i+2)+k22(1,7)

else
kl=w(1l,142)+ (h/24)* (55*f1 (t (14+3),w(1l,1+2)) -
59*f1 (t(1+2),w(l,i+1))+37*f1 (t(i+1),w(l,1))
kll= (h/24)*(9*f1 (t(i+4),k1(1,J))+19*f1l (t
5*f1(t (142),w(1l,1+1))+£f1(t(i+1),w(1l,1)))
w(l,i+3)=w(l,i+2)+k11(1,7)
k2=v(1,142)+ (h/24)* (55*f2 (t (14+3),v (1,1+2)) -
59*f2 (t (1+2),v(1l,1i+1))+37*f2 (Lt (i+1),v(1l,1))
k22=(h/24)* (9*f2 (t (i+4),k2(1,3))+19*f2 (t
5*f2 (t (142),v(1l,1+1))+£f2(t (i+1),v(1,1)))
v(l,i+3)=v(1,i+2)+k22(1,7)

end

3))+19%£2 (¢
1),v(1,1)))

end
(1,143))
(1,143))

ww=double (w
vv=double (v

end

(1+3) ,v

-9*fl(t(1),w
(1+3) ,w

-9*f2(t(1),v
(1+3),v

(1,1+2)) -

(1,1-1)))
(1,i+2)) -

(1,1-1)))
(1,i+2)) -

Improved Predictor-Corrector (IPC)Method

+ syms t w v
format long
for j=1:11
wO( ') 0.75+0.25*(j-1)*0.1
=(0.75+0.25*(j-1)*0.1) *exp (0.02)
=(0.75+0.25*(j-1)*0.1) *exp (0.04)

125-0.125*(3-1)*0.1
1.125-0.125*(j-1)*0.1) *exp (0.02)
1.125-0.125*(j-1)*0.1) *exp (0.04)

1(1,3)
2(1,3)=(
0(1,3)=1.
1(1,3)=|(
2(1,3)=(
end
fl(t,w)=
f2(t,v)=
t (1)=0
h=0.02
for i=1:50
t(i+1)=t (i) +h
end
for j=1:11
for i=1:48
if i==
k1=w0 (1,3)+(h/2)*(f1(t(i),w0(1,3))+fl(t
k1l=(h/2)*f1 (£t (i+1),wl(1,3))+h*fl (t(i+2)
w(l,i+2)=wl(1,7)+k11
k2=v0 (1,3)+(h/2)* (f2(t(i),v0 (1
k22=(h/2)*f2 (£t (i+1),v1(1,3))
v(l,i+2)=v1(1l,7)+k22
elseif i==
kl=wl(1,3)+(h/2)*
)
kll=
w(l,i+2)
k2=v1(1,73)+
)
k22=

w
v

(i+1)

J))+£2 (t
h*f2(t

(i+1),v
(i+2),v2 (1

T(t(i),wl(1,3))+£1(t(i+1)
(h/2)*£1 (t (1+1),w2 (1
—w2(1,7)+kl1

(h/2)* (£2 (£ (1),

,3))+h*£1 (£ (1+2) ,w (1,

v1(1l,3))+£2(t(i+1)

(h/2)*f2 (t (i+1),v2(1,3))+h*f2 (t (i+2),v

ywl(1l,3))
yW2(1,3))+

S, w2 (1

,v2(1,3))+4*£2(t

(1,

+4*£1 (£ (i+
(h/2)*£f1 (t (i+

2),w2(1,3)))
3) k1)

)+4*£2 (£ (1
/2)*£2 (e (1

+2),
+3)

1(1,3) v2(1,3)))
j))+(h 1 kK2)

) HAFEL (£ (1+2) ,w(l,1+1))

i+1))+(h/2)*£1(t (1+3), k1)

(1+2),v(1,1i+1))

i+1))+(h/2)*£2 (£ (1+3),k2)
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v(l,i+2)=v2(1,])+k22

elseif i==
kl=w2 (1,3)+/2)*(£1(t(i),w2(1,J))+f1(t(i+1),w(l,1))+4*f1(t(i+2),w(1l,1i+1)))
k1l=(h/2)*f1(t(1i+1),w(1l,1))+h*fl(t(1+2),w(1l,1i+1))+(h/2)*f1(t (i+3),kl)
w(l,i+2)=w(l,1)+k1l1l
k2=v2 (1,3)+/2)*(f2(c(1),v2(1,J))+f2 (L (i+1l),v(1l,1))+4*f2 (Lt (i+2),v(1,i+1)))
k22=(h/2)*f2 (£t (1+1),v(1l,1))+h*f2 (£t (1+2),v(1l,1i+1) )+ (h/2) *£f2 (t (1+3),k2)
v(l,i+2)=v(1l,1)+k22

else
kl=w(l,i-1)+(h/2)*(£f1(t(i),w(l,i-
1))+f1(t(141),w(l,1))+4*f1 (Lt (1+2),w(1l,1+1)))
k1ll=(h/2)*f1(t(1i+1),w(1l,1))+h*fl(t(1+2),w(1l,i+1))+(h/2)*f1(t (i+3),kl)
w(l,i+2)=w(1, i)+k11
k2=v(1l,i-1)+(h/2)* (f2(t(i),v(1l,i-
1))+£f2(t (1+1), (1,1))+4*£2 (£ (i+2),v(1,i+1)))
k22=(h/2)*f2 (£t (1+1),v(1l,1))+h*f2 (£t (1+2),v(1l,1i+1) )+ (h/2) *£f2 (t (1+3),k2)
v(l,i+2)=v(1l,1)+k22

end

end
ww=double (w(1l,i+2))
vv=double (v (1,i+2))

end

+ syms t w v
format long
w0=[2.038775193568358,2.106734366687303,2.174693539806248,2.242652712
925193,2.310611886044139,2.378571059163084,2.446530232282029,2.514489
405400975,2.582448578519919,2.650407751638865,2.718366924757810]
v0=[3.058162790352537,3.024183203793064,2.990203617233592,2.956224030
674118,2.922244444114646,2.888264857555173,2.854285270995701,2.820305
684436228,2.786326097876755,2.752346511317283,2.718366924757810]
fl(t,w)=w+2*w0* (t-1)
f2(t,v)=v+2*v0* (t-1)

t(l)=1
h=0.02

for i=1:25
t (i+1)=t (i) +h
end

for j=1:11

for i=1:2
if i==
kl=h*f1l(t(1i),w0(1,73))
k2=h*f1(t(1)+0 5*h w0 (1,3)+0.5*%k1(1,3))
k3=h*fl1(t(i)+0.5*h, wO( 3)+0.5*%k2(1,73))
kd=h*f1 (t (i+1),w0 (1 )+k3(1,j))
w(l,i)= 0(1,) (kl(l J)+2* (k2 (1,3)+k3(1,3))+k4(1,3))/6
k1ll=h*f2 (t (1), (1,]))

k22= h*f2(t(1)+0 5%h,v0(1,3)+0.5*k11(1,7))
k33=h*f2 (£t (1)+0.5*h,v0(1,3)+0.5*k22(1,7))
kd4=h*£f2 (t (i+1),v0(1,7)+k33(1,3))
v(l,1)=v0(1,3)+(k11(1,3)+2*(k22(1,7)+k33(1,73))+kd4(1,3))/6
else

kl=h*fl(t(i),w(l,i-1))

k2=h*f1(t(1)+0 5%h,w(1,i-1)+0.5*k1(1,7))
k3=h*f1(t(1)+0.5*h,w(1,i-1)+0.5*k2(1,7))
kd=h*f1l (t (i+1),w(1,i-1)+k3(1,73))
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wi(l,i)=w(l,i-1)+(k1(1,3)+2*% (k2(1,3)+k3(1,3))+kd(1,3))/6
kll h*f2(t(i),v(1l,1i-1))
k22=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k33=h*f2 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
k44= h*f2(t(1+ ), v(1,1i-1)+k33(1,3))
v(1,1)=v(1,i-1)+(k11(1,3)+2* (k22 (1,7)+k33(1,3))+k44(1,5)) /6
end
end
for i=1:23
if i==

kl1=w0(1,3)+h/2)* (£1(t(i),wO0(1,J))+f1(c(i+1l),w(l,1))+4*f1(t(i+2),w(1,2)))
kll=(h/2)*f1(t(i+1),w(1l,1))+h*f1(t(i+2),w(1,2))+(h/2)*£f1 (£t (i+3),k1(1,3))
w(l,i+2)=w(1l,1)+k11(1,73)

k2=v0 (1,3)+(h/2) * (£2 (£t (1),v0(1,3))+E2 (L (i+1),v (1, 1)) +4*£2 (t (i+2),v(1,2)))
k22=(h/2)*f2 (t (i+1),v(1,1))+h*f2 (£t (i+2),v(1,2))+(h/2)*f2 (t (1i+3),k2(1,]))
v(l,i+2)=v(1,1)+k22(1,j)

elseif i=

kl=w (1, 1)+ (h/2)* (F1(t (i), w(l,1))+FL(t(i+1),w(l,2))+4*F1 (t(i+2),w(l,i+1)))
k1l=(h/2) *fl( (1+1),w(1,2))+h*f1(t(i+2),w(l,i+1))+(h/2)*f1(t(i+3),kl(l,j))
w(l,i+2)=w (1, 2)+k11(1,j)

k2=v (1, 1)+ (R/2) * (F2(t (1), v (1, 1)) +F2 (Lt (i+1),v(1,2))+4*£2 (£t (i+2),v(1,1i+1)))
k22=(h/2) *f2( (1+1),v(1,2))+h*£2 (t (i+2),v(1,i+1))+(h/2)*£2 (t (i+3),k2(1,7))
v(l,1i+2)=v(1,2)+k22(1,7)

elseif i==3
kl=w(1l,2)+(h/2)* (£1(t(i),w(1l,2))+£f1(t(i+1),w(1l,1))+4*f1(t(i+2),w(l,1i+1)))
kll=(h/2)*f1(t(i+1),w(l,1i))+h*fl(t(i+2),w(1l,i+1))+(h/2)*f1(t(i+3),k1(1,7))
w(l,i+2)=w(l,i)+k11(1,7)
k2=v (1,2)+(h/2)* (£f2(t(i),v(1l,2))+£2(t(i+1),v(1l,1))+4*f2(t (i+2),v(1l,1i+1)))
k22=(h/2)*£f2 (t (i+1),v(1l,1i))+h*f2 (£t (i+2),v(1l,i+1))+(h/2) *f2 (£ (i+3),k2(1,73))
v(l,i+2)=v(1,1)+k22(1,7)

else
kl=w(1l,i-1)+(h/2) 1(t(i),w(l,1i-
1))+£f1(t (1+1) (1,1))+4*f1(t(i+2),w(1,i+1)))
kll=(h/2)*f1 (t(i+1),w(l,1i))+h*fl1(t(i+2),w(1l,i+1))+(h/2)*f1(t(i+3),k1(1,3))
w(l,i+2)=w(l ')+k11(1,j)
k2=v (1,i-1)+(h/2)*(f2(t(1),v(1l,i-
1))+£f2(t (1+1) v(l,1i))+4*£2 (£ (i+2),v(1l,i+1)))
k22=(h/2)*f2 (£t (i+1),v(1,1))+h*f2 (£t (i+2),v(1l,1i+1))+(h/2) *f2 (£t (i+3),k2(1,7))
v(l,i+2)=v(1l,1i)+k22(1,7)

end

end
ww=double (w(1l,i+2))
vv=double (v (1l,i+2))
end

+ syms t w v
format long
c0=[2.038775193568358,2.106734366687303,2.174693539806248,2.242652712
925193,2.310611886044139,2.378571059163084,2.446530232282029,2.514489
405400975,2.582448578519919,2.650407751638865,2.718366924757810]
d0=[3.058162790352537,3.024183203793064,2.990203617233592,2.956224030
674118,2.922244444114646,2.888264857555173,2.854285270995701,2.820305
684436228,2.786326097876755,2.752346511317283,2.718366924757810]
w0=[3.967945475290978,4.100210324467344,4.232475173643709,4.364740022
820075,4.497004871996443,4.629269721172808,4.761534570349173,4.893799
419525541,5.026064268701903,5.158329117878271,5.290593967054637]
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v0=[5.951918212936468,5.885785788348284,5.819653363760102,5.753520939
171917,5.687388514583735,5.621256089995551,5.555123665407369,5.488991
240819185,5.422858816231002,5.356726391642821,5.290593967054637]

fl(t,w)=w+2*c0* (2-t)
f2(t,v)=v+2*d0* (2-t)
t(l)=1.5
h=0.02
for i=1:25
t(i+1l)=t(i)+h
end
for j=1:11
for i=1:2
if i==
kl=h*f1l (t (i),w0(1,7))
k2=h*f1 (£t (i)+0.5*h,w0(1,3)+0.5*k1(1,7))
k3=h*fl1(t(i)+0.5*h, wO(l 3)+0.5%k2(1,3))
kd=h*f1 (t (i+1),w0(1,73)+k3(1,7))
w(l,1)=w0(1,] ) (kl(l J)+2*(k2(1,3)+k3(1,3))+k4(1,3))/6
k1l=h*£2 (t (1),v0(1,7))
k22= h*f2(t(1)+0 5*h,v0(1,3)+0.5*%k11(1,7))
k33=h*f2 (t (i)+0.5*h, vO( 3)+0.5%k22(1,73))
k44=h*f£2 (t (i+ ) vO0 (1 )+k33(1,j))
v(l,1)=v0(1,3)+ (kll(l J)+2*(k22(1,3)+k33(1,73))+k44(1,3))/6
else
kl=h*fl(t(i),w(l,i-1))
k2=h*f1(t(i)+0.5*h,w(1,i-1)+0.5*k1(1,3))
k3=h*f1(t(i)+0.5*h,w(1l,i-1)+0.5*k2(1,3))
kd4=h+*f1l (t (i+1),w(1,1i-1)+k3(1,3))
w(l,i)=w(l,i-1)+(k1(1,3)+2*(k2(1,J)+k3(1,J))+k4(1,]))/6
kll=h*f2 (t(i),v(1l,1i-1))
k22=h*f2 (t(i)+0.5*h,v(1,i-1)+0.5*k11(1,3))
k33=h*f2 (t(i)+0.5*h,v(1,i-1)+0.5*k22(1,3))
kd44=h*f2 (t (i+1),v(1l,i-1)+k33(1,3))
vi(l,i)=v(1,i-1)+(k11(1,J)+2*(k22(1,3)+k33(1,3))+k44(1,3))/6
end
end
for i=1:23
if i==
k1=w0 (1,3)+(h/2)* (f1(t (1) ,w0(1,3))+f1(t(i+1),w(1l,1))+4*f1(t(i+2),w(1,2)))
k1ll=(h/2)*f1 (£t (i+1),w(1,1))+h*f1l(t(i+2),w(1,2))+(h/2)*f1(t(i+3),k1(1,3))
w(l,i+2)=w(1l,1)+k11(1,7)
k2=v0 (1,3)+(h/2)*(f2(t(1),v0(1,3))+f2(t (i+1),v(1l,1))+4*f2(t(i+2),v(1,2)))
k22=(h/2)*f2 (t (i+1),v (1, 1))+h*f2( (i4+2) ,v(1,2))+(h/2)*f2 (£ (1i+3),k2(1,73))
v(l,i+2)=v(1,1)+k22(1,7)
elseif i==
kl=w(l,1)+(h/2)*(£f1(t(i),w(l,1))+£1(t(i+1),w(1l,2))+4*f1 (t(i+2),w(l,i+1)))

kll=(h/2) *f1 (£t (i+1),w(1,2))+h*f1l(t (i+2),w(l,i+1))+(h/2)*f1 (£t (i+3),k1(1,]))

w(l,i+2)=w(1l,2)+k1l1(1,73)

k2=v(1,1)+(h/2)*(£2(t (1) ,v(1l,1))+£2 (£ (i+1),v(1,2))+4*£2 (L (i+2),Vv

(1,1+1)))

k22=(h/2)*f2 (£t (i+1),v(1,2))+h*f2 (£t (i+2),v(1l,i+1))+(h/2)*f2 (£t (i+3),k2(1,]))

v(l,i+2)=v(1,2)+k22(1,73)

elseif i==

kl=w(1l,2)+(h/2)*(£1(t (1) ,w(1l,2))+£f1(t(i+1),w(l,1i))+4*f1 (L (i+2),w

(1,1+1)))
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kll=(h/2) *£1 (£t (i+1),w(1,1))+h*£f1l(t (i+2),w(l,1i+1))+(h/2)*£1 (Lt (i+3),k1(1,3))

w(l,i+2)=w(1l,1i)+k11(1,73)

k2=v(1,2)+(h/2)*(£2(t (1) ,v(1,2))+£2 (L (i+1),v(1,1))+4*£f2 (Lt (i+2),v(1,1i+1)))
k22=(h/2)*£2 (£t (i+1),v(1,1))+h*f2 (£t (i+2),v(1,1i+1))+(h/2) *£2 (£t (i+3),k2(1,3))

v(l,i+2)=v(1,1i)+k22(1,73)

else
kl=w(l,i-1)+h/2)*(£f1(t(i),w(l,i-
1))+f1(t(141),w(l,1))+4*f1 (Lt (1+2),w(1l,1+1)))

kll=(h/2) *£1 (t (i+1),w(1l,1))+h*£f1l(t (i+2),w(l,i+1))+(h/2)*£1 (Lt (i+3),k1(1,3))

w(l,i+2)=w(l,1i)+k11(1,3)
k2=v(1l,i-1)+(h/2)* (£f2(t(1),v (1, i-
1))+f2(t(i+l),v(1l,1))+4*£2 (£ (i+2),v (1, 1i+1)))

k22=(h/2)*f2 (£t (i+1),v(1,1))+h*f2 (£t (i+2),v(1,1i+1))+(h/2) *£2 (Lt (i+3),k2(1,7))

v(l,i+2)=v(1,1i)+k22(1,73)
end

end
ww=double (w(1l,1+2))
vv=double (v (1l,i+2))

end

b- 2 — differentiable

+ syms t w v z g
format long e
wO=zeros (1,11)
vO0=zeros (1,11)
for i=1:11
w0 (1,1)=0.75+0.25*(i-1)*0.1
v0(1l,1)=1.125-0.125*(i-1)*0.1

end

£t0=0

n=50

for k=1:11
for j=1:n
if ==

w(k,3)=w0(1l,k)+int(v0(1,k),t0,t)
v(k,3)=w00(1,k)+int (w0 (1,k),t0,t)
else
w(k,3)=w0(1l,k)+int(v(k,j-1),t0,t)
v(k,3)=w00(1,k)+int(w(k,j-1),t0,t)

end
z (t)=w(k,J)
q(t)=v(k,7)
end
z (1)
q(l)

end

Picard Method
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+ syms t w z v g
format long
w0=[2.479411818960710e+00,2.503298819910544e+00,2.527185820860376e+00
,2.551072821810210e+00,2.574959822760043e+00,2.598846823709878e+00, 2.
622733824659711e+00,2.646620825609544e+00 ,2.670507826559379e+00
,2.694394827509211e+00,2.718281828459045e+00]
v0=[2.617366609400000e+00,2.627458131305905e+00,2.637549653211810e+00
,2.647641175117714e+00,2.657732697023618e+00,2.667824218929523e+00, 2.
677915740835428e+00,2.688007262741332e+00,2.698098784647236e+00,2.708
190306553141e+00,2.718281828459045e+00]
t0=1
n=50
for k=1:11
for j=1:n
if j==
w(k,
v (k

0(1,k)+int(v0(1,k)+2*v0(1,k)*(t-1),t0,t)
0(1,k)+int(wO(1,k)+2*w0O(1,k)*(t-1),t0,t)

)
)

J)=w
P J)=v

w(k,3)=w0(1,k)+int(v(k,j-1)+2*v0(1,k)*(t-1),t0,t)
v(k,3)=v0(1l,k)+int(w(k,j-1)+2*wO(1,k)*(t-1),t0,t)

end

+ syms t w v g z
format long e
c0=[2.479411818960710e+00,2.503298819910544e+00,2.527185820860376e+00
,2.551072821810210e+00,2.574959822760043e+00,2.598846823709878e+00, 2.
622733824659711e+00,2.646620825609544e+00 ,2.670507826559379e+00
,2.694394827509211e+00,2.718281828459045e+00]
d0=[2.617366609400000e+00,2.627458131305905e+00,2.637549653211810e+00
,2.647641175117714e+00,2.657732697023618e+00,2.667824218929523e+00, 2.
677915740835428e+00,2.688007262741332e+00,2.698098784647236e+00,2.708
190306553141e+00,2.718281828459045e+00]
w0=[4.932442377592928e+00,4.968220312397342e+00,5.003998247201754e+00
,5.039776182006166e+00 , 5.075554116810579%9e+00 ,5.111332051614995e+00
;,5.147109986419407e+00 ,5.182887921223819e+00,5.218665856028233e+00,
5.254443790832645e+00,5.290221725637058e+00]
v0=[4.986723357976557e+00,5.017073194742609e+00,5.047423031508657e+00
,5.077772868274708e+00,5.108122705040757e+00,5.138472541806809e+00,5.
168822378572860e+00,5.199172215338908e+00,5.229522052104960e+00,5.259
871888871008e+00,5.290221725637058e+00]
t0=1.5
n=50
for k=1:11

for j=1:n

if ==

w(k,3)=w0(1l,k)+int (v0O(1,%k)+2*d0(1,k)*(2-t),t0,t)

vi(k,3)=v0(1l,k)+int (w0 (1, k)+2*c0(1,k)*(2-t),t0,t)

else
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end

Runge-Kutta Method

+

syms t w v
format long
wO=zeros (1,11)
v0O0=zeros (1,11)

for i=1:11

w0 (1,i)=0.754+0.25*(i-1)*0.1

v0(1l,1i)=1.125-0.125*(i-1)*0.1

end

h=0.02

£0=0

n=50

fl(t,v)=v

f2(t,w)=w

for i=1:n

t(i)=t0+i*h

end

for j=1:n
if j==1

for k=1:11
kl=h*f1(t0,v0(1,k))
k1l=h*f2 (t0,w0 (1, k))
k2=h*f1 (t0+ (h/3),v0 (1, k)+ k11/3))
k22=h*£f2 (t0+ (h/3),w0 (1,k)+(k1/3))
k3=h*f1 (t0+ (h/3),v0(1,k)+ k11/6)+(k22/6))
k33=h*f2 (t0+ (h/3),w0 (1,k)+(k1l/6)+(k2/6))
k4:h*f1(t0+(h/2),v0(1 k) + k11/8)+(3*k33/8))
kd44=h*£f2 (t0+ (h/2),w0(1,k)+(k1/8)+(3*k3/8)
k5=h*f1 (t0+h,v0 (1, k ) k11/2 -(3*k33/2)+ 2*k44))
k55=h*f2 (t0+h, w0 (1,k)+(k1/2)-(3*k3/2)+(2*k4))
w(j,k):wO(l,k)+(1/6 k1+4*k4+k5)
v(j,k):vo(1,k)+(1/6)*(k11+4*k44+k55)
end
else
for k=1:11
k1=h*fl(t(3-1),v(3-1,k))
k1ll=h*f2 (t(3-1),w(j-1, k))
k2=h*fl (t(j- 1 +(h/3) j 1,k)+ k11/3))
k22=h*£f2 (t (3 h/3 (3-1,k)+(k1/3))
k3=h*fl (t(j- 1 h/3 j 1,k)+ k11/6)+(k22/6))
k33=h*f2 (t (3 h/3 (J-1,k)+(k1/6)+(k2/6))
kd4=h*fl (t(j- 1 h/2 j 1,k)+ k11/8)+(3*k33/8))
kd4=h*f2 (t (3 h/2 (-1, k) k1/8 3*k3/8
kS5=h*fl (t(j- 1)+h v(j- 1 k) k11/2 3*k33/2 2*k44))
k55=h*f2 (t (7- 1)+h W(j 1,k)+(k1/2)-(3*k3/2)+(2*k4))
w(j,k)=w(j-1,k)+(1/6) k1+4*k4+k5)
v(j,k)=v(j-1,k)+(1/6)* (k11+4*k44+k55);
end

end



end
ww=double (w)
vv=double (V)

+ syms t w z
format long e
w0=[2.479411818379155,2.503298819326746,2.527185820274337,2.551072821221929
,2.574959822169520,2.598846823117111,2.622733824064703,2.646620825012294,2.
670507825959885,2.694394826907477,2.718281827855068]
v0=[2.617366608849098,2.627458130749695,2.637549652650292,2.647641174550889
,2.657732696451486,2.667824218352083,2.677915740252680,2.688007262153277,2.
698098784053874,2.708190305954471,2.718281827855068]
h=0.02
t0=1
n=25
f1(t,v)=v+2*v0* (t-1)
f2 (t,w)=w+2*w0* (t-1)
for i=1l:n

t(i)=t0+i*h

end
for j=1:n
if j==1
for k=1:11
kl=h*f1(t0,v0(1,k))
k11l=h*f2 (t0,w0 (1, k))
k2=h*f1 (t0+ (h/3),v0(1,k)+(k11(1,k)/3))
k22=h*£2 (t0+ (h/3),w0 (1,k)+(k1(1,k)/3))
k3:h*f1(t0+(h/3),vO(l,k)+(k11(1,k)/6)+(k22( k)/6))
k33=h*f2 (t0+ (h/3),w0 (1,k)+(k1(1,k)/6)+(k2(1, k /6))
k4:h*f1(t0+(h/2),vO(l,k)+(k11(1,k)/8)+(3*k33 k) /8)
k44=h*£2 (t0+ (h/2),w0 (1, k)+(k1(1,k)/8)+(3*k3(1,k)/8))
k5=h*f1 (t0+h,v0(1,k)+(k11(1,k)/2)-(3*k33(1, k /2 +(2*k44(1,k)))
k55=h*f2 (t0+h, w0 (1,k)+(k1(1,k)/2)—-(3*k3(1,k)/2)+(2*k4(1,k)))
w(j,k)=wO(1l,k)+(1/6)*(k1(1l,k)+4*k4(1,k)+k5(1,k))
v(j,k)=v0(1l,k)+(1/6)* (k11 (1l,k)+4*k44(1,k)+k55(1,Kk))
end

else
for k=1:11
k1=h*f1l(t(3-1),v(j-1,%k))
k1ll=h*f2 (t(3-1),w(j-1, k))
k2=h*fl (t(j- 1 +(h/3) j -1,k)+(k11(1,k)/3))
k22=h*£f2 (t (3 h/3 (J-1,k)+(k1(1,k)/3))
k3=h*fl (t(j- 1 h/3 j -1,k)+ (kll(l,k)/6)+(k22 1,k)/6))
k33=h*£f2 (t (3 h/3 (J-1,k)+(k1(1,k)/6)+(k2(1,k)/6))
kd=h*fl (t(j- 1 h/2 j 1,k)+ (kll(l,k)/8)+(3*k33 1,k)/8))
kd4=h*£f2 (t (3 h/2 (J-1,k)+(k1(1,k)/8)+(3*k3(1,k) /8
kS5=h*fl (t(j- 1)+h v(j- 1 k) (k11(1,k)/2)-(3*k33(1,k) /2 2*k44(1,k)))
k55=h*f2 (t (j-1) +h, w(j 1 k) (k1(1,k)/2)-(3*k3(1,k)/2)+(2*k4(1,k)))
w(j,k)=w(j-1,k)+(1/6) 1(1,k)+4*k4(1,k)+k5(1,k))
v(j,k)=v(j-1,k)+(1/6) kll(1,k)+4*k44(1,k)+k55(1,k))
end
end

end

ww=double (w)
vv=double (v)
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syms t w v
format long
c0=[2.479411818379155,2.503298819326746,2.527185820274337,2.551072821221929
,2.574959822169520,2.598846823117111,2.622733824064703,2.646620825012294, 2.
670507825959885,2.694394826907477,2.718281827855068]
d0=[2.617366608849098,2.627458130749695,2.637549652650292,2.647641174550889
,2.657732696451486,2.667824218352083,2.677915740252680,2.688007262153277,2.
698098784053874,2.708190305954471,2.718281827855068]
w0=[4.932442375089241,4.968220309877111,5.003998244664980,5.039776179452850
,5.075554114240719,5.111332049028587,5.147109983816458,5.182887918604327,5.
218665853392196,5.254443788180066,5.290221722967934]
v0=[4.986723355475636,5.017073192224866,5.047423028974096,5.077772865723326
,5.108122702472556,5.138472539221786,5.168822375971016,5.199172212720246,5.
229522049469475,5.259871886218705,5.290221722967934]
h=0.02
t0=1.5
n=25
f1(t,v)=v+2*d0* (2
f2 (t,w)=w+2*c0* (2
for i=l:n
t(i)=t0+i*h
end
for j=1:n
if j==1

t)
-t)

for k=1:11

k1=h*f1 (t0,vO0 (1,
k11=h*£2 (t0, w0 (1

k2=h*f1 (t0+ (h/3),v0
k22=h*f2 (t0+ (h/3) ,w0
k3=h*f1 (t0+ (h/3),v0
k33=h*f2 (t0+ (h/3),w0
k4=h*f1 (t0+ (h/2),v0
k44=h*f2 (t0+ (h/2),w0
k5=h*f1l (t0+h,vO0 (1

k55=h*f2 (£t0+h, w0

k))
k))

(1,k)+(k11(1,k)/3))
(1, k) +(k1(1,k)/3))
(1,k)+(k11(1,k)/6)+(k22 1,k)/6))
(1,k)+(k1(1,k)/6)+(k2(1,k)/6))
(1,k)+(k11(1,k)/8)+(3*k33 1,k)/8))
(1,k)+(k1(1,k)/8)+(3*k3(1,k)/8)
k)+(k11(1,k)/2)-(3*k33(1,k)/2)+ 2*k44(1,k)))
(1,k)+(k1(1,k)/2)-(3*k3(1,k)/2)+(2*k4 (1,k)))

w(j,k)=w0(1l,k)+(1/6)* (k1 (1,k)+4*k4 (1,k)+k5(1,k))
v(3,k)=z0(1,k)+(1/6)* (k11 (1,k)+4*kd44(1,k)+k55(1,k))
end
else
for k=1:11
k1=h*f1l(t(3-1),v(j-1,%k))
k1ll=h*f2 (t(3-1),w(j-1, k))
k2=h*fl (t(j- 1 +(h/3) j -1,k)+(k11(1,k)/3))
k22=h*£f2 (t (3 h/3 (J-1,k)+(k1(1,k)/3))
k3=h*fl(t(j- 1 h/3 j 1,k)+(k11(1,k)/6)+(k22(1,k)/6))
k33=h*£f2 (t (3 h/3 (J-1,k)+(k1(1,k)/6)+(k2(1,k)/6))
kd=h*fl (t(j- 1 h/2 j 1,k)+ (kll(1,k)/8)+(3*k33(1,k)/8))
kd4=h*£f2 (t (3 h/2 (J-1,k)+(k1(1,k)/8)+(3*k3(1,k) /8
kS5=h*fl (t(j- 1)+h v(j- 1 k) (k11(1,k)/2)-(3*k33(1,k) /2 2*k44(1,k)))
k55=h*f2 (t (j-1) +h, w(j 1 k) (k1(1,k)/2)-(3*k3(1,k)/2)+(2*k4(1,k)))
w(j,k)=w(j-1,k)+(1/6) 1(1,k)+4*k4(1,k)+k5(1,k))
v(j,k)=v(j-1,k)+(1/6) kll(l,k)+4*k44(1,k)+k55(1,k))
end
end
end

ww=double (w)
vv=double (v)
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General Linear Method

K=4

+ syms t w v

format long

fl(t,v)=v

f2(t,w)=w

a=0

b=1

N=50

=(b-a) /N

t(l)=a

for j=1:11

w0 (1,3)=0.75+(0.25*(j-1)*0.1)
v0(1,3)=1.125-(0.125*(j-1)*0.1)
t(l)=a

for i=1:3
t(i+1l)=t (i) +h
if i==1
kl(j,i)=h*fl(t(i),v0(1,3))
k1l (j,i)=h*f2(t(i),w0(1,3))
k2(j,i):h*fl(t(i)+0.5*h,v0(1,')+O 5*k11
k22 (3,1)=h*f2(t(1)+0.5*h,w0(1,j)+0.5*kl
k3(3,1)=h*fl(t(1i)+0.5*h,v0 (1 )+O 5*k22
k33(j,i):h*f2(t(i)+0.5*h,w0( 3)+0.5%k2
k4(j,i):h*fl(t(i+1),vO(l,j)+k33(j i))
k44(j,i):h*f2( (i+1),wo(1,j)+k3(j,i))

j,'

—_— e~~~

w(j,1)=w0(1,3)+(k1(3, ')+2*(k2(j,i)+k3(' ))+k4 ) /6
v(j,i)=v0(1l,3)+(k11(3,1)+2*(k22(73,1)+k33 (] ))+k44( i))/6
else
kl(j,1)=h*fl(t(i),v(3,1-1))
k1l (j,i)=h*f2(t(i),w(3,1i-1))
k2(3,1)=h*fl1(t(1i)+0.5*h,v(j,1i-1)+0.5*k11(j,1))
k22 (j,1)=h*f2(t(1)+0.5*h,w(j,1i-1)+0. S*kl(j,'))
k3(3,1)=h*fl(t(1i)+0.5*h,v(j,1-1)+0.5*k22(j,1))
k33(3,1)=h*f2(t(1)+0.5*h,w(j,1i-1)+0.5*k2(j,1))
kd(3,1)=h*fl(t(i+1),v(j,1-1)+k33(j,1))
k44 (3,1)=h*f2 (t (i+1),w(j,1-1)+k3(j,1))
w(j,i)=w(j,i-1)+(kl(3,1)+2* (k2(J,1)+k3(J, ))+k4 ) /6
v(j,1)=v(J,i-1)+ (k11 (3,1)+2*(k22(],1)+k33(] ))+k44(j/ i))/6
end
end
for i=4:N
tO0=a+i*h
pl(l ') 55*f1(t(4),V(j,3))—59*f1(t(3),V(j,2))+37*f1(t(2>,V(j,1>)—
9*f1( (1 ) 0(1,3))
0(1 ) (3,3) +h* (pl(1,3))/24
1(1,3)=55*f2(t(4),w(J,3))-59*£2(t(3),w(],2))+37*£2(t(2),w(3,1))-
9*f2< (1), w0 (1,3))
0(1,3)=v(3,3)+h*(d1(1,73))/24
for e=1:3
t(e)=t(e+l)
if e==
w0 (1,J)=w(j,1)
0(1,3)=v(3,1)
else

w(j,e-1)=w(j,e)
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v(j,e-1l)=v(j,e)
end
end
t (4)=t0
w(j,3)=z0(1,3)
v(j,3)=90(1,3)

end
ww=double (w)
vv=double (V)
end

syms t w v
format long

c0=[2.479411685495919,2.503298685954558,2.527185686413198,2.551072686871839
,2.574959687330481,2.598846687789121,2.622733688247763,2.646620688706403, 2.
670507689165044,2.694394689623684,2.718281690082326]
d0=[2.617366483408444,2.627458004075831,2.637549524743220,2.647641045410608
,2.657732566077996,2.667824086745385,2.677915607412773,2.688007128080161, 2.
698098648747549,2.708190169414938,2.718281690082326]

f1(t,v)=v+2*d0* (t-1)

£f2 (t,w)=w+2*cO* (t-1)

a=1
b=1.5
N=25

=(b-a) /N

t(l)=a

for j=11:11
w0=[2.479411685495919,2.503298685954558,2.527185686413198,2.551072686871839
,2.574959687330481,2.598846687789121,2.622733688247763,2.646620688706403, 2.
670507689165044,2.694394689623684,2.718281690082326]
v0=[2.617366483408444,2.627458004075831,2.637549524743220,2.647641045410608
,2.657732566077996,2.667824086745385,2.677915607412773,2.688007128080161, 2.
698098648747549,2.708190169414938,2.718281690082326]

t(l)=a
for i=1:3

t(i+1)=t(i)+h

if i==

kl=h*fl(t(i),v0 (1l ))

k1ll=h*f2 (t (1), WO( 7))

k2=h*f1 (t(i)+0. 5*h vO(l,j)+O.5*k11( ,

k22=h*f2 (t (1)+0.5*h, w0 (1, J)+0.5*k1 (

k3=h*fl1 (t(1)+0.5*h,v0(1,3)+0.5*k22 (

k33=h*f2 (t (1)+0.5*h, w0 (1,J)+0.5*k2 (
kd4=h*f1l (t (i+1),v0(1,7J)+k33(1,3))
k44=h*f2 (t (i+1) ,w0(1,73)+k3(1,3))
w(l,i>=wo<1,j>+<k1<1,j>+2*(k2(1,j>+k3(1,j>>+k4 ) /6
v(1l,1)=v0(1,3)+(k11(1,3)+2*(k22(1,7)+k33(1 ))+k44(1,j))/6
else
kl=h*fl(t(i),v(1l,i-1))
k1ll=h*f2 (t(i),w(1l,1i-1))
k2=h*f1(t(i)+0.5*h,v(1,i-1)+0. S*kll(l,j))
k22=h*f2 (t (1)+0.5*h,w(1,i-1)+0.5*k1 (1,7))
k3=h*f1 (£t (1)+0.5*h,v(1,i-1)+0.5*k22(1,7))
k33=h*f2 (t (1)+0.5*h,w(1,i-1)+0.5*k2(1,7))
kd=h*fl (t (i+1),v(1,i-1)+k33(1,3))
kd44=h*f2 (t (i+1) ,w(1,1i-1)+k3(1,3))

1,3))
1,3))
1,3))
1,3))

14

14
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wi(l,i)=w(l,i-1)+(k1(1,3)+2*(k2(1,3)+k3(1,]))+k4(1,3))/6
v(l,1)=v(1l,i-1)+(k11(1,])+2*(k22(1,])+k33(1,3))+k44(1,3))/6
end
end
for i=4:N
t0=a+i*h
pl=55*f1(t(4),v(1,3))-59*f1(t(3),v(Ll,2))+37*£f1(t(2),v(1l,1))~-
9*f1(t(1),v0(1,3))
z0(1,3)=w(l,3)+h*(pl(1,3))/24
dl=55*f2(t (4),w(1l,3))=-59*f2(t (3),w(l,2))+37*f2(t(2),w(l,1)) -
9*f2 (t(1),w0(1,3))
q0(1,3)=v(1,3)+h*(d1(1,3)) /24
for e=1:3
t(e)=t (e+l)
if e==
w0 (1,3)=w(l,1)
v0(1l,3)=v(1,1)
else
w(l,e-1)=w(l,e)
v(l,e-1)=v(l,e)
end
end
t (4)=t0
w(l,3)=20(1,7)
v(1,3)=90(1,3)
end
ww=double (w)
vv=double (v)
end

syms t w v
format long

c0=[2.479411685495919,2.503298685954558,2.527185686413198,2.551072686871839
,2.574959687330481,2.598846687789121,2.622733688247763,2.646620688706403,2.
670507689165044,2.694394689623684,2.718281690082326]
d0=[2.617366483408444,2.627458004075831,2.637549524743220,2.647641045410608
,2.657732566077996,2.667824086745385,2.677915607412773,2.688007128080161,2.
698098648747549,2.708190169414938,2.718281690082326]

fl(t,v)=v+2*d0* (2-t)
f2 (t,w)=w+2*cO0* (2-t)

for j=11:11
w0=[4.932441823847529,4.968219755003775,5.003997686160021,5.039775617316268
,5.075553548472518,5.111331479628763,5.147109410785012,5.182887341941259,5.
218665273097508,5.254443204253756,5.290221135410005]
v0=[4.986722805046231,5.017072638082606,5.047422471118983,5.077772304155361
,5.108122137191739,5.138471970228117,5.168821803264494,5.199171636300870,5.
229521469337248,5.259871302373626,5.290221135410004]
t(l)=a
for i=1:3
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t(i+1)=t(i)+h
if i=
kl= h*fl( (i) ,v0(1,3))
k11l=h*f2 (£t (1),w0(1,3))
k2=h*f1 (£t (1)+0.5*h,v0(1,7)+0.5*k11 (
k22=h*f2 (£t (1)+0.5*h, w0 (1,7)+0.5*k1 (
k3=h*f1(t(i)+0.5*h,v0(1,j)+0 5*k22 (
k33=h*f2 (£t (1)+0.5*h, w0 (1,73) + 5*k2(
kd=h*f1l (t (i+1),v0(1,]J)+k33(1
k44=h*f2 (t (i+1),w0 (1,J)+k3 (1
w(l,1)=w0(1,3J)+(k1(1,])+2*(k ( J)+k3(1,3))+k4(1,3))/6
v(l,1)=v0(1,3J)+ (k11 (1, j)+2*(k22(l,j)+k33(1,j))+k44(1,j))/6
else
kl=h*fl(t(i),v(1l,1i-1))
kll=h*f2 (t(i),w(1l,1-1))
k2=h*f1(t(1i)+0.5*h,v(1,i-1)+0.5*k11l
k22=h*f2 (£t (1)+0.5*h,w(1l,1i-1)+0.5*k1l
k3=h*f1(t(i)+0.5*h,v(1,i—1)+0 5*k22
k33=h*f2 (t (i)+0.5*h,w(1l,i-1)+0.5%k2
kd=h*f1l (t (i+1),v(1l,i-1)+k33(1,3))

(

(1,3))
(1,3))
(1,3))
(1,3))

k44=h*£f2 (t (i+1),w(1l,1i-1)+k3 l,j))
w(l,i):w(l,i—1)+(k1(1,j)+2*(k2(1,j)+k3(1,j))+k4 )/ 6
v(l,i)=v(1l,i-1)+(k11(1,j)+2*(k22(1,])+k33(1 ))+k44(1,j))/6
end
end
for i=4:N
tO0=a+i*h
pl=55*f1(t(4),v(1,3))=-59*f1(t(3),v(Ll,2))+37*f1(t(2),v(1,1))~-
O*f1(t(1),v0(1,73))
z0(1,3)= (1 3)+h* (pl(1 ) /24
dl=55*f2(t (4),w(1l,3)) - 59*f2( (3),w(l,2))+37*f2(t(2),w(1,1)) -
9*f2 (£ (1),w0(1,3))
g0 (1,3)=v(1,3)+h*(dl (1 ) /24
for e=1:3
t (e)=t (e+l)
if e==
w0 (1,3)=w(1l,1)
v0(1l,3)=v(1,1)
else

w(l,e-1)=w(l,e)
v(l,e=-1)=v(l,e)
end
end
t (4)=t0
w(l,3)=z0(1,7)
v(l,3)=g90(1,3)
end
ww=double (w)
vv=double (v)
end

K=5

* syms t w v
format long
fl(t,v)=v
f2(t,w)=w
a=0
b=1
N=50
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h=(b-a) /N
t(l)=a
for j=1:11
w0 (1,3)=0.75+(0.25*(3-1)*0.1)
v0(1l,3)=1.125-(0.125*(3-1)*0.1)
t(l)=a
for i=1:4
t(i+1l)=t (i) +h
if i==
k1(3,1)=h*fl(t(i),v0(1,3))
k11 (3,1i)=h*f2(t ( ), w0 (1,3))
k2 (§,1) =h*£1 (t (i)+(h/3),v0(1,9)+ (k11 (3,1)/3))
k22(j,i>=h*f2(t(i)+(h/3>,wo(1 3)+(k1(3,1)/3))
k3(3,1)=h*fl(t(i)+(/3),v0(1,3)+ (kll(j,l)/6)+(k22( i)/6))
k33(j,1)=h*£2(t (i) +(h/3),w0(1,J)+(k1(3,1)/6)+ (k2 (] /6))
k4 (j,1)=h*f1(t(i)+(h/2),v0(1,3)+ (kll(j,l)/8)+(3*k33 i)/8)
k44 (3,1)=h*£2 (t (1) +(h/2) , w0 (1,3)+ (k1(3,1>/8) (3*k3 i)/8))
kS5(3,1)=h*fl(t (i+1),v0(1,J)+(k11(] /2)—(3*k33 /2 +(2*k44(j,i)))
k55(j,1)=h*f2 (t (i+1) wO(l,j)+(k1 1) /2)-(3*k3 (3 /2 +(2*k4(3,1)))
w(3,1)=w0(1,9)+(k1(j,1)+4*kd (3, l>+k5 (3,1))/6
v(3,1)=v0 (1, 3)+ (k11 (3, 1) +4*kdd (3,1) +k55(3,1)) /6
else
kl1(j,1)=h*fl(t(i),v(3,1-1))
k11 (j,1i)=h*f2(t (') (j,i 1))
k2 (3,1)=h*f1(t(i)+(h/3) j,l 1)+(k11(3,1)/3))
k22 (3,1)=h*f2 (t ( h/3 (3,1i-1)+(k1(3,1)/3))
k3(3,1)=h*fl(t (i h/3 j,l 1)+ (kll(j,l)/6)+(k22 /6)
k33(3,1)=h*f2 (t ( h/3 (3,1-1)+(k1(j,1)/6)+ (k2 /6
k4 (3,1)=h*fl(t (i h/2 j,l 1)+ (kll(j,l)/8)+(3*k33 /8
k44 (j,1)=h*f2 (t ( h/2 (3,i-1)+ (kl(j,l)/8) (3*k3 /8
k5(j,i):h*f1(t(l+1) (j,l 1)+ (k11 ( /2)—(3*k33 /2 2*k44( i)))
k55(3,1)=h*f2(t (i+1),w(j,i-1)+ (kl 1)/2)-(3*k3 (3 /2 +(2*k4d (3 )))
w(j,i):w(j,i—1)+(k1(j,') 4*k4 (3 )+k5 j,1))/6
v(j,i)=v(j,i-1)+ (k11 (3, )+4*k44( i)+k55(j,1))/6
end
end
for i=5:N
tO0=a+i*h

pl(1,3)=1901*£f1(t(5),v(],4))-2774*£1(t(4),v(3,3))+2616*£f1(t(3),v(],2))~-
1274*£1(t(2),v(3,1 ))+251*f1( (1),v0(1,3))
z0(1,3)=w(3,4)+h* (pl (1 ) /720
dl(1,3)=1901*f2(t(5), (j, ))—2774*£2 (€t (4) ,w(J,3))+2616*£2(t(3),w(J,2)) -
1274*f2(t(2),w(j,l))+251*f2( (1),w0(1,73))

qO0(1,j)=v(j,4)+h*(dl (1 ) /720
for e=1:4

t (e)=t (e+l)

if e==

w0 (1,3)=w(j,1)
v0(1,3)=v(3,1)

else
w(j,e-1)=w(j,e)
V(j,e—1)=v(j,e)

end
end
£t (5)=t0
w(3,4)=20(1,3)
v (3,4)=90(1,7)
end
ww=double (w)
vv=double (v)
end
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syms t w v
format long

c0=

[2.479411816608218,2.503298817535054,2.527185818461892,2.551072819388729

,2.574959820315566,2.598846821242404,2.622733822169241,2.646620823096077,2.

670507824022915,2.694394824949753,2.718281825876591]
do=

[2.617366606910388,2.627458128807009,2.637549650703629,2.647641172600248

,2.657732694496869,2.667824216393489,2.677915738290109,2.688007260186729,2.

©98098782083350,2.708190303979970,2.718281825876590]
fl(t,v)=v+2*d0* (t-1)
£f2 (t,w)=w+2*cO* (t-1)
a=1
b=1.5
N=25
=(b-a) /N
t(l)=a
for j=8:8
w0=

[2.479411816608218,2.503298817535054,2.527185818461892,2.551072819388729

,2.574959820315566,2.598846821242404,2.622733822169241,2.646620823096077,2.

670507824022915,2.694394824949753,2.718281825876591]
v0=

[2.617366606910388,2.627458128807009,2.637549650703629,2.647641172600248

,2.657732694496869,2.667824216393489,2.677915738290109,2.688007260186729,2.

698098782083350,2.708190303979970,2.718281825876590]
t(l)=a
for i=1:4
t(i+1)=t (i) +h
if i==1
k1=h*f1(t(i),v0(1,73))
k11l=h*f2 (t (i) ,w0(1,3))

k2=h*fl (t(i)+(h/3),v0 (1, ) (kll(l 3)/3))
k22=h*f2 (t (1)+(h/3),w0(1,3j)+(k1(1,3)/3))
k3=h*fl (t(i)+(h/3),v0 (1, ) (kll(l j)/6)+(k22 )/6))
k33=h*f2 (£t (1) +(h/3) , w0 (1,3)+(k1(1,3)/6)+ (k2 (1 )/6))
k4:h*f1(t(i)+(h/2),v0(1 ) (kll(l,j)/8)+(3*k33 ,3)/8)
k44=h*f2 (£ (i)+(h/2),w0(1,3)+ ( (1,3)/8 3*k3 3)/8))
k5:h*f1(t(i+1),v0(1,j) (kll /2)—(3*k33 /2)+(2*k44(1 3)))
k55=h*f2 (£t (1+1) ,w0(1,7) + (k1 ( /2)—(3*k3 /2 +(2*k4 (1 ,j)))
w(l,i):wO(l,j)+(k1(1,j) 4*k4( J)+k5(1 /6
V(1,5)=v0(1,3)+ (k11 (1) +4*k44 (1, §) +k55 (1,j>>/6
else
kl=h*fl(t(i),v(1l,i-1))
kll=h*f2 (t (') wi(l,i- 1))
k2=h*fl (t(1)+ (h/3) (1,i-1)+(k11(1,3)/3))
k22=h*f2 (t ( h/3 (1,i-1)+(k1(1,3)/3))
k3=h*fl (t (i h/3 1 i-1)+ (kll(l,j)/6)+(k22 )/6))
k33=h*f2 (t ( h/3 (1,1-1)+(k1(1,3)/6)+(k2(1 )/6))
kd=h*f1l (t (i h/2 1 i-1)+ (kll(l,])/8)+(3*k33 +J)/8))
k44=h*f2 (t ( h/2 (1,i-1)+ (kl(l,])/8)+(3*k3 3)/8))
k5=h*f1(t(1+1) vi(l,i- 1) (k11(1,3)/2)-(3*k33 /2)+(2*k44(1,j)))
k55=h*f2 (t (i+1) ,w(1l,1i-1)+(k1(1,3)/2)-(3*k3(1 /2 +(2*k4(1,73)))
w(l,i)=w(l,i-1)+(k1(1,7)+4*k4(1,3)+k5(1,7)) /6
v(l,i)=v(1,i-1)+(k11(1,3)+4*k44(1,7)+k55(1,3))/6
end
end
for i=5:N
tO0=a+i*h
pl=1901*f1(t(5),v(1,4))-2774*£f1(t(4),v(1,3))+261l6*f1l(t(3),v(l,2))~-
1274*£1(t(2),v(1,1))+251*£1(t(1),v0(1,3))
z0(1,3)=w(l,4)+h*(pl(1,3))/720
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dl=1901*£2(t (5),w(1,4))-2774*£2(t(4),w(1,3))+2616*£2(t(3),w(1l,2))-
1274*£2(t(2) ,w(l,1))+251*£2 (t(1),w0(1,3))
q0(1,3)=v(1,4)+h*(d1(1,3))/720

for e=1:4
t(e)=t (et+tl)
if e==
w0 (1,3)=w(1,1)
v0(1,j)=v(1,1)
else

w(l,e-1)=w(l,e)
v(l,e-1)=v(1l,e)

end

end
t (5)=t0
w(l,4)=z0(1,3)
v(1,4)=q0(1,7)
end
ww=double (w)
vv=double (V)
end

+ syms t w v
format long

c0=[2.479411816608218,2.503298817535054,2.527185818461892,2.551072819
388729,2.574959820315566,2.598846821242404,2.622733822169241,2.646620

823096077,2.670507824022915,2.694394824949753,2.718281825876591]

d0=[2.617366606910388,2.627458128807009,2.637549650703629,2.647641172
600248,2.657732694496869,2.667824216393489,2.677915738290109,2.688007

260186729,2.698098782083350,2.708190303979970,2.718281825876590]
fl(t,v)=v+2*d0* (2-t)

f2(t,w)=w+2*c0* (2-t)

a=1.5

b=2

N=25

h=(b-a) /N

t(l)=a

for j=1:11

w0=[4.932442367301161,4.968220302036066,5.003998236770974,5.039776171
505876,5.075554106240784,5.111332040975690,5.147109975710596,5.182887

910445476,5.218665845180407,5.254443779915314,5.290221714650222]

v0=[4.986723347668000,5.017073184366222,5.047423021064444,5.077772857
762664,5.108122694460887,5.138472531159110,5.168822367857331,5.199172

204555550,5.229522041253775,5.2598718779519985.290221714650220]

t(l)=a
for i=1:4
t(i+1l)=t(i)+h
if i==
kl=h*fl(t(i),vO0(1l ))
k1l=h*f2 (t ( ), wO( 3))
k2=h*fl (t(1)+ (h/3) vO(l J)+(k11(1,3)/3))
k22=h*f2(t(i)+(h/3),w0(1 J)+(k1(1,3)/3))
k3=h*f1(t(i)+(h/3),v0(1,3)+(k11(1,3)/6)+(k22(1,])/6))
k33=h*f2 (t (1) +(h/3),w0(1,3)+(k1(1,3)/6)+(k2(1,]3)/6))
kd=h*f1 (t(i)+(h/2),v0(1,3)+ (kll(l,j)/8)+(3*k33 ,3)/8))
kd44=h*f2 (£t (1)+(h/2),w0(1,3)+(k1(1,3)/8)+(3*k3 (1, ])/8)
k5=h*fl1 (t(i+1),vO0(1,J)+(k11(1,3)/2)-(3*k33(1,])/2)+(2*k44(1,7)))
k55=h*f2 (t (i+1) ,w0(1,3)+(k1(1,3)/2)-(3*k3(1,3)/2)+(2*kd (1,7)))
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+(k1(1,3)+4*k4(1,3j)+k5(1,3))/6
+(k11(1,j)+4*k44(1,3)+k55(1,3))/6

else
kl=h*fl(t(i),v(1l,1i-1))
kll=h*f2 (t(i),w(1l,1i-1))
k2=h*fl1(t(i)+(h/3),v(1l,i-1)+ (kll
k22=h*f2 (t (1)+(h/3),w(l,i-1)+(k
k3=h*fl1(t(i)+(h/3),v(1l,i-1)+ (kll
k33=h*f2 (t (1)+(h/3),w(l,i-1)+(k
kd=h*fl(t(1i)+(h/2),v(1,i-1)+ (kll
kd44=h*f2 (t (1)+(h/2),w(l,i-1)+(k
k5=h*fl(t (i+1),v(1,1i-1)+ (k11 (1, j)
k55=h*f2 (t (i+1),w(1l,i-1)+(k1(1,3)
w(l,i)=w(l,i-1)+(k1(1,3)+4*k4 (1,7
v(l,1)=v(l,i-1)+(k11(1,])+4*kd4 (1
end
end
for i=5:N
tO0=a+i*h
pl=1901*f1 (
1274*F1 (£ (2), v (
z0(1,3)=w(1,
dl=1901*f2 (t
(
1

j)

(k22 (1,73)/
(k2(1,3)/
(

))
))
)+
)+
)+ (3*k33 (1,

3
3
6
6
8
8)+ (3*k3 (1,7
3*k33(1,3)/2
3*k3 1,9)/2)+

) /6
55(1 j))/e

j)
j)
j)
j)
j)

6)
6))
i)/
) /8
)+ (
+(2

WAAA\\\\\\

), v(1,4))-2774*€1 (t (4),v
))+251*£1 (£ (1),v0(1,7))
+h* (pl(1,3))/720

Y, w(l,4))=-2774*€2 (t (4) ,w
))+251*£2 (£ (1) ,w0(1,5))
/720

1274*f2 (£ (2) ,w (1,
q0(1,3)=v(1,4
for e=1:4

t(e)=t (etl)
if e==1

w0 (1,3)=w(1l,1)
v0(1l,3)=v(1,1)
else
w(l,e-1)=w
v(l,e-1)=v(l,e)

+h*(d1(1,3))

end
end
t (5)=t0
w(l,4)=z0(1,7)
v(l,4)=g90(1,3)
end
ww=double (w)
vv=double (v)
end

Variational Iteration Method (VIM)

+ syms t w v h z
format long
wO=zeros (1,11)
vO=zeros(1,11)
a=1
b=0
for i=1:11
w0 (1,1)=0.75+0.25* (1i-1
v0(l,i)=1.125-0.125*(i-1
end
£0=0
n=18

)*0.1
)*0.1

)
)

(1,3))+261l6*fl (t

(1,3))+26l6*f2 (t

)

k44(1 1))
4(1,3)))

(3)(V(1(2))_

(3)(W(1(2))_
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for k=2:2

for i=1:n

if i==

w(l,i)=w0(1l,k)-int (-a*v0(1l,k)-b,t0,t)
v(l,i)=v0(1l,k)-int (-a*w0(1,k)-b,t0,t)
else
w(l,i)=wO0(1l,k)-int(-a*v(1l,1i-1)-b,t0,t)
v(l,1)=v0(1l,k)-int(-a*w(l,1i-1)-b,t0,t)

+ syms t w v h z
format long e
w0=[2.479411818960710,2.503298819910544,2.527185820860377,2.551072821
810211,2.574959822760044,2.598846823709878,2.622733824659711,
2.646620825609545,2.670507826559379,2.694394827509212,
2.718281828459046]
v0=[2.617366609400000,2.627458131305905,2.637549653211810,
2.647641175117714,2.657732697023619,2.667824218929523,2.6779157408354
28,2.688007262741332,2.698098784647236,2.708190306553141,
2.718281828459046]
a=1
for i=1:11
bl=2*w0* (t-1)
b2=2*v0* (t-1)
end
t0=1
n=18
for k=1:1
for i=1:n
if i==
w(l,i)=w0(1l,k)-int (-a*v0(1l,k)-b2(1,k),t0,t)
v(l,i)=v0(1l,k)-int (-a*w0(1,k)-b1(1,k),t0,t)
else
w(l,i)=w0(1l,k)-int(-a*v(1l,i-1)-b2(1,k),t0,t)
v(l,i)=v0(1l,k)-int(-a*w(l,i-1)-b1(1,k),t0,t)
end
end
h(t)= w(l,1)
h(1.5)
z(t)=v(1l,1)
z(1.5)
end

+ syms t w v h z

format long
c0=[2.479411818960710,2.503298819910544,2.527185820860377,2.551072821
810211,2.574959822760044,2.598846823709878,2.622733824659711,2.646620
825609545,2.670507826559379,2.694394827509212,2.718281828459046]
d0=[2.617366609400000,2.627458131305905,2.637549653211810,2.647641175
117714,2.657732697023619,2.667824218929523,2.677915740835428,2.688007
262741332,2.698098784647236,2.708190306553141,2.718281828459046]
w0=[4.932442377592928,4.968220312397341,5.003998247201754,5.039776182
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006168,5.075554116810579,5.111332051614995,5.147109986419408,5.182887
921223820,5.218665856028234,5.254443790832648,5.290221725637062]
v0=[4.986723357976558,5.017073194742609,5.047423031508658,5.077772868
274710,5.108122705040760,5.138472541806809,5.168822378572860,5.199172
215338908,5.229522052104959,5.259871888871011,5.290221725637062]

a=1

for i=1:11

bl=2*c0* (2-t)

b2=2*d0* (2-t)

end

t0=1.5

n=18

for k=1:1

for i=1:n

if i==

w(l,i)=w0(1l,k)-int (-a*v0(1l,k)-b2(1,k),t0,t)

v(l,i)=v0(1l,k)-int (-a*w0(1,k)-b1(1,k),t0,t)

else

w(l,i)=w0(1l,k)-int(-a*v(1l,i-1)-b2(1,k),t0,t)
v(l,i)=v0(1l,k)-int(-a*w(l,i-1)-bl1(1,k),t0,t)

end
end
h(t)= w(l,1)
h(2)
z(t)=v(l,1)
z(2)

end
Adomian Decomposition Method (ADM)

+ syms t w v z h s
format long
£0=0
a=1
b=0
yO0=zeros (1,11
gO0=zeros (1,11
wO=zeros (1,11
vO=zeros (1,11
for i=1:11
y0(1,1i)=0.75+0.25*(i-1)*0.1
g0(1,1)=1.125-0.125*(1i-1)*0.1

wO ( =y0(1l,i)+int (b, s, t0,t)

0( =g0(1,i)+int (b, s, t0,t)

end

n=6

for k=1:11

z (t)=w0(1,k)*t"0

h(t)=v0(1,k)*t"0

for j=1:n
if ==

w(k,Jj)=int (a*v0(1l,k),s,t0,t)
v(k,j)=int (a*w0(1,k),s,t0,t)
else

)
)
)
)

1,1)
1,1)
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+

h (1)
end
end

syms t w v z h s
format long
y0=[2.479411818960710,2.503298819910544,2.527185820860377,2.551072821
810211,2.574959822760044,2.598846823709878,2.622733824659711,2.646620
825609545,2.670507826559379,2.694394827509212,2.718281828459046]
g0=[2.617366609400000,2.627458131305905,2.637549653211810,2.647641175
117714,2.657732697023619,2.667824218929523,2.677915740835428,2.688007
262741332,2.698098784647236,2.708190306553141,2.718281828459046]
t0=1
a=1
for i=1:11
bl( ')—Z*yO(l i) *(s-1)
Z*qO(l i) *(s-1)
=int (b1 (1,1),t0,s)

int (b2( '),tO,S)
=y0 (1 )+cZ(1,i)

g0l (1 ')+cl(1,i)

for i=1:11

w0 (1l,1i)=y0(1,i)+c2(1,1)

v0O(1l,1i)=qg0(1,i)+cl(1,1)

end

n=6o

for k=1:11

z(s)=w0(1,k)*s"0

h(s)=v0(1l,k)*s"0

for j=1:n

if j==

w(k,j)=int (a*v0(1,k),t0,s)
v(k,j)=int (a*w0(1,k),t0,s)

end
z(s)=z(s)+w(k,]
h(s)=h(s)+v(k,]
z(1.5)
h(1.5)

end

end

syms t w v z h s

format long
c0=[2.479411818960710,2.503298819910544,2.527185820860377,2.551072821
810211,2.574959822760044,2.598846823709878,2.622733824659711,2.646620
825609545,2.670507826559379,2.694394827509212,2.718281828459046]
d0=[2.617366609400000,2.627458131305905,2.637549653211810,2.647641175
117714,2.657732697023619,2.667824218929523,2.677915740835428,2.688007
262741332,2.698098784647236,2.708190306553141,2.718281828459046]
y0=[4.932442377592928,4.968220312397341,5.003998247201754,5.039776182
006168,5.075554116810579,5.111332051614995,5.147109986419408,5.182887
921223820,5.218665856028234,5.254443790832648,5.290221725637062]
gq0=[4.986723357976558,5.017073194742609,5.047423031508658,5.077772868
274710,5.108122705040760,5.138472541806809,5.168822378572860,5.199172
215338908,5.229522052104959,5.259871888871011,5.290221725637062]1
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t0=1.5

a=1

for i=1:11

bl( ')—2*cO(1,i)*(2—s)

2(1,1)=2*d0(1,1)*(2-s)
(1,1)=i (b1(1,1),t0,s)
2(1,1i)=int (b2( ,1),t0,s8)
0(1,1)=y0(1 )+02(1,i)
0(1,1)=g0(1 ')+Cl(1,i)
end
for i=1:11

wO(1l,1)=y0(1,1i)+c2(1,1)

v0(l,i)=g0(1,1i)+cl(1,1)

end

n=6

for k=1:11

z (s)=w0 (1, k) *s"0

h(s)=v0(1,k)*s"0

for j=1:n

if j==

w(k,Jj)=int (a*v0(1,k),t0,s)
v(k,j)=int (a*w0 (1, k), t0,s)
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